


















































































34 Rings 

Exercises 

3.22 Express all the cubic polynomials (polynomials of degree 3) in 
£: 2 [x] as products of irreducible factors. 

3.23 Express all the homogeneous quadratic polynomials (polynomials 
of degree 2 with no constant or linear terms) in £:2 [x, y, z] as 
products of irreducible factors. 

3.8 The existence of maximal proper ideals 
By Theorem 3.2, a non-zero element a of a principal ideal domain 

R which is not a unit is irreducible if and only if (a) is a maximal proper ideal 
in R. This suggests that maximal ideals are important: Theorem 3.16 in the 
next section shows that this is indeed so. Are there many such ideals? 

Theorem 3.14 Suppose that J is a proper ideal of a ring R. Then there exists 
a maximal proper ideal which contains J. 
Proof We use Zorn's lemma. Let P 1 denote the collection of proper ideals of 
R which contain J. We order P1 by inclusion. If Cis a chain in P1 , let 

I 0 = U {J:I EC}. 

If a1 and a2 EI0 , there exist I 1 and I 2 inC such that a1 EI 1 and a2 EI2 . As C 
is a chain, either I 1 s;;; I 2 or I 2 s;;; I 1 • If I 1 s;;; I 2 , then a1 EI 2 and so a 1 +a2 EI 2 . 

As I 2 s;;; I 0 , a 1 + a2 E I 0 . A similar argument applies if I 2 s;;; I 1 . More trivially, 
if aEI0 and rER, then aEI1 for some I 1 in C. Then raEI1 , and so raEI0 • 

Thus I 0 is an ideal. 
Further, if IE C, 1 ¢I, since I is proper. Thus 1 ¢I 0 • Consequently I 0 E P 1 ; 

I 0 is an upper bound for C, and soP 1 contains a maximal element, by Zorn's 
lemma. Finally, it is obvious that a maximal element of P1 is also a maximal 
proper ideal in R. 

The generality of Theorem 3.14 suggests that the use of the axiom of 
choice is natural here. This is indeed so: if one assumes the truth of Theorem 
3.14, one can deduce the axiom of choice. The problem that follows shows 
that the full force of the axiom of choice is frequently not needed. 

Exercises 

3.24 Prove Theorem 3.14 in the case where R has countably many 
elements, without using Zorn's lemma. 

3.25 Show that an element of a ring R is invertible if and only if it is 
contained in no maximal proper ideal in R. 
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K is a ring; we can consider the homomorphism ¢ from 7L into K 
described in Section 3.3. If K has non-zero characteristic n then, since K is 
certainly an integral domain, n must be a prime number. Thus ¢(7L), which is 
isomorphic to 7L,p is a field. Clearly it is the prime subfield of K. 

The other possibility is that K has characteristic 0. In this case ¢(7L) is a 
sub ring of K isomorphic to 7L. If q = rjs is a rational, let us define ¢(q) by 
setting ¢(q) = ¢(r)¢(s) - 1

. If r' js' is another expression for q, rs' = r' s, so that 

¢(r)¢(s') = ¢(r')¢(s) 

and so 

¢(r)¢(s) - 1 = ¢(r')¢(s') - 1. 

Thus ¢ is properly defined, and it is equally straightforward to verify that ¢ 
is a ring homomorphism of Q into K. ¢(Q) is a subfield of K. Clearly every 
element of ¢(Q) is in every subfield of K, so that ¢(Q) is the prime subfield of 
K. Summing up: 

Theorem 3.17 Suppose that K is afield. IfK has characteristic 0, the prime 
subfield of K is isomorphic to Q. Otherwise, K has prime characteristic, p say, 

and the prime subfield of K is isomorphic to 7LP. 

Exercise 

3.27 Let R be the ring of Exercise 3.17. What are the possible quotient 
fields of R? 



PART 2 

The theory of fields, and Galois theory 
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Field extensions 

4.1 Introduction 
One of the main topics of Galois theory is the study of polynomial 

equations. In order to consider how we should proceed, let us first consider 
some rather trivial and familiar examples. 

Polynomials involve addition and multiplication, and so it is natural to 
consider polynomials with coefficients in a ring R. If we consider the 
simplest possible case, when R = 7L and pis a polynomial of degree 1, we find 
there are difficulties: for example, we cannot solve the equation 2x + 3 = 0 
in 7L. 

In the case where R is an integral domain, the field of fractions is 
constructed in order to deal with this problem. Thus, in the example above, 
if we consider 2 and 3 as elements of Q, the rational field, the equation has a 
solution x = -3/2 in Q. 

Let us now consider a quadratic equation: x 2
- 2x- 1 = 0. We consider 

this as an equation with rational coefficients: completing the square, we find 
that 

(x-1f=2. 

As we have seen in Section 1.2, there is no rational number r such that r2 = 2, 
so the quadratic equation has no solution in Q. Instead, the first natural 
idea is to consider the polynomial as a polynomial with real coefficients: the 

equation then factorizes as (x -1 + .j2)(x -1-.j2) =0, and we have 

solutions 1 - .j2 and 1 + .j2. 
The field ~ is rather large, however (~ is uncountable, while Q is 

countable), and it is possible to proceed more economically. Recall that in 

Section 1.2 we showed that the set of all numbers of the form r + s.j2, where 
rands are rationals, forms a field K. Clearly~ 2 K 2 Q, and K appears to 
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be much smaller than R. If we consider x 2
- 2x- 1 = 0 as an element of 

K[x], we can solve it inK. 
Let us express all this in more algebraic language. The polynomial 

x 2
- 2x -1 is irreducible in O[x] (and is therefore irreducible in Z[x]). If, 

however, it is considered a an element of K[x] or IR[x], it can be written as a 
product of linear factors. This suggests the following general programme: 
given an element fin K[x] (where K is a field), can we find a larger field, L 

say, such that f considered as an element of L[x] can be written as a 
product of linear factors? If so, can we do it in an economical way? 

4.2 Field extensions 
Suppose that we start with a field K. In order to construct a larger 

field L we frequently have, by some means or another, to construct L, and 
then find a subfield of L which is isomorphic to K (think of how the complex 
numbers are constructed from the reals). It is occasionally important to 
realize that this sort of procedure is adopted: for this reason we define an 
extension of a field K to be a triple (i, K, L), where Lis another field, and i is a 
(ring) monomorphism of K into L. 

On the other hand, much more frequently this is far too cumbersome. If 
(i, K, L) is an extension of K, the image i(K) is a subfield of L which is 
isomorphic to K; we shall usually identify K with i(K) and consider it as a 
subfield of L. In this case we shall write L:K for the extension. Thus C:!R is 
the extension of the real numbers by the complex numbers and IR: ([) is the 
extension of the rational numbers by the real numbers. Very occasionally, 
when the going gets rough, we shall need to be rather careful: in these 
circumstances we shall revert to the notation (i, K, L). 

Suppose now that L:K is an extension. How do we measure how big the 
extension is? It turns out that the appropriate idea is dimension, in the 
vector space sense. If you are reasonably familiar with the idea of the 
dimension of a vector space (as you should be) you will find this an almost 
embarrassingly simple idea: the remarkable thing is that it is 
extraordinarily powerful. 

To begin with, then, we forget about many of the field properties of L. 

Theorem 4.1 Suppose that L:K is an extension. Under the operations 

( 11 , 12) ---+ 11 + 12 from L x L to L 

and 

(k, 1}---+kl from K x L to L, 

Lis a vector space over K. 

Proof. All the axioms are satisfied. 
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Thus Cis a real vector space, and IRis a vector space over the rationals Q. 
Wenowdefinethedegreeof an extension L:K to be the dimension of Las 

a vector space over K. We write [L:K] for the degree of L:K. We say that 
L:K is finite if [L:K] < oo, and that L:K is infinite if [L:K] = oo. 

Thus [C: IR] = 2, [IR:Q] = oo, and, if K is the field of all r +sfi, with rand 
s rational, [K:Q] =2. In this sense, then, K:Q is a more economical 
extension for solving x2 -2x -1 =0 than IR:Q. 

The next theorem is very straightforward (there is an obvious argument 
to try, and it works), but it is the key to much that follows. If M:L and L:K 
are extensions, then clearly so isM :K. 

Theorem 4.2 Suppose that M:L and L:K are extensions. Then 

[M:K] = [M:L] [L:K]. 
Proof. First suppose that the right-hand side is finite, so that we can write 

[M :L] = m < oo, and [L:K] = n < oo. Let (x1 , ... , xm) be a basis forM over 
L, and let (y1, ... , y11) be a basis for Lover K. We can form the products yixi 
(for 1~i~m, 1~j~n) in M. We shall show that the mn elements 
(yixi:1~i~m, 1~j~n) form a basis forM over K. 

First we show that they span Mover K. Let zEM. As (x 1 , ... ,xm) is a 
basis forM over L, there exist IX 1 , ... , 1Xm in L such that 

Z=IX1X1 + • · · +llmXm· 

As each !Xi is in L, and as (y1, .•• , y11) is a basis for Lover K, for each i there 

exist f3il, ... , /3i11 in K such that 

1Xi=f3i1Yt + · · · +f3iiiYII' 

Substituting, 
m 11 

z= L L f3iiYiXi 
i= 1 j= 1 

which proves our assertion. 
Secondly we show that {yix!: 1 ~ i~m; 1 ~j~ n) is a linearly independent 

set over K. Suppose that 
m 11 

0= L L YiiYiXi 
i=l j=l 

where the Yii are elements of K. Let us set 
II 

bi = L YiiYi (EL) 
j=l 

for 1 ~i ~m. Then 
m 

0= L bixi. 
i= 1 
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Proof. If (J E A, (J(k) = k for each k in cp(A), so that (J E yep( A): this establishes 
(i). If k E K, (J(k) = k for each (J in y(K), so that k E cpy(K): this establishes (ii). 

If A1 !: A 2 , then clearly cp(A1) 2 cp(A 2). Thus it follows from (i) that 

cpycp(A)!: cp(A): 

but applying (ii), with cp(A) in place of K, 

cpycp(A) 2 cp(A). 

This establishes (iii). 
Similarly if K 1 !: K 2 , y(K 1) 2 y(K 2). Applying this to (ii): 

ycpy(K) !: y(K) 

but applying (i), with y(K) in place of A, 

ycpy(K) 2 y(K). 

This establishes (iv). 

Corollary If A is a subset of Aut L, and (A) is the subgroup of Aut L 
generated by A, then cp(A)=cp((A)). 

For A!: (A) !: yep( A), by (i), and so 

cp(A) 2 cp( (A)) 2 cpycp(A) = cp(A), by (iii). 

Because of this, we shall usually restrict attention to subgroups of Aut L. 
Suppose now that G is a subgroup of Aut L. If A E L, we define the 

trajectory of A, T(A), to be the family { (J(A)} aEG· T(A) is an element of LG, which 
is a vector space over L. We can also consider LG as a vector space over any 
subfield of L, and in particular as a vector space over cp( G). 

The next theorem is particularly important: it takes a rather curious 
form, as it is concerned with linear independence over two different fields. 

Theorem 11.2 Suppose that G is a subgroup of Aut L, that K is the fixed 
field of G and that B is a subset of L. Then the following are equivalent: 

(i) B is linearly independent over K; 
(ii) { T(/3): f3 E B} is linear I y independent over K; 

(iii) {'F(f3):{3EB} is linearly independent over L. 

Proof Clearly (iii) implies (ii). Suppose that B is not linearly independent 
over K: there exist distinct {31, ... , f3n in B, and k1, ••. , k11 inK, not all zero, 
such that 

k1/11 + · · · +kn/3n=0. 

Then if (J E G, 

k1(J({31)+ · · · +kn(J(/3n)=(J(k1{31 + · · · +kn/3n)=0, 

so that k1 T(/31)+ · · · +k11 T({311)=0, and the set {T(f3):{3EB} is not linearly 
independent over K in LG. Thus (ii) implies (i). 
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Finally, suppose that the set of trajectories { T(/3): f3 e B} is not linearly 
independent over Lin LG. There exist f3t, ... , /3, in B, and non-zero At, ... , A., 
in L such that 

At T(f3t)+ · · · +A.,T(/3,)=0; 

further we can find f3t, ... , /3, and At, ... , A., so that r is as small as possible. In 
detail, this says that 

At a(f3t) + · · · + A.,a(/3,) = 0 for each a in G. (*) 

Now if't'EG and aeG then 't'-taeG, so that 

At't'-ta(f3t)+ · · · +A,'t'-ta(/3,)=0 for each a in G. 

Operate on this equation by '!: 

't'(At)a(f3t)+ · · · +'t'(A,)a(/3,)=0 for each a in G. 

Now multiply (*) by 't'(A,), (**) by A.,, and subtract: 

('t'(A.,)A.t - 't'(At)A.,)a(f3t) + · · · + ('t'(A.,)A., -t - 't'(A., -t)A.,)a(/3, -t) = 0 

for each a in G. Thus 

('t'(A.,)A.t -'t'(At)A.,)T(f3t)+ · · · +('t'(A.,)A.,-t -'t'(A,-t)A.,)T(/3,-t)=O. 

(**) 

Since there are fewer than r terms in the relationship, it follows from the 
minimality of r that all the coefficients must be zero: 

't'(A.,)A.i = 't'(A.JA., for 1 ~ i < r; 

in other words, 

't'(A,- t A.i) = A.,-t A.i for 1 ~ i < r. 

Now this holds for each '! in G, and so ki =A.; t A.i e K, for 1 ~ i < r. 
Multiplying (*) by A.; t, we obtain 

kt a(f3t) + · · · + k,-t a(f3,_ d + a(/3,) =0 

for each a in G. But as G is a subgroup of Aut L, the identity automorphism 
is in G. Thus 

ktf3t + · · · +kr-tf3r-t +/3,=0 

and so B is not linearly independent over K. Thus (i) implies (iii). 
The next theorem shows that when G is finite we can relate the order of G 

to the degree of L:</J(G) in a most satisfactory way. 

Theorem 11.3 Suppose that G is a finite subgroup of Aut L. Then IGI = 
[L:</J(G)], G=y</J(G) and L:</J(G) is a Galois extension. 
Proof Let K = </J(G). If B is a subset of L which is linearly independent over 
K then, by Theorem 11.2, { T(/3): f3 e B} is a subset of LG which is linearly 

independent over L. But LG has dimension IGI, and so IBI ~ IGI. Thus L is 
finite dimensional over K, and [L:K] ~ IGI. On the other hand, by Theorem 
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10.4, IY</>{G)I ~ [L:K]. As G ~ y</J(G), it follows that [L:K] = IGI and that 
G=y</J(G). Since [L:KJ=IGI, it follows from Theorem 10.4 that L:K is a 
Galois extension. 

What happens if, instead of starting with a group of automorphisms, we 
start with a finite extension? Here the results are not quite so clear cut. Once 
again, Theorem 10.4 plays a decisive role. 

Theorem 11.4 Suppose that L:K is finite. If L:K is a Galois extension, then 
ly(K)I = [L:K], and K = </Jy(K). Otherwise, iy(K)i < [L:K] and K is a proper 
subfield of </Jy(K). 
Proof. The relationship between ly(K)I and [L:K] is given by Theorem 10.4. 
By Theorem 11.3, ly(K)I = [L:</Jy(K)]. Thus, if L:K is normal and separable, 

[L:K] = [L:</Jy(K)]; 

as K ~ </Jy(K), K = </Jy(K). Otherwise 

[L:K] > [L:</Jy(K)] 

so that K is a proper subfield of </Jy(K). 

Exercises 

11.1 Suppose that L:K is a Galois extension with Galois group G, and 
that IX E L. Show that L = K(IX) if and only if the images of IX under G 
are all distinct. 

11.2 Suppose that L :K is an extension. If a E r(L :K), a E EndK(L), the 
K -linear space of K -linear mappings of L into itself. Show that 
r(L:K) is a linearly independent subset of EndK(L). 

11.3 Suppose that L:K is a Galois extension with Galois group G = 
{a 1, ..• , an}· Show that (/31, ... , fln) is a basis for Lover Kif and only 
if det (a i(/3)) # 0. 

11.4 Suppose that char K = 0 and that L:K is a finite extension; let 
{31, .•• , fln be a basis for Lover K. Suppose that His a subgroup of 
r(L:K); let }'j= LuEH af3j, for 1 ~j ~n. Show that K(y1, .. . , Yn) is the 
fixed field for H. 

11.2 The Galois group of a polynomial 
The main purpose of the theory of field extensions is to deal with 

polynomials and their splitting fields. 
Suppose that f EK[x] and that L:K is a splitting field eX:tension for f 

over K. Then we call r(L:K) the Galois group off; we denote it by r df) (or 
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r(f), when it is clear what K is). By Corollary 1 to Theorem 7.5, r K(f) 
depends on f and K, but not on any particular choice of splitting field. 

Let us interpret Theorem 11.4 in this setting. 

Theorem 11.5 Suppose that f EK[x] and that L:K is a spli~ting field 

extens.ion for f If f is separable then lr(f)l = [L:~] and K= lj>(r(f)); 
otherwise lrtf)l < [L:K] and K is a proper subfield of lj>(r(f)). 

An element a of r(f) is an automorphism of L; it is the action of a on the 
roots of f that is all important. The next result shows that we lose no 
information if we concentrate on this action. 

Theorem 11.6 Suppose that fEK[x] and that L:K is a splitting field 

extension for f over K. Let R denote the set of roots off in L. Each a in r(f) 
defines a permutation of R, so that we have a mapping from r (f) into the 
group E R of permutations of R. This mapping is a group homomorphism, and 

is one-one. 

Proof If a E r(f), then a(f) = f, since f has its coefficients in K. Thus, if 
exeR, 

f(a(ex)) = a(f)(a(ex)) = a(f(ex)) = a(O) = 0. 

Thus a maps R into R. Since a is one-one and R is finite, aiR is a 
permutation. By definition, 

(a 1 a 2)(ex) =a 1 (a iex)) 

so that the mapping: a-.. aiR is a group homomorphism. Finally, if 
a(ex)=-r(ex) foreach ex in R, then a- 1-r fixes K(R)=L, so that a=-r. 

Notice that Corollary 2 to Theorem 7.5 states that, iff is irreducible, then 
r(f) acts transitive[ y on the roots of f: if ex and P are two roots of f in a 
splitting field, there exists a in r(f) with a( ex)= p. 

Conversely, suppose that f is a monic polynomial of degree n in K[x] 

which has ndistinct roots in a splitting field L, and thatr(f) acts transitively 
on the roots off Let ex be a root off, and let m be the minimal polynomial of 
ex. Then if p is any root off there exists a in r(f) such that a( ex)= p. Thus 

m(P) = m(a(ex)) = a(m)(a(ex)) = a(m(ex)) = 0, 

and so m has at least n roots. Since m divides f, m = f and it follows that f is 
irreducible. 

Exercises 

11.5 Describe the transitive subgroups of 1:3, 1:4 and 1:5• 

11.6 Find the Galois group of x 4
- 2 over (a) the rational field Q, (b) the 

field 7L 3 and (c) the field 7L 7 • 
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11.7 Find the Galois group of x 4 + 2 over (a) the rational field Q, (b) the 
field 7!.. 3 and (c) the field 7!.. 5 • 

11.3 An example 
Let us give an example. First we need some results about 

permutation groups. Suppose that X is a set and that G is a subgroup ofthe 
permutation group Ex· We define a relation on X by setting x "'y if either 
x = y or the transposition (x, y) is an element of G. This relation is clearly 
reflexive and symmetric. As 

(x, y)(y, z)(x, y) = (x, z), 

it is also transitive: thus it is an equivalence relation on X. 
Suppose now that X is finite and that G acts transitively on X. Suppose 

that Ex and Ey are distinct equivalence classes. As G acts transitively, there 
exists a in G such that a(x) = y. Now, if x' E Ex, 

a(x, x')a- 1 = (a(x), a(x')) = (y, a(x')) E G 

and so a(x') E Ey. Thus a(Ex) ~ Ey, and so lEx I~ IEJ Similarly lEY I~ IExl, and 
so any two equivalence classes have the same number of elements. 

In particular if X has a prime number of elements, if G acts transitively on 
X and if G contains at least one transposition, then there can only be one 
equivalence class, namely the whole of X, and so G contains all 
transpotiions. As the transpositions generate Ex' it follows that G =Ex· 

We now come to our example. 

Theorem 11.7 Suppose that f E Q[x] is irreducible and has prime degree p. 
If f has exactly p-2 real roots and 2 complex roots in C then the Galois 
group r (f) of f over Q is :r p· 

Proof. Let L: Q be a splitting field extension for f, with L ~ C. As f is 
irrreducible, T(f) acts transitively on the roots of f. Also the automorphism 
z --+ i of C fixes the real roots off and interchanges the complex ones (if ex is 

a root off, f(ri) = ftri) = f(cx) = 0, so. that i is a root of f): since Lis generated 
by the roots off over Q, L= L, and T(f) contains a transposition. The 
result therefore follows from Theorem 11.6. 

As a concrete example, let us consider 

f=x 5 -4x+2. 

f is irreducible over Q, by Eisenstein's criterion. The function t--+ f(t) on 1R 
is continuous and differentiable, and so, by Rolle's theorem, between any 
two real zeros off there is a zero off'. But 

f'=5x4 -4 
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has only two real zeros, so that f has at most three real zeros. As 

f( -2)= -22, f(0)=2, f(1)= -1, f(2)=26 

f has at least three real roots, by the intermediate value theorem. Thus f has 
three real roots and two complex roots; by the theorem, F(f) =I: 5 . Notice 
how useful elementary analysis can be! 

Exercise 

11.8 Sketch the graph of the polynomial 

fr = (x2 + 4)x(x2
- 4)(x2

- 16) ... (x2
- 4r2

). 

Show that if k is an odd integer then lfik)l ~ 5. Show that fr- 2 is 
irreducible, and determine its Galois group over Q when 2r + 3 is a 
prime. 

11.4 The fundamental theorem of Galois theory 
The fundamental theorem of Galois theory describes the polarity 

that was introduced at the beginning of the chapter in some detail. 

Theorem 11.8 Suppose that L:K is finite. Let G = F(L:K), and let K 0 = c/>(G). 
If L:M:K0 , let y(M)=F(L,M). 

(i) The map 4> is a one-one map from the set of subgroups of G onto the 
set of fields M intermediate between Land K 0 . y is the inverse map. 

(ii) A subgroup H of G is normal if and only if cf>(H):K0 is a normal 
extension. 

(iii) Suppose that H <J G. If a E G, ajt/>(H) ET(cf>(H), K 0). The map 
a--+ alt/>(H) is a homomorphism of G onto F(c/>(H), K 0)), with kernel H. 
Thus 

F(cf>(H):K0) ~ G/H. 

Proof (i) If H is a subgroup of G, H is finite, and so ycf>(H) = H (Theorem 
11.3). Thus 4> is one-one. L:K0 is a Galois extension of K 0 (Theorem 11.3); 
thus if L:M:K0 , L:M is normal (Corollary 3 of Theorem 9.1) and separable 
(Theorem 10.1). By Theorem 11.4, cf>y(M) = M. Thus 4> is onto, andy is the 
inverse mapping. 

(ii) Suppose that L:M:K0 , and that aEG. Then L:a(M):K0 (since 
a(L)=L, a(K0)=K0). We shall show that y(a(M))=a(y(M))a- 1 . For 
T Ey(a(M)) if and only iha(m)= a(m) for each min M,and this happens if and 
only if a- 1-ra(m) = m for each m in M. Thus T E y(a(M)) if and only if 
a- 1-ra Ey(M): that is, if and only if -r E a(y(M))a- 1

. 
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Suppose that H <J G. Then, if a E G, using (i) 

H = aHa- 1 = a(yl/J(H))a- 1 =y(a(l/J(H))). 

Applying¢>, lj>(H)= l/Jy(a(l/J(H))) = a(l/J(H)) for each a in G. By Theorem 9.2, 
¢>(H):K0 is normal. 

Conversely if ¢>(H):K0 is normal, then 

lj>(H) = alj>(H) for each a in G, 

by Theorem 9.2. Thus 

H =ylf>(H) =y(a(l/J(H)))= a(yl/J(H))a- 1 = aHa- 1 

for each a in G, and so H <J G. 
(iii) Suppose now that H<JG, so that lj>(H):K0 is normal. If aEG, 

a(l/J(H))=l/J(H), by Theorem 9.2. Thus alc/l(H) is an automorphism of l/J(H) 
fixing K: that is, an element of r(lj>(H):K). Since the group multiplication is 
the c~mposition of mappings, the mapping a--+ al<f>(H) is a homomorphism 
of G Into r(lj>(H):K). a is in the kernel of this homomorphism if and only if 
al<t>(H) is the identity:. that is, if and only if a fixes l/J(H). Thus the kernel is 
ylj>(H)=H. Finally if pET(</J(H):K0), there exists an automorphism a of L 
which extends p (Theorem 10.3). Asp fixes K 0 , a isinG; as alc/l(H)=p, the 
h()momorphism maps G onto T(</J(H):K0 ). 

This completes the proof. A few remarks are in order. First, the proof is, 
to a large extent, a case of putting together results which have been 
established earlier. It is worth pausing, and tracing these results back, to 
their sources: this frequently turns out to be Theorem 7.4. Secondly, the 
theorem relates subgroups of G to intermediate fields: order is reversed and, 
the smaller the subgroup, the larger is the intermediate field. All the 
subgroups of G relate t<? all the intermediate fields M of L:K0 • Remember 
that this occurs in terms of r(L:M), and not r(M :K). Normal subgroups 
relate to intermediate fields M for which M :K0 is normal; this justifies the 
terminology. If M:K0 is normal, we can calculate r(M:K) in terms of 
r(L:K), but as a quotient, not as a subgroup. Finally, we do not need 
normality or separability. But if L:K is a Galois extension, then K =K0 , 

and the result is correspondingly neater. 

Exercises 

11.9 Given a fi~ite group G show that there exists a Galois extension 
L:K such that r(L:K) ~G. 

11.10 Suppose that K 1 and K 2 are subfields of a field L such that L:K 1 

and L:K2 are both Galois extensions, with Galois groups G1 and 
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G2 respectively. Show that L:K1 nK2 is a Galois extension if and 
only if G, the group generated by G1 and G2 , is finite, and that ifthis 
is so then G=T(L:K 1 nK2). 

11.11 To answer this question, you need the following fact from group 
theory: 

If G is a finite group and IGI = pr q where pis a prime which does 
not divide q then G has subgroups of order ps for 1 ~ s ~ r. (A 
subgroup of order pr is called a Sylow p-subgroup.) 

Suppose that L:K is an extension with [L:K] =2, that every 
element of L has a square root in L, that every polynomial of odd 
degree in K[x] has a root inK and that char K ¥=2. Let f be an 
irreducible polynomial in. K[x], let M :L be. a splitting field 
extension for f over L, let G = T(M :K) and let H = T(M :L). 

(i) By considering the fixed field of a Sylow 2-subgroup of G, 

show that IGI = 211
• 

(ii) By considering a subgroup of index 2 in H, show that if n > 1 
then there is an irreducible quadratic in L[x]. 

(iii) Show that L is algebraically closed. 
(iv) Show that the complex numbers are algebraically closed. 

11.12 By considering the splitting field of all polynomials of odd degree 
over 7L 2, show that the condition char K ¥= 2 cannot be dropped 
from question 11.11. 

11.5 The theorem on natural irrationalities 
Suppose that f E K[x] has Galois group r K(f), and that L :K is an 

extension. Then we can consider f as an element of L[x], and can consider 
the Galois group r L(f). In each case, we can consider the Galois group as a 
permutation of the roots of f. In the first case we must fix K, and in the 
second we must fix the larger field L. Thus we should expect r L(f) to be a 
subgroup of r K(f). 

For example suppose that f is separable over K, that F :K is a splitting 
field extension for f over K and that F:L:K. Then 

r L(f)=F(F:L)£F(F:K)=r K(f). 

In general L is not an intermediate field: the theorem on natural 

irrationalities says that in fact this does not affect things. 

Theorem 11.9 Suppose that f EK[x] and that L:K is an extension. Let N:L 
be a splitting field extension for f over L, let a 1, ••• , CX11 be the roots off in N 
and let M = K(a 1, ... , a 11) (so that M :K is a splitting field extension for f over 

K). Let Lo be the fixed field of r L(f). Then if (5 E r L(f), ulM E r(M :Lon M), 
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and the map 8: a -+ aiM is an isomorphism of r L(f) onto the subgroup 
T(M:L0 nM) of TK(f). 

Proof. We have the following diagram of inclusions. 

N =L(a1 , •• • , a") _____, ~ 
Lo M=K(a1 , .•. ,a,) 

t~n~ L----- t 
K 

If aE T(N:L), a fixes K and permutes {a1, ... , a,} and so a(M) s;; M. Thus 
aiM is an automorphism of M, which clearly fixes L 0 nM. Since the group 
multiplication is the composition of mappings, (} is a homomorphism of 
T(N :L) into T(M :L0 n M). 

If (}(a) is the identity, a fixes a 1 , ... , a, and so (since a fixes L) a must be the 
identity on N = L(a1, ••• , 1X11). Thus 8 is one-one. 

Let V be the fixed field of O(T(N :L)). As we have seen, V 2 L 0 nM. 
Suppose that xEM and xiL0 nM. Since L 0 is the fixed field of T(N:L), 
there exists aET(N:L) such that a(x):;i:x. Thus O(a)(x):;i:x, and so xi V. 
Thus V=L0 nM, and so, by Theorem 11.3 

O(T(N :L)) = T(M: V) = T(M :L0 n M). 

Note that iff is separable over K, then f is separable over L, and so 
L = L0 : in this case the theorem becomes a little simpler. 
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Finite fields 

In this chapter and the next we digress a little to consider some applications 
of the theory that we have developed so far. 

12.1 A description of the finite fields 
Suppose that K is a finite field: that is, a field with only finitely 

many elements. Then char K = p > 0, and we can identify ZP and the prime 
subfield of K. AsK is finite, [K :ZP] must be finite. If [K :Zp] = n, then K is 
an n-dimensional vector space over ZP, and as a vector space, K is 
isomorphic to (Zp)". Thus IKI = p". 

We shall now show that for each prime p and each positive integer n there 
is essentially just one field of order p". 

Theorem 12.1 For each prime number p and each positive integer n there is a 

field K with IKI = p". The field K is a splitting field for f = x~"'- x over its 
prime subfield. If K and K' are two fields of order p" then K and K' are 

isomorphic. 

Proof Let K: ZP be a splitting field extension for f over ZP. Since D(f) = - 1, 
f has p" distinct roots inK, by Theorem 10.5. Let R denote the set of roots of 
finK. Then 

R= {a: ¢"(a)=a }, 

where ¢is the Frobenius monomorphism. But {a: ¢"(a)= a} is a subfield of 
K: thus R is a field, and f splits over R. Consequently R = K and 

IKI = IRI = p". 
Suppose now that L is a finite field of order p". L*=L\{0} is a 

multiplicative group of order p"- 1. As the order of an element of a group 
divides the order of the group, Ap"-l = 1 for all A in L*. Bearing in mind that 
OP" = 0, this means that A p" =A for all A in L. Thus f = xP"- x has p" distinct 
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roots in L, so that f splits overLand Lis a splitting field for f over its prime 
subfield. By Corollary 1 of Theorem 7.5, K and L are isomorphic. 

Corollary 1 If K is a finite field, with prime subfield 7LP, then K:7LP is a 
Galois extension. 

Separability comes from the Corollary to Theorem 10.8. Using Theorem 
10.1 and Corollary 3 to Theorem 9.1, we can strengthen this: 

Corollary 2 If L:K is an extension and L is finite, then L:K is a Galois 
extension. 

Exercises 

12.1 Show that if K is a finite field of order q and p is a prime then there 
are exactly (qP -q)/p monic irreducible polynomials of degree p 
over K. 

12.2 Show that if K is a finite field and n is a positive integer then there 
exists an (essentially unique) extension L:K with [L:K] =n. 

12.3 Suppose that L:K is an extension and that L has pn elements. Show 
. that IKI = pd, where djn. Conversely, if djn, show that 
(x~"'- x) I (xp"- x) and deduce that L has exactly one subfield with 
pd elements. 

12.2 An example 
We have just seen that we can construct fields of all prime power 

orders pn by constructing splitting field extensions for f = :>t"- x over 7L p· 

The polynomial! is of course not irreducible; in certain circumstances we 
obtain more information by considering splitting fields of irreducible 
polynomials. 

Let us illustrate this by considering fields of order pP. Let us denote the 

elements of 7LP by 0, I, ... , p- 1. We consider the polynomial 

g=xP-x-1. 

This has no roots in 7LP (g(a) = -1 for all a in 7Lp); let L:7LP be a splitting field 
extension for g over 7LP, and let a be a root of g in L. Then if IE 7LP, 

(a+jlP-(a+jl-1=aP+I-a-I-1=0, 

so that the roots of g are a, a+ I, ... , a+ p- 1. Note that it follows that 
L=K(a). 

Next we show that g is irreducible over 7Lr Suppose that g = g1g2 , where 
g 1 and g 2 are monic, and 1 ::::; degree g 1 = d < p. Let 

S={Z:a+lis a root of gd. 
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Then the coefficient of xd- 1 in g 1 is 

- L (ex+ l) = - dex + t, 
tES 

103 

where t E ?LP. As this coefficient is in ?LP, -dex E ?LP, and so ex E ?LP, giving a 
contradiction. 

This means that [L:K] = p, and so ILl= pP. As L:K is also a splitting field 
extension for xPP- x, this means that (xP- x- 1) I (xPP- x) in ?LP[x]. 

Notice also that, for each non-zero Tin 1LP,]rx,jrx + 1, .. . ,jrx + p -1 are the 
roots of 

xP-x-j~ 

and an argument similar to that for g shows that this polynomial is also 

irreducible. Thus L:K is also a splitting field extension for each of the 
polynomials xP -x -I(1 ~j~p-1). 

Exercise 

12.4 Factorize xPP -x over 7LP. 

12.3 Some abelian group theory 
In the next section, we shall investigate further the multiplicative 

group K* of non-zero elements of a finite field. This group is abelian; we 

now study the structure of finite abelian groups. 

Theorem 12.2 Suppose that (G, +)is a finite abelian group. G is isomorphic to 

a product of cyclic groups: 

G ~ ?Ld 1 X . • • X ?Ld .. 

Further the isomorphism can be chosen so that dildk for 1~j<k~s. The 
numbers is characterized by the property that G is generated by s elements, 

but it is not generated by s- 1 elements. 

Proof We prove this by induction on IGI. Suppose that the result is true for 

all abelian groups of order less than n, and that IGI = n. 
There exists an integers such that G is generated by s elements, but is 

not generated by fewer than s elements. Let m be the least positive number 
such that there exists a set {g1 , ••• ,g5 } of generators and a relation 

mgt +a2g2 + · · · +asgs=O 

(with a2, ... , as in 7L). Note that m > 1, since otherwise G would be generated 

by {g 2, ... ,g5 }. We can writeai=mqi+ri with O~ri<m, for 2 ~i~s. Then if 

h1 =g1 +q2g2 + · · · +q5g5 , G is generated by {h 1,g2, .. . ,gs} and 

mh1 +r2g2 + ... +rsgs=O. 
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The minimality of m implies that r2 = r 3 = · · · = rs = 0, and so mh 1 = 0. We 
now claim that G is isomorphic to (h1 ) x (g2, .. . ,g5 ). If (a,b)E(h1 ) x 
(g2, ... ,gs), let 8(a,b)=a+b. The map e is a homomorphism of (hl) X 

(g2, ... , gs) into G.lt is an epimorphism, since {h1, g2 , ••. , gs} generates G. If 
(a, b) is in the kernel of8,a + b=O. Writing a= j 1h1 ,b=j2g2 + · · · + jrgs, with 
O~j1 <m, we have 

jlhl +j2g2+ · · · +jsgs=O. 

It follows from the minimality of m that j 1 = 0, and so a= b = 0. Thus 8 is an 
isomorphism. 

We now apply the inductive hypothesis to (g 2, ... , gs), which is clearly 
generated by s- 1 elements, but not by s- 2 elements: the subgroup 
(g 2• ... ' g s> is isomorphic to 

7l_d2 X •.• X 7Ld,• 

with dildk for 2~j<k~s. Consequently G~7Lm x 7Ld 2 x · · · x 7Ld, Let 
h1 , ... , hs be the corresponding generators in G. It follows from the 
minimality of m that m~d2. Let d2=e2m+ f 2, where O~f2 <m, and let 
h~ =h 1 +e2h 2• Then G is generated by {h'1,h2, ... ,hs}· As 

mh't + f2h2 = 0 

it follows that f 2 =0, and so mld2. This completes the proof. 

If G is a finite group, the exponent e( G) of G is the least positive integer k 
such that gk=e, for all gin G. We have already used the fact, in Theorem 
12.1, that giGI=e for all gin G. Thus e(G)~IGI, and e(G)IIGI. If gEG, we 
denote the order of g by o(g): clearly o(g)~e(G), and o(g)ie(G). 

Some examples: in I: 3 , the elements have order 1, 2 or 3; the exponent of 
E 3 is 6. In E6 , the elements have order 1, 2, 3, 4, 5 or 6: e(G)=60, and 

IGI=720. 

Corollary Suppose that G is a finite abelian group. There exists g in G such 
that o(g)=e(G). 
Proof. G~7Ld1 x · · · x 7Ld,• with dildk for 1~j<k~s. Then if gEG, gd•=e; 
thus e(G) ~ds. On the other hand, G has a subgroup isomorphic to 7Ld,; if his 
a generator of this, o(h) = d5• As o(h) ~ e(G), this proves the result. 

Exercises 

12.5 Suppose that a and b are positive integers with highest common 
factor d. Show that 

1La X 7l_b ~ 7l_d X 7l_abjd· 

12.6 Show that a finite abelian group is isomorphic to a product of 
cyclic groups of prime power order. 
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12.7 Suppose that G is an abelian group. Show that the set Tof elements 
of finite order is a subgroup of G and that every element of G/T, 

except the identity, is of infinite order. 

12.8 Suppose that G is a finitely generated abelian group every element 
of which, except the identity, has infinite order. Show that G ~ 7Ls, 
where sis defined by the property that G is generated by s elements, 
but is not generated by s -1 elements. 

12.9 Suppose that G is a finitely generated abelian group. Show that 
G ~ 7Ls x T, where T is a finite group. 

12.4 The multiplicative group of a finite field 

Theorem 12.3 Suppose that K is a field, with multiplicative group K* of non­
zero elements. If G is a finite subgroup of K*, then G is cyclic. 
Proof. Let A= e( G). Then ct'l = 1 for all a E G. As x..t- 1 has at most A roots, 
IGI ~e(G). But e(G)~ IGI, so that e(G)= IGj. By Theorem 12.2, G has an 
element of order jGj, and so G is cyclic. 

Corollary 1 If K is a finite field, K* is cyclic. 

Corollary 2 If L:K is an extension, and Lis a finite field, then L:K is simple. 
Proof. Let a generate the multiplicative group L*. Then L= K(a). 

12.5 The automorphism group of a finite field 

Theorem 12.4 Suppose that K is a finite field with p" elements. Then the 
group of all automorphisms of K is cyclic of order n, and is generated by the 
Frobenius automorphism </>. 
Proof. We can identify the prime subfield of K with 7LP. Every 
automorphism of K fixes 7LP. As [K :7LP] = n and K :7LP is a Galois 
extension, there are exactly n automorphisms of K, by Theorem 10.4. Let d 
denote the order of </>. Then 

apl=</>d(a)=a for each a inK 

so that the polynomial xpl- x has p11 roots in K. This implies that d ~ n. As 
dIn, we must have that d = n, and that ¢ generates the group of 
automorphisms of K. 

Corollary Suppose that L :K is an extension and that Lis finite. Then T(L :K) 
is cyclic of order [L:K]. 
Proof Suppose that L has characteristic p. AsK :7LP is a Galois extension, 
r(L:K)~ r(L:7Lp)/r(K :7LP) by the fundamental theorem of Galois theory, 
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and so T(L:K) is cyclic. Also L:K is a Galois extension, and so 
IT(L:K)I = [L:K]. 

Exercises 

12.10 Use Theorem 12.4 to give another solution to Exercise 12.3. 

12.11 Suppose that p and q are primes and that p < q. Show that if p does 
not divide q- 1 then there is an extension L: 7Lq which is a splitting 
field extension for each of the polynomials xP -a (a a non-zero 
element of 1Lq). 
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The theorem of the primitive element 

In this chapter, we consider the problem: if L:K is algebraic, under what 
circumstances is L a simple extension of K? 

13.1 A criterion in terms of intermediate fields 

Theorem 13.1 An algebraic extension L:K is simple if and only if there are 
only finitely many intermediate fields. 
Proof First suppose that there are only finitely many intermediate fields. 
L:K must be finitely generated over K, for otherwise there is a strictly 
increasing infinite sequence of intermediate fields. Thus L:K is finite 
(Theorem 4.6). If K is finite, Lis finite, and so L:K is simple (Corollary 2 of 
Theorem 12.3). We may therefore restrict attention to the case where K is 
infinite. 

As we have observed, Lis finitely generated over K. Let 

r=inf{IAI:L=K(A)}. 

We want to show that r= 1. Suppose on the contrary that r~2 and that 
L=K(a1 ,a2, ... ,ar). Let M=K(a1,a2). For each f3 inK, let 

F p = K(a 1 + f1a2). 

As K is infinite, and as there are only finitely many fields intermediate 
between K and L, there exist f3 andy inK, with f3=1=y, such that Fp=Fy. But 
then 

(a1 + f3a 2) -(a1 +ya2) = (/3 -y)a2 E Fp, 

and so a2 EFp. Also a1 = (a1 + f3a 2)- f3a 2 E Fp, so that K(a1 , a 2) ~ K(a 1 + f3a 2). 
Consequently 

L=K(a1 +f3a2,a3 , ••• ,ar) 

contradicting the minimality of r. 
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Conversely suppose that L = K(a) is simple and algebraic over K. Let m 

be the minimal polynomial for a over K. m is irreducible over K, but of 
course m factorizes over L. Nevertheless, m has only finitely many monic 
divisors d1 , ... , dk, say, in L[x]. Now suppose that F is an intermediate field. 
Let mF be the minimal polynomial for a over F. Considering mas an element 
of F[x], we see that mFim. But this means that mFim in L[x], and so mF=di 
for some 1 ~ i ~ k. The proof will therefore be complete if we can show that 
mF determines F. Let 

mF=a0 +a1x + · · · +arxr, 

and let F 0 = K(a0 , . .. , ar). Then F 0 ~ F, and so mF is irreducible over F 0 . 

Thus mF is the minimal polynomial for a over F 0 . As L=F 0(a), [L:F 0] = 
degree mF (Theorem 4.4). But [L:F] =degree mF, by the same argument, so 
that as F 2 F 0 we must have F = F 0 = K(a 0 , . .. , ar). Thus mF determines F; 
this completes the proof. 

Exercise 

13.1 Use Exercise 1.17 to give another proof that L :K is simple if K is 
infinite and there are only finitely many intermediate fields. 

13.2 Suppose that K(t):K is a simple transcendental extension. Show 
that there are infinitely many intermediate fields. 

13.2 The theorem of the primitive element 
This rather quaint title is given to the following theorem. 

Theorem 13.2 Suppose that L:K is finite and separable. Then L:K is simple. 
Proof Suppose that a1 , ... , an generate Lover K. Let g=mcr

1 
••• mr~..' where 

mrt.; is the minimal polynomial of ai over K. Then g is separable over K. Let 
N :L be a splitting field extension for g over L. As a 1 , ... , a" are roots of g, 

N :K is also a splitting field extension for g over K. Thus N :K is normal 
(Theorem 9.1) and separable (Corollary 3 to Theorem 10.3) and is therefore 
a Galois extension. Thus K is the fixed field of F(N :K). 

Now r(N :K) is finite, and so it has finitely many subgroups. By the 
fundamental theorem of Galois theory, these are in one-one 
correspondence with the fields intermediate between Nand K. Thus there 
are finitely many fields intermediate between N and K, and a fortiori there 
are finitely many fields intermediate between L and K. The result follows 
from Theorem 13.1. 

Corollary If L:K is a Galois extension, there exists an irreducible 
polynomial fin K[x] such that L:K is a splitting field extension for f over K. 

\' 

! ' 
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Exercise 

13.3 Let p be a prime, let J = 71-p(rx), where rx is transcendental over ZP, 
and let K =J(f3), where f3 is transcendental over J. Let L:K be a 
splitting field extension for (xP- rx)(xP- {3). 

(i) Show that [L:K] = p2
. 

(ii) Show that if y E L then yP E K. 
(iii) Show that L:K is not simple. 
(iv) In the case where p = 2, find all the intermediate fields L:M :K. 

13.4 Suppose that L:K is a Galois extension with Galois group 
{u1, ... ,u11 } and that rxEL. Show that L=K(rx) if and only if 
(u1(rx), ... , CT11(rx)) is a basis for Lover K. 

13.5 Suppose that L:K is a finite separable extension and that M :Lis a 
finite simple extension. Show that M :K is a simple extension. 

13.3 An example 

Let us consider a very easy example. Q(.j2, j3):Q is a splitting 
field extension for f = x4

- 5x2 + 6 = (x2
- 2)(x2

- 3) over Q. 

[Q(.j2, j3):Q] =4, and the Galois group r 0 (/) is best described by its 

action on .j2 and J3: 

fifi 
J3J3 

-fi 
J3 

fi 
-J3 

-fi 
-J3. 

F o(f) is isomorphic to Z2 X Z2 and has three non-trivial subgroups: 

{u0 ,ut}, {u0 ,u2 } and {u0 ,u3 }. The corresponding fixed fields are Q(j3), 

Q(.j2) and Q(j6). If rx is any element of Q(.j2, j3) which does not belong 

to any of these three intermediate fields, then Q(.j2, j3) = Q(rx). 



14 

Cubics and quartics 

In this chapter we shall see how the theory that we have developed so far 
relates to the solution of cubic and quartic equations. In the process, we 
shall introduce some ideas which will appear again when we return to the 
general theory. 

14.1 Extension by radicals 
We have seen that we can deal with quadratic polynomials by 

constructing a splitting field by adjoining a square root. Having done this, 
we have a procedure for factorizing the polynomial. 

In this chapter we shall see that similar results hold for cubics and 
quartics. In order to see what we are trying to achieve, let us make some 
definitions. 

If L :K is an extension, and f3 E L, we say that f3 is a radical over Kif {311 E K 
for some n. Thus a radical over K is an nth root of some element of K, 
possibly in a larger field. 

We shall say that an extension L:K is an extension by radicals if there are 
intermediate fields 

L=L,:L,_ 1 : •.• :L0 =K 

such that Li = Li _1 (f3i), with f3i a radical over Li _1, for 1 ~ i ~ r. Thus L :K is 
an extension by radicals if L can be obtained by successively adjoining 
radicals. 

Now suppose that f E K[x]. We say that f is solvable by radicals if there is 
an extension L:K by radicals such that f splits over L. It is important to 
note that L need not be a splitting field for/ -it may be considerably larger. 

The general problems that arise, then, and that we shall consider in the 
subsequent chapters, are to determine whether FE K[x] is solvable by 
radicals or not, and, if so, to find a procedure for factorizing f. 
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14.2 The discriminant 
Suppose that f i~ a separable irreducible monic cubic polynomial 

in K[x]. Then the Galois group r K(f) acts transitively on the three roots of 
fin a splitting field, and so it must be either the full permutation group 2:3 

or the alternating group A 3. How can we determine which it is? 
This is a problem which we can consider quite generally. We shall, 

however, suppose that char K -=1= 2. Suppose that f is a polynomial in K[x] 
and that oc1 , ••• , an are roots off (repeated according to multiplicity) in a 
splitting field extension L:K. We set 

b= fl (oci -oci) 
1 ~i<j~n 

Iff has a repeated root then b = 0; otherwise, f is separable, and b -=1= 0. If 
(JET K(f) then 

a(b)= fl (a(oc) -a(oci))=eub, 
l~i<j~n 

where eu= 1 if a is an even permutation of oc 1, ••• , ocn and eu= -1 if a is an 
odd permutation. 

There are therefore three possibilities. First, b = 0: in this case f has a 
repeated root. Secondly, b is a non-zero element of K. In this case, b is in the 
fixed field of r K(f), so that r K(f) s;; A"" Thirdly, b ¢ K. In this case, b is not in 
the fixed field of r K(f), so that r K(f) i An. On the other hand A= b2 is fixed 
by rK(f), so that x 2 - A is the minimal polynomial of b, and [K(b):K] =2. 
Now r K(f) nAn has index 2 in r K(f), so that it follows from the 
fundamental theorem of Galois theory that K( b) is the fixed field of 
TK(f)nAn, and TK(f)nAn=T(L:K(b)). 

The quantity L1 = b2 is called the discriminant of f. Notice that, although b 
depends on the order in which we label the roots off, A does not. Let us sum 
up our discussion in terms of A. 

Theorem 14.1 Suppose that char K -=1= 2 and that f EK[x]. Let A be the 
discriminant of fEK[x], and let L:K be a splitting field extension for f. 

(i) If A= 0, f has a repeated root in L. 
(ii) If A¥= 0 and L1 has a square root in K, then r K(f) s;; Aw 

(iii) If A has no square root in K, it has a square root b in L. r K(f) i An, 
and K(b) is the fixed field of r K(f) nAn-
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In practice, it is not hard to calculate the discriminant. The quantity <5 is 
given by the Vandermonde determinant: 

1 1 1 

oc2 

If we multiply the matrix by its transpose and evaluate the determinant we 
find that 

n 

An-1 An A2n-2 

where A.i=oc{ + · · · +oc~. The quantities A.i can be expressed in terms of the 
coefficients off (as we shall see in Chapter 19), and so we can calculate Lt. 

For example, if 

f =x2 +a1x +ao, 

then 

Li=ai -4a0 , while if 

f = x3 +a2x 2 +a1x +a0 , 

then 

Exercises 

14.1 Suppose that f is a polynomial in K[x], with roots oc 1 , ••• ,oc11 in 
some splitting field extension. Show that 

n 

Li=Yfn 11 Df(ocj), 
j= 1 

where Yfn = 1 if n(mod 4) = 0 or 1 and Yfn = - 1 otherwise. 

14.2 Suppose that 

f=a 0 +a1x+ · · · +a11X" 

is a polynomial of degree n in K[x] and that oc 1 , ... , OC
11 

are roots off 
in a splitting field L. 

(i) Show that, in L[x], f = (x- oci)gi, where 

gi=a1 +a2(x+ocJ+ · · · +an(x"- 1 +ocix"- 2+ · · · +oci- 1
). 
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(ii) Show that Df= Li=lgi. 
(iii) Let Ai = Lt= 1 rxf, for j = 1, 2, ... Establish Newton's identities: 

an-l +anAl =0, 

2an-2+a11-1A1 +anA2 =0, 

na0 +a1A1 + · · · +an-lAn-l +a11An =0, 

and 

aoAk+alAk+l + · · · +an-lAk+n-1 +anAk+n=O 

fork= 1,2,3, ... 

14.3 Suppose that f = xn + px + q. Show that 

A1 =A2 = · · · =An-2 =0, 

An-l = -(n -1)p, 

An= -nq, 

All+ 1 = · · · = A2n- 3 = 0 

and 

A2n-2 = (n-1)p2. 

Show that the discriminant L1 of f is 

L1=1'fll+lnnqn-l_17n(n-1)11-lpn 

where 1]11 = 1 if n (mod 4) = 0 or 1 and 1'fn = - 1 otherwise. 

14.4 Suppose that char K =2 and that f EK[x] is separable. Show that 
the discriminant off always has a square root in K. Give an 
example to show that Theorem 14.1 does not hold for fields of 
characteristic 2. 

14.3 Cubic polynomials 
Suppose again that f is an irreducible monic cubic polynomial in 

K[x]: 

In order to simplify things, we shall assume that char K is not equal to 2 or 
3. In particular, this means that f is separable. We can simplify the 
expression for f by setting y=x+a2j3: then 

f=y3+py+q, 
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where p=at -a~/3 and q =a0 +2a~j27 -a2atf3. We therefore consider the 
polynomial 

g=x 3 +px+q. 

Let L:K be a splitting field extension for g over K, and let ext, ex2 , ex3 be the roots 
of g in L. g has discriminant .d = 4p3 -27 q2

: let ~ be a square root of .d in L. 
Then we know, by Theorem 14.1, that [L:K(~)] =3 and that r(L:K(~))is the 
cyclic group A 3. 

How do we proceed from here? Our aim is to solve g by radicals: this 
suggests that we should adjoin a cube root of a suitable element (} of K or 
K(~). In fact, it is convenient to proceed rather indirectly. If we have such an 
element (} then in a suitable splitting field x 3- (}factorizes as 

x3 - 8= (x- f3)(x -wf3)(x -w2{3) 

where wand w 2 are cube roots of unity. As a next step, then, we adjoin cube 
roots of unity: let L(w):L be a splitting field extension for x3 -1 = 
(x- 1)(x2 + x + 1). We now have the following diagram of inclusions. 

L(w) 

t 
K(w, ~) 

L ---- -----......______ K(Oj K(m) 

----- ----K 

Note that there are essentially only two possibilities. First it may happen 
that x3 -1 splits over K(~). In this case L=L(w) and we do not need to 
extend further. Secondly it may happen that x3 -1 does not split over K(~). 
In this case [K(w, ~):K(~)] =2, while [L:K(~)] = 3, and so x 3 -1 does not 
split over L:L#L(w), and we go beyond a splitting field for g. 

We now return to the cubic g. In L(w) we set 

Then 

f3=ext +wex2 +w2ex 3 

y =ext +w2ex 2 +wex3. 

f3y = exi +ex~+ ex~+ (w + W 2)(ext ex 2 +ext ex 3 + ex 2ex3) 

=(ext + ex 2 + ex3)
2

- 3(ext ex 2 +ext ex 3 + ex 2ex 3) = - 3p, 
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so that {3 3y3 = -27p3
; and 

Thus 

{33 +y 3 =(cx 1 +wcx2 +w2cx 3)
3 +(cx 1 +w2cx 2 +wcx 3)

3 +(cx 1 +cx2 +cx 3) 3 

=3(cxi+cx~+cx~)+ 18cx1 cx 2cx 3 = -27q. 

(x- {3 3)(x -y3
) =x2 +27qx -27p3

, 

and so {33 and y3 are the elements 

_227q±1~ =227q±1(2w+ 1)£5.• 

Consequently we can obtain {3 3 and y3 by adjoining a square root of -3.1 to 
K, and then obtain {3 by adjoining a cube root: then y= -3p/f3. Finally 

lX 1 = !-(/3 + y) 

cx2 =!-(w2{3 +wy) 

cx 3 =-i-(w{3 +w2y). 

Notice that in these calculations we are essentially working in L(w); as we 
have observed, this may well be larger than the splitting field L. 

Exercise 

14.5 Suppose that char K is not 2 or 3, and that f = x3 + px + q E K[x]. 
Let ex be a root off in a splitting field, let g = 3x2 

- 3cxx- p, and let {3 
be a root of gin a splitting field for g over K(cx). Express ex in terms of 
{3 and show that {3 is a root of 

h=27x6 +27q3
- p3 EK[x]. 

Conclude that cx=/3-p/3{3, where {3 3 = -q/2+£5 and t:5 2=q2/4+ 
p3 /27: the cubic f can be solved by extracting a square root and a 
cube root. 

14.4 Quartic polynomials 
Suppose now that f is an irreducible monic quartic in K[x]: 

f =x4 +a 3x
3 +a2x 2 +a1x +a0 • 

We continue to suppose that char K is not equal to 2 or 3. If we write 
y=x+a 3/4, f has the form 

g= y4+ py2+qy+r. 

We therefore consider a polynomial of the form 

g = x4 + px2 + qx + r. 

Let L:K be a splitting field extension for g over K, and let cx 1 , cx 2 , cx 3 and cx 4 be 
the roots of g in L. 
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Let G be the Galois group r K(g). G can be considered, by its action on the 
roots of g, as a transitive subgroup of .!'4. Now the Viergruppe N is a normal 

subgroup of .!'4, and soH= N n G is a normal subgroup of G. Let M be the 
fixed field of H. Then by the fundamental theorem of Galois theory 

r(L:M)~H and r(M:K)~G/H. 
Now H is an abelian group of order 1, 2 or 4 (in fact the first possibility 

cannot arise) and, asH is the kernel of the homomorphism lj>i, where i is the 
inclusion map G --+ .r 4 and 4> is.the epimorphism of .r 4 onto .r 3 described in 
Chapter 1, G/H is isomorphic to a subgroup of .r 3, by the first isomorphism 
theorem for groups. 

This suggests that we should first attempt to determine the intermediate 

field M. Let 

Then 

and 

P=rx1 +rxz, y=rx1 +a.3 and b=a.1 +a.4. 

P2 = (a.l + rxz) 2 = - (a.l + rxz)(a.3 + a.4), 

Y2=(a.l +a.3)2= -(a.l +a.3)(a.2 +a.4), 

<52= (a.l + a.4)2 = - (a.l + a.4)(rxz + a.3). 

Consequently p2 , y2 and <5 2 are in M, and so K(P2
, y2

, <5 2) s;; M. On the other 
hand, if a is a permutation of a. 1, a.2, a.3 and a.4 which fixes P2

, y2 and <5 2, then 

aEN. Thus 

r(L:K(p2
, y2

, <5 2))~ H = r(L:M) 

and so K(p2,"'/,b2)"2M. Thus M=K(p 2 ,y2 ,b2
). 

Easy but tedious calculations show that 

pz+yz+bz= -2p, 

pzyz + pzbz +yzbz = pz -4r, 

and 

pyb= -q; 

thus K(p2 , y2
, b2):K is a splitting field extension for 

x3 +2px2 +(p2 -4r)x -q2
• 

This cubic is called the cubic resolvent for g. By the results of the previous 
section, we can construct p2

, y2 and <52 by adjoining square roots and cube 

roots; we can then construct p, y and b by adjoining square roots (note, 
though, that pyb = - q, so that some care is needed in the choice of signs). 

Then 
a.1 =!(P +y +b), 

rxz =1<P -y- b), 

a.3 =1<- P+y -b), 
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and 

C(4 =!(- f3 -y +b). 

Notice that this means that L=K(f3,y,b). 
What are the possible Galois groups of an irreducible quartic? The 

exercises which follow provide an answer to this question. 

Exercises 

14.6 Suppose that G is a transitive subgroup of 1:'4 . Show that G is either 
(i) 1:'4 , (ii) A4 , (iii) the Viergruppe N, (iv) cyclic of order4 or(v) a non­
abelian group of order 8, isomorphic to the group of rotations and 
reflections of a square. 

14.7 Suppose that f is an irreducible quartic in K[x] (where char K is 
not 2 or 3) and that L:K is a splitting field extension for f Let g be 
the cubic resolvent for f, and let M be a splitting field for g in L. 
Verify that the following table includes all possibilities and that it 
determines the Galois group of f in each case. 

Discriminant g f rK(f) 

No square root Irreducible .r4 
inK over K 

Has square root Irreducible A4 
inK over K 

Has square root Splits over K Viergruppe 
inK 

No square root Splits over K Factorizes Cyclic of order 4 
inK in M[x] 

No square root Splits over K Irreducible Of order 8 
inK over M 

14.8 Determine the Galois groups of the following quartics in Q[x]: 

(i) x4 +4x + 2; 
(ii) x4 + 8x- 12; 

(iii) x4 + 1; 
(iv) x4 + x 3 + x 2 + x + 1; 
(v) x4 -2. 
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Roots of unity 

We have seen that in order to deal with cubic polynomials it is helpful to 
have cube roots of unity at our disposal. In this chapter we shall consider 
splitting fields and Galois groups of polynomials of the form xm- 1 over a 
field K. 

Technical problems can arise if char K =1= 0. Suppose that char K = p > 0 
and that m= prq, where p does not divide q. Then in K[x], 

xm-1=(xq-1)P'; 

thus a splitting field extension for xq- 1 is a splitting field extension for 
xm -1: we need only consider the polynomial xq -1. For this reason, in this 

chapter we shall suppose that char K does not divide m. In this case, 
D(xm- 1) = mxm -l =I= 0, and so xm- 1 has m distinct roots in a splitting field. 

15.1 Cyclotomic polynomials 
Suppose that L:K is a splitting field extension for xm -1 over K. As 

xm- 1 has m distinct roots, L :K is a Galois extension. The set R of roots in L 

clearly forms a group under multiplication, and so, by Theorem 12.3, R is a 
cyclic group of order m. An element e of R is called a primitive mth root of 
unity if e generates R. Thus an element e of L is a primitive mth root of unity 
if and ony if em= 1 and ej =1= 1 for 1 ~j < m. For example, in C, i and - i are the 
primitive fourth roots of unity: -1 is the only primitive second root of unity 
and 1 is the only first root of unity. Notice that if e is a primitive mth root of 
unity then L = K(s). 

We now define the mth cyclotomic polynomial cJ>m to be 

where the product is taken over all primitive mth roots of unity. An element 
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ex in L is a root of xm- 1 if and only if it is a primitive dth root of unity for 
some d which divides m: thus 

xm-1= n cpd· 
dim 

For example, in C[x] 

and 

C/>1 =x-1, lP 3 =(x-w)(x-w2)=x2 +x+ 1 

C/>2 =x + 1, C/>4 =(x -i)(x +i)=x2 + 1 

x 4 -1 = (x -1)(x + 1)(x2 + 1) = C/>1 lPzC/>4. 

We have defined cpm as an element of L[x]. In fact, as the examples 
suggest, we can say much more. 

Theorem 15.1 lPmEK0 [x], where K 0 is the prime subfield of K. If K 0 =0 
then cpm E Z[x]. 
Proof Since xm -1 = lldlm C/Jd, the theorem follows from an inductive 
application of the following elementary lemma. 

Lemma 15.2 (i) If L:K is an extension, if qEL[x] and if there exist non­
zero f and g in K[x] such that f = qg, then q E K[x]. 

(ii) Suppose that K is the field of fractions of an integral domain R, that 
q E K[x] and that there exist monic f and g in R[x] such that f = qg. Then 
qER[x]. 
Proof This is just a matter of long division. 

(i) Let 

q=a0 +a1x+ · · · +amxm, 

g=b0 +b1x+·· · +bnxn, 

f =Co + C 1 X + ... + Cm + nXm + n 

where am =I= 0, bn =I= 0, Cm +n =I= 0. As ambn = Cm +n' am E K. Suppose that we have 
shown that aiEK for i>j. Then as 

ajbn+aj+1bn-1 + ... +ambn+j-m=Cn+j 

(where we set bk=O if k<O), aiEK. 
(ii) In this case bn = 1, and the same induction goes through. 

Exercises 

15.1 Show that the degree of cpm is mOplm((p-1)/p), where the product is 
taken over all primes p which divide m. 
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15.2 Show that if n is odd then c])2n(x) = c])n(- x). 

15.3 Show that if p is a prime then 
c])pn(x)= 1 +xpn-1 +x2pn-1 + ... +x<p-l)pn-1. 

15.2 Irreducibility 
By Theorem 15.1, we can consider the cyclotomic polynomials cpm 

as polynomials in K 0 [x], where K 0 is the prime subfield of K. In the case 
where char K 0 i= 0, the irreducibility of cpm over K 0 depends upon m and 
char K 0 : for example, c])3 = x 2 + x + 1 is irreducible over Z5 , while over Z7 

x2 +x+ 1=(x-2)(x-4). 

(The irreducibility of cyclotomic polynomials over finite fields is the subject 
of Exercises 15.5-15.9.) 

In the important case where char K 0 = 0, the result is simple to state, but 
remarkably difficult to prove: 

Theorem 15.3 For each m, cpm is irreducible over 01. 
Proof Suppose that cpm is not irreducible. By Gauss' lemma we can write 
cpm = fg, where f and g are in Z[x] and f is an irreducible monic polynomial 
with 1 ~degree f <degree cpm· 

Let L: 01 be a splitting field extension for cpm over 01. We shall first show 
that, if e is a root off inLand pis a prime which does not divide m, then eP is 
a root of f. 

Suppose not. Then, as eP is a primitive mth root of unity, g(eP)=O. We 
define kin Z[x] by setting k(x)=g(xP). Then k(e)=g(eP)=O. Since f is the 
minimal polynomial fore over 01,flk in 01[x], and, by Lemma 15.2, we can 
write k=fh, with h in Z[x]. 

We now consider the quotient map: n--+ n from Z onto ZP, and the 
induced map: j--+ I of Z[x] onto ZP[x]. Under this map, Jii=k. But 

k(x) = g(xP) = (g(x) )P 

and so Jii = (g)P. Let q be any irreducible factor of J in ZP[x]. Then ql (g)P, 
and so ql g. This means that q21 Jg, so that iPm = Jg has a repeated root in a 
splitting field extension over ZP. But we have seen that this is not so, since p 
does not divide m. 

Now let 11 be a root off, and let fJ be a root of g. fJ and 11 are both primitive 
mth roots of unity, and so there exists r such that fJ = 17r, where r and m are 
relatively prime. We can writer= p1 ... Pk as a product of primes, where no 
Pi divides m. Repeated application of the result that we have proved shows 
that fJ is a root off This means that cpm has a repeated root in L, and we 
know that this is not so. 
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Exercise 

15.4 Suppose that e is a primitive mth root of unity over Q, where m > 2. 
Let 1J=e+e- 1

. Show that [O(e):Q(1])] =2, find the minimal 
polynomial for e over 0(1]) and identify the Galois group 
r[O(e):Q(1J)J. 

15.3 The Galois group of a cyclotomic polynomial 
Suppose that L:K is a splitting field extension for the cyclotomic 

polynomial f/>m over K. If e is a primitive mth root of unity then, as we have 
seen, L = K(e). 

We can write the primitive mth roots of unity as 

where 1=n1,n2 , .. . ,nk are those integers less than m which are relatively 
prime to m, and k =degree f/>m. Now, if ni and m are relatively prime, 
7L = (ni, m) and so there exist integers a and b such that ani+ bm = 1. Thus in 
the quotient ring 7Lm, iini = 1, and ni is a unit. Conversely if n is a unit in 7Lm 
then nand mare relatively prime. Thus {n1 , ... , nk) is the multiplicative group 
U m of units in the ring 7Lm. 

Now suppose that (J is in the Galois group r K( f/>m). As L = K(e), (J is 
determined by its action on e. As a( e) is also a primitive mth root of unity, 
a( e)= e11

j(a) for some 1 ~j(a) ~ k. If T is another element of r K( f/>m), 

-ra(e) = T(e11
j(a)) = (T{e))11

j(u) = e11
j(<)

11
j(u) =aT( e). 

Thus r d f/>m) is abelian. Also 

nj(ra) = nj(r)nj(u) 

and so the mapping a --+ ni<a> is a homomorphism of F,d f/>m) into U m· This is 
one--one, since a( e)= e if and only if a is the identity in r K( f/>m). Further, 
1r K( f/>m)l =kif and only if there are k images e11i(u>; thus the homomorphism is 
onto if and only if r K( f/>m) acts transitively on the roots of f/>m, and this 
happens if and only if f/>m is irreducible over K. Summing up, 

Theorem 15.4 If f/>m is the mth cyclotomic polynomial over K,_ r K( f/>m) is an 

abelian group which is isomorphic to a subgroup of U m' the multiplicative 
group of units of the ring 7Lm. f/>m is irreducible over Kif and only if r K( f/>m) is 

isomorphic to u m· 

As an example, 

U12 = {1, 3, 7, 11} 

and 12 = 32 = 112 = 1, so that U 12 ~ 7L 2 x 1L2. 

If p is a prime, UP is cyclic, by Theorem 12.3. We therefore have the 
following corollary: 
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Corollary If pis a prime then either f/>P splits over K or rK(f/>p) is cyclic. 

Exercises 

15.5 Find the Galois groups of x4 + 1 and x 5 + 1 over Q. 

15.6 Suppose that pis a prime which does not divide m, and let e be a 
primitive mth root of unity over 7LP" Show that [7Lp(e):7LP] =k, where k 
is the order of pin the multiplicative group Um of units in 7Lm. Show 
that f/>m is irreducible over 7LP if and only if U m is a cyclic group 
generated by p. When is f/> 4 irreducible over 7LP? When is f/> 8 

irreducible over 7LP? 

15.7 Suppose that m=qt, where q is an odd prime. 

(i) Show that !Um!=(q-1)qt- 1
• 

(ii) Use the fact that U q is cyclic of order q - 1 to show that there 
is an element of order q - 1 in U m· 

(iii) Show that if q does not divide a then 

( 1 + aqu)q = 1 + bqu + 1 ' 

where q does not divide b. 

(iv) Show that 1 + q has order qt- 1 in U m· 
(v) Combine (ii) and (iv) to show that U m is cyclic. 

15.8 Suppose that m=m1 • ·-- mn where m1 , .•. , mr are distinct prime 
powers. Show that 

Um~Um, X··· X Um,· 

15.9 Show that U m is cyclic if and only if m = qt or 2qt (where q is an odd 
prime) or 4. 

15.10 Is f/>18 irreducible over (a) 7L 23, (b) 7L43 , (c) 1L73? 
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Cyclic extensions 

If we are going to study extensions by radicals, it is clearly useful to be able 
to answer the question: when is a Galois extension L:K a splitting field 
extension for a polynomial of the form x" - 8? 

16.1 A necessary condition 
We begin by considering a polynomial of the form x"- ()in K[x]. 

In order to avoid problems of separability, let us suppose that char K does 
not divide n. Let L:K be a splitting field extension for f = x"- () over K. 
Then by Theorem 10.5, f has n distinct roots, a1, •.. , a" say, in L. Since 
(aiai- 1)"=()()- 1 =1, the elements a 1a1 1

, a 2a1 1
, ... ,a11rt1

1 are n distinct 
roots of unity in L, so that x" - 1 splits over L. Let w be a primitive nth root 
of unity. Then 

x"- ()= (x -a1)(x -wa1) ... (x -w"- 1a 1). 

This suggests that we should consider the intermediate field K(w), which 
contains all the nth roots of unity. 

Theorem 16.1 Suppose that x"- () E K[x], and that char K does not divide n. 
Let L:K be a splitting field extension for x"- ()over K. Then L contains a 
primitive nth root of unity,w say. The group r(L:K(w)) is cyclic, and its order 

divides n. x"- () is irreducible over K(w) if and only if [L:K(w)] = n. 
Proof. We have seen that L contains a primitive nth root of unity and that 
x"- () splits over L as 

(x-P)(x- wp) ... (x-w"- 1 p). 

Thus L=K(w,p) and if aEr(L:K(w)), a is determined by its action on p. 
Now if a is in r(L:K(w)) 

a(p) = wi<a) p 
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for some O~j(a)<n. Since wEK(w), if a and-rare in r(L:K(w)), 

-ra(/3) = -r(t:j(rr) /3) = d<")-r(/3) = d<")t:j(r) f3 

and so the map a-+ j(a) is a homomorphism of r(L:K) into the additive 

group (1:11 , + ). As j( a)= 0 if and only if a(/3) = {3, and this happens if and only 
if a is the identity, the homomorphism is one-one. Thus r(L:K) is 
isomorphic to a subgroup of the cyclic group (1:11 , + ): it is therefore cyclic, 
and its order divides n. 

If x"- 8 is irreducible over K(w), lr(L:K(w))l ~ n, so that [L:K(w)] = 
lr(L:K(w))l = n. If x"- 8 is not irreducible over K(w), let g be an irreducible 
monic factor in K(w), and let y be a root of g in L. Then 

x"- 8= (x -y)(x -wy) ... (x -w11
-

1y) 

so that x"- () splits over K(w, y), and L = K(w, y). Thus 

[L:K(w)] = [K(w, y):K(w)] =degree g<n. 

Exercises 

16.1 Show that x 6 + 3 is irreducible over Q, but is not irreducible over 
Q(w), where w is a primitive sixth root of unity. 

16.2 Show that the Galois group of x 15
- 2 over Q can be generated by 

elements p, a and -r satisfying 

p15 = a4=!2 = 1, 

a-1 pa= p 1, 

T-lp! = p14, 

T- 1a-r =a. 

16.3 Let L:Q be a splitting field extension for x4- 5 over Q. What is its 
Galois group? List the fields intermediate between Land Q, and 
determine which of them are normal over Q. 

16.2 Abel's theorem 
In the case where n is a prime, we can say more about the 

irreducibility of X 11
- e. 

Theorem 16.2 (Abel's theorem) Suppose that q is a prime, that xq- () E K[x] 
and that char K #- q. Then either xq- 8 is irreducible over K or xq- 8 has a 

root inK. In the latter case xq- 8 splits over K if and only if K contains a 
primitive qth root of unity. 
Proof. Suppose that xq- 8 is not irreducible over K. Let L:K be a splitting 
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field extension for xq- 8, let g be an irreducible monic divisor of xq- 8 in 
K[x] and let y be a root of g in L. Then, in L, 

g = (x -y)(x -w11 zy) ... (x -W11dy) 

where w is a primitive qth root of unity in L, 1 ~ n2 < n3 < · · · < nd < q and 
d =degree g. Thus if 

g=xd-gd-lxd-1 + ... +( -1)dgo, 

g0 = wkyd for some k. Raising this to the qth power, we see that tb = lq = ~. 
Now d and q are coprime, and so there exist integers a and b such that 

ad+bq= 1. 

Thus 

8 = ffd8bq = (g'Q8b)q 

and so xq- 8 has a root g08b in K. 

If xq- 8 is not irreducible over K, [L:K(w)] divides q and is less than q, 

by Theorem 16.1, and so L=K(w). Thus K(w):K is a splitting field 
extension for xq - 8: the last statement of the theorem follows immediately 
from this. 

Exercises 

16.4 Suppose that q is a prime, that char K =I= q and that xq- 8 is 
irreducible in K[x]. Let w be a primitive qth root of unity, and let 
[K(w):K] =j. Show that the Galois group of xq -8 can be 
generated by elements a and -r satisfying 

~ =Tj = 1, rikT =Tri, 

where k is a generator of the multiplicative group z:. 
16.5 Suppose that q is a prime, that char K = q and that 8 E K. Describe 

the splitting field for xq- 8 over K. 

16.3 A sufficient condition 
In order to prove a converse to Theorem 16.1 we need a 

fundamental result, of interest in its own right. 
Suppose that G is a group and that K is a field. A (K -valued) character on 

G is a homomorphism of G into the multiplicative group K* of non-zero 
elements of K. We can think of a character as a K-valued function on G; 
recall that the set of all K-valued functions on G is a vector space over K. 

Theorem 16.3 Suppose that G is a group, that K is a field and that Sis a set of 

K-valued characters on G. Then S is linearly independent over K. 
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Proof. If not, there is a minimal non-empty subset {y1, ... , Yn} of distinct 
elements of S which is linearly dependent over K. That is, there exist non­
zero A1, ... , An inK such that 

A1Y1(g)+''' +A.nyig)=O (*) 

for all gin G. Each Yi is non-zero, since it sends the identity of G to 1, and so 
n~2. As y1 "#yn, there exists h in G such that y1(h)"#yn(h). Now 

A1Y1(hg)+ · · · +AnYn(hg)=O 

for all gin G. Using the fact that the Yi are characters, we have that 

A1Y1(h)y1(g)+ · · · +AnYn(h)yn(g)=O 

for all g in G. Now multiply (*) by Yn(h) and subtract: 

A.1(Y1 (h) -yih))y1 (g)+··· +An -1 (Yn -1 (h) -yih))Yn -1 (g) =0 

for all gin G. As y1(h)-yih)"#O, this means that {y1, . .. ,Yn-d is linearly 
dependent over K, contradicting the minimality of {y1, ... , Yn}· 

Ifr is an automorphism of a field K, then the restriction ofr to K* is a K­

valued character on K*. Spelling the theorem out in detail in this case, we 
have the following corollary: 

Corollary Suppose that r 1, ... , rn are distinct automorphisms of a field K and 

that k1, ... , kn are non-zero elements of K. Then there exists kinK such that 

k1 r 1(k) + · · · + knrik) -::10. 
We now tum to the converse ofTheor~m 16.1. We say that an extension 

L :K is cyclic if it is a Galois extension and r(L :K) is a cyclic group. 

Theorem 16.4 Suppose that L:K is a cyclic extension of degree n, that 

char K does not divide n and that K contains a primitive nth root of unity, w 

say. Then there exists() inK such that xn- ()is irreducible over K and L:K is 

a splitting field extension for x"- B. If {J is a root of x"- ()in L, then L = K({J). 

Proof Let a be a generator for the cyclic group r(L:K). Since the identity, 
a, a 2

, •. • , an- 1 are distinct automorphisms of L, by the corollary to 
Theorem 16.3 there exists a in L such that 

{J=a+wa(a)+ · · · +w"- 1an- 1{a)"#O. 

Observe that a({J) = w - 1 {J: this means first that {J ¢ K and secondly that 
a({J") = ( a({J) )n = pn, so that () = {J" E K. 

As 

xn- () = (x- {J)(x- w{J) . .. (x- w"- 1 {J), 

K({J):K is a splitting field extension for xn- ()over K. Since the identity, 
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CT, •• • ,u"- 1 are distinct automorphisms of K(p) which fix K, 

[K(p):K] = lr(K(p):K)I ~ n 
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and so L = K(p). The irreducibility of x"- 8 over K now follows from 
Theorem 16.1. 

Exercises 

16.6 Suppose that [L:K] is a prime p, that p=Fchar K and that Lis 
algebraically closed. Suppose (if possible) that p > 2. 

(i) Show that the cyclotomic polynomials 4>P and ti>P2 split over 
K. 

(ii) Show that there exists 8 in K such that xP- 8 is irreducible 
over K and L:K is the splitting field extension for xP- 8. 

(iii) Show that f = xP
2

- 8 has no roots in K, and must be of the 
form f = ! 1 ... fP, where each fi is an irreducible polynomial 
in K[x] of degree p. 

(iv) Show that if a 1 , ••• , aP are roots of f 1 then a 1 ..• aP = wp, where 
w is a p2th root of unity and PP = 8. Explain why this gives a 
contradiction. 

16.7 Suppose that [L:K] = 4, that char K =F 2 and that Lis algebraically 
closed. Show that there exists an intermediate field M such that 
[L:M] = 2 and such that 4>4 splits over M. Show that this leads to a 
contradiction. 

16.8 Suppose that char K =0, that 1 < [L:K] < oo and that L is 
algebraically closed. Show that [L:K] =2 and that L:K is a 
splitting field extension for x 2 + 1. (You will probably need the fact 
that if pis a prime which divides the order of a group G then G has a 
subgroup of order p.) 

The next three exercises are concerned with cyclic extensions of degree p, 

in the case where char K = p. 

16.9 Suppose that char K = p, that f = xP- x -a E K[x] and that L :K is 
a splitting field extension for f. Show that if Pis a root off then the 
roots off are p, p + 1, ... , p + p- 1. Show that either f splits over 
K or f is irreducible over K and L:K is cyclic of degree p. 

16.10 Suppose that L:K is a Galois extension with Galois group G. If 
x EL, let 

tr(x) = L CT(x). 
ueG 
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Show that tr is a K-linear mapping of L onto K. The mapping tr is 
the trace. What is the effect of tr on K if char K IIGI? 

16.11 Suppose that char K = p, that L:K is a cyclic extension of degree p 
and that 1: generates T(L:K). Let z be an element of L with tr(z) = 1, 
and let 

y=(p-1)z+(p-2)-r(z)+ · · · +2-rP- 3(z)+-rP- 2(z). 

Show that -r(y)-y= 1, and that rx=yP-yEK. Show that 
f = xP -x -rx is irreducible over K, that L:K is a splitting field 
extension for f and that L = K(y). 

16.12 Suppose that L:K is a Galois extension of degree n with Galois 
group G. If x E L, let 

tr(x) = L a(x), N(x) = n a(x). 

The mapping N is the norm. Suppose that rx E L has minimal 
polynomial 

x' -a1x'- 1 + · · · +( -1)'a, 

Show that tr(rx) = (n/r)a 1 and N(rx) = a~fr. 

16.13 (Hilbert's theorem 90) Suppose that L:K is a Galois extension of 
degree n with cyclic Galois group generated by 1:, say. 

(i) Suppose that rx = {3/-r(/3). Show that N(rx) = 1. 
(ii) Suppose that N(rx)= 1. Let c0 =rx, c1 =rx-r(c0), c2 =rx-r(c1), ... , 

en _1 = rx-r(cn _ 2). Show that there exists y in L such that 

f3=coy+c1-r(y)+ · · · +cn-11:"-
1(y):;t:O. 

Show that rx = /3/-r(/3). 

16.14 Suppose that L:K is a Galois extension of degree n with cyclic 
Galois group generated by-r, say, and that rx EL. Show that tr(rx)=O 
if and only if there exists {3 in L such that rx = {3- af3. 

16.4 Kummer extensions 

It is not difficult to extend Theorems 16.1 and 16.4 to Galois 
extensions with abelian Galois groups. 

Theorem 16.5 Suppose that L:K is a Galois extension, that r(L:K) is an 
abelian group of exponent d and that xd -1 has d distinct roots inK. Then 
there exist 81 , •.• , 8, in K such that L :K is a splitting field extension for 

(xd- 81) ... (xd- 8,). 
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Proof. The proof is by induction on [L:K]. Suppose that [L:K] =nand 
that the result holds for all extensions of smaller degree. 

By Theorem 12.2 we can write 

F(L:K)=FxH 

where F is cyclic of order d and H is an abelian group whose exponent e 
divides d. Let M be the fixed field ofF; then M :K is a Galois extension, and 
r(M :K) ~H. As xe- 1 has e distinct roots in K and [M :K] < n, by the 

inductive hypothesis there exist 1/J 1, ... , 1/J r _ 1 in K such that M: K is a 
splitting field extension for 

(xe -1/11) · · · (xe -1/Jr- d. 
Let {3i be a root of xe -1/Ji in M, let 8i= 1/11/e and let w be a primitive dth root 
of unity inK. Then 

d-1 
xd-8i= f1 (x-wi/3) 

i=O 

so that M :K is a splitting field extension for 

(xd- 81) ... (xd- 8r- d-
We now argue as in Theorem 16.4. Let a be a generator for F. As 

r(L:K) = {air: 0 ~j < d, r E H}, there exists a in L such that 

tEH tEH tEH 

As before, a(f3r)=w - 1 f3r, so that a(f3~)=(a(f3r))d = {3~ and 8r= {3~ EM. But also 
r(f3r) = f3r for r E H, so that r(8r) = 8r for r E H, and so 8r E K. As in Theorem 
16.4, L :M is a splitting field extension for xd- 8, and so L :K is a splitting 
field extension for (xd- 81) ... (xd- 8r). 

As extension L:K is called a Kummer extension of exponent d if it is a 
splitting field extension of a polynomial of the form 

(xd-8d ... (xd-8r) 

(where 81, ... , 8r are inK) and if xd -1 has d distinct roots inK. 
Let us now prove a converse to Theorem 16.5. 

Theorem 16.6 Suppose that L:K is a Kummer extension of exponent d. Then 
F(L:K) is abelian, and its exponent divides d. 
Proof. Suppose that L:K is a splitting field extension of 

f =(xd- 81) ... (xd- 8). 

By Theorem 11.6, we need only consider the action of r(L:K) on the roots of 
f. Let w be a primitive dth root of unity inK. Then if a E r(L:K) and {3i is a 
root of xd- 8i in L, a(f3) = wn"·if3i for some nu,i' so that ad(f3i) = {3i, and ad= e. 
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This implies that the exponent of r(L:K) divides d. If tis another element of 
T(L:K), 

tu(f3j) = t(w"uJ {3j) = w"uJw"rJ·pj 

= u(w"rJ {3) = ut({3), 

so that r(L:K) is abelian. 

Exercises 

16.15 Suppose that K is a field which contains a primitive nth root of 
unity and that x"- a and x"- bare irreducible over K. Show that if 
b =arc" for some r which is prime to n and some c in K, then x" -a 
and x"- b have the same splitting field extension over K. 

16.16 Suppose K is a field which contains a primitive nth root of unity, 
and that x"- a and x" - b are irreducible polynomials over K with 
the same splitting field extension L:K. Let~ be a root of x"-a in L, 
{3 a root of x"- b. By considering the action of r (L :K) on a and {3, 
show that there exists r, prime ton, such that pa-r EK. Show that 
b=arc" for some c inK. 
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Solution by radicals 

The results of the two preceding chapters, together with the fundamental 
theorem of Galois theory, suggest that, provided that we can construct 
enough roots of units, a separable polynomial is solvable by radicals if and 
only if its Galois group can be built up in some way from abelian groups. 
We shall see that this is indeed so: but first we must develop some group 
theory. 

17.1 Soluble groups: examples 
A group G is said to be soluble if there is a finite series of subgroups 

{e} =Gn ~ Gn-1 ~ · · · ~G1 ~Go= G 
such that 

(i) G(<J Gi-l for 1 ~i~n, and 
(ii) Gi_tfGi is cyclic, for l~i~n. 

Let us consider some examples. The alternating group A 3 is a cyclic 
normal subgroup of E 3 , and E 3/ A 3 is cyclic of order 2, so that A 3 and E 3 are 
soluble. In E4 let G4 ={e}, G3 ={e,(12)}, G2 =N, the Viergruppe, G1 =A4 

and G0 =E4 . Then 

G4 <J G3 <J G2 <J G1 <J G0 

and G3/G4 , G2/G3 and G0/G1 are all cyclic of order 2, while GtfG2 is cyclic of 
order 3. Thus A4 and E4 are soluble. 

If G is a finitely generated abelian group, generated by g1 , .•. , gn say, let 
Gn = { e} and Gi= G{g1, ••• , 9n-i} for 0 ~j <n. Then trivially Gi<J Gi-l for 
1 ~j ~ n, and each Gi_ tfGi is cyclic, since Gi_ tfGi is generated by the coset 
Gi + gn _ i+ 1. Thus every finitely generated abelian group (and in particular 
every finite abelian group) is soluble. 

We have seen that A 3 and A4 are soluble. We shall show that the 
alternating groups Am for n ~ 5, are all simple: that is, they have no non-
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trivial normal subgroups. Since these groups are certainly not cyclic, it 
follows that they are not soluble. 

Let us show that A 11 is simple for n;::: 5. It will be assumed that you are 
familiar with the representations of permutations as products of disjoint 
cycles. A 11 is generated by the setS of products of two transpositions. We can 
write S = { e} u B u T, where B is the ~et of products of two disjoint 
transpositions and Tis the set of 3-cycles. Now if n;::: 5, any element ofT can 
be written as a product of two elements of B: for example, ( 123) = 
((45)(12))((23)(45)). It is therefore sufficient to show that if N is a normal 
subgroup of A11 other than {e}, then N 2 B. 

We prove this by induction on n, for n;::: 4. The result is true for n = 4, since 
the normal subgroups of A 4 are { e}, the Viergruppe and A 4 • Suppose that 
n > 4, that the result is true for n- 1, and that N is a normal subgroup of A 11 

other than {e}. For each l~j~n, let Fi={(JEA 11 :(JU)=j}. Each Fi is a 
subgroup of Am isomorphic to A11 _ 1 . Suppose that r is an element of N other 
than the identity. If r is a product of disjoint transpositions -
r = (a1 a2)(a3a4 ) .•. say -then 

(a 1 a3)(a2a4 ) = (a 1 a2a3)r(a1 a3a2)r EN. 

Otherwise r contains a cycle of length greater than 2, so that we can write 
r = (a1 a2a3 •.• ak)(J. Let b be different from a 1, a2 and a3• Then either r E F b 

or, setting r' = (a 2r(b))(a 1 b)r(a1 b)(a2r(b)), r' EN, r'(b) =r(b), while r'(r(b)) = 
a 3 :;i:r(r(b)) so that r- 1r' is an element of N nFb other than the identity. 

In either case, we conclude that there exists j such that N n Fi :;i: { e }. But 
N nFi is a normal subgroup of Fi and so, by the inductive hypothesis, N 
contains all elements of B which fix j. But if (ij)(kl) is an element of B which 
moves j, and if m is different from i, j, k and l then 

(ij)(kl) = ((mj)(kl))((im)(kl))((mj)(kQ) EN. 

Thus N 2 B and the proof is complete. 

17.2 Soluble groups: basic theory 
Let us now establish some results concerning soluble groups. First 

we need a general result. 

Theorem 17.1 Suppose that G is a group, that H <J G, and that A is a 
subgroup of G. 

(i) H nA<J A, and A/(H nA)~HA/A. 
(ii) If H £;;A and A<J G, then H<J A, A/H<J G/H and (G/H)/(A/H)~ 

G/A. 

Proof (i) If hEH nA and aEA, a- 1haEH n A, so that H n A<J A. Let q be 
the quotient mapping G--+ G/H, and let j: A--+ G be the inclusion mapping. 
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The qj is a homomorphism of A onto HA/H with kernel H nA, so that the 
result follows from the first isomorphism theorem. 

(ii)Certainly H<J A, by (i). IfC is a right coset of H in G, let O(C)=AC. AC 
is a right coset of A in G and O:GjH---+G/A is a homomorphism onto GjA. 
The kernel is { C :C s; A} =A/ H, so that the result again follows from the first 
isomorphism theorem. 

Theorem 17.2 (i) If G is a soluble group and A is a subgroup of G then A is 
soluble. 

(ii) Suppose that G is a group and H <J G. Then G is soluble if and only if H 
and G / H are soluble. 
Proof (i) Let { e} = G11 <J G11 _ 1 <J · · ·<J G0 = G, such that Gi- tfGi is cyclic for 

1~i~n. Let Ai=AnGi. Then Ai=Ai-l nGi<J Ai-l and 

Ai_tfAi~GiAi_tfGi 

by (i) of Theorem 17.1. But GiAi_tfGi is a subgroup of the cyclic group 
Gi_tfGi, so that either A;_ 1 =A; or A;-t/A; is cyclic. 

(ii) First suppose that G is soluble, and that { e} = G11 <J · · ·<J G0 = G, with 
Gi_tfGi cyclic. His soluble, by (i). Let Hi=HGJH. Now if HgiEH; and 

Hgi-1 EHi-1• 

(Hg;_d- 1HgiHgi-1 =gi-lHgiHgi-1 

=Hgi--11gigi-1 EHi 

so that H; <J Hi- 1. 

Let q:G-+ G/H be the quotient mapping and let qi:Hi-l -+Hi_tfHi 
denote the quotient mapping. Then q(Gi_ 1) = Hi_ 1, and qiq maps Gi-l onto 
Hi_tfHi. An element g ofG;_ 1 is in the kernel of qiq if and only if Hg EHGi; 
that is, if and only if gEHGi. The restriction of q;q to G;- 1 therefore has 
kernel HGinG;_ 1 so that by the first isomorphism theorem, 

H;_ tfHi ~ Gi- tf(HG; n Gi_ 1). 

But Gi<J Gi-l• and Gi s; HGinGi_ 1 , so that by Theorem 17.1(ii), 

Gi- tf(HGin Gi_ 1)~(Gi- tfG;)/((HGi n Gi- d/GJ 

The right-hand side is a quotient of a cyclic group, so that either Hi _1 =Hi 
or Hi_ tfHi is cyclic. Thus G/H is soluble. 

Now suppose that H <J G and that H and G/H are soluble. There exist 

{e}=H11 <l .. ·<JH0 =H, with Hi- 1/Hi cyclic 

and 

{H} =Km<J Km-l <J · · ·<J K 0 = G/H, with Ki_ 1/Ki cyclic. 

Let q: G -+ G I H be the quotient mapping, and let G i = q- 1 (K i) for 0 ~j ~ m. 



134 Solution by radicals 

If g i E G i and g i _ 1 E G i _ 1 

q(gj--11gjgj-1) = (q(gj-1)) - 1q(g)q(gj-1) E Kj, 

since Kr<J Ki_ 1, and so gi--\gigi_ 1 EGi. Thus Gi_ 1 <J Gi. By Theorem 
17.1(ii) 

Gi_ 1jGi ~(Gi_ tfH)/(GiH)= Ki_ dKi, 

which is cyclic. Thus the series 

{e} =Hn<l · · ·<J H 0 =H =Gm<J Gm_ 1 <J · · ·<J G0 =G 

shows that G is soluble. 

Corollary l:n is not soluble, for n~5. 

It has a subgroup (A 5) which is not soluble. 

Exercises 

17.1 A group G is nilpotent if there is a finite series of subgroups 

{e}=Gn ~ Gn-1 ~ · · · ~ Go=G 

and that each Gi is normal in G and Gi/Gi+ 1 is abelian forO~ i < n. 
Show that a finite nilpotent group is soluble and give an example of 
a finite soluble group which is not nilpotent. 

17.2 Suppose that G is a group of order pn (where pis a prime). Show 
that the centre Z = { z: gz = zg for all gin G} has at least p elements, 
and show that G is nilpotent. 

17.3 Polynomials with soluble Galois groups 
In this section we shall show that, iff is separable and has a soluble 

Galois group, then, provided that we can construct enough roots of unity, f 
is solvable by radicals. 

Theorem 17.3 Suppose that f is a separable polynomial in K[x] whose 

Galois group r K(f) is soluble, and suppose that char K does not di~ide 1r K(/)1. 
Then f is solvable by radicals. 
Proof The proof is largely a matter of putting together results that we have 
already established. Let d = 1r K(/)1. If K does not contain a primitive dth 

root of unity, we can adjoin one, e say. Let L= K(s). L:K is an extension by 
radicals. Since char K does not divide d, L contains d distinct dth roots of 
unity. Now let N :L be a splitting field extension for f over K. N :L is a 
Galois extension, and by the theorem on natural irrationalities (Theorem 
11.9) r (N :L) =r L(f) is isomorphic to a subgroup of r K(f). Thus r L(j) is 
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soluble, by Theorem 17.2(i). This means that there exist subgroups 

{ e} = Gr<J Gr-1 <J · · ·<J Go= FL(f) 

such that G i _ 1jG i is cyclic, for 1 ~j ~ r. 
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We now exploit the fundamental theorem of Galois theory. Let Li be the 
fixed field of G i· Then 

N = Lr :Lr- 1 : · · · :Lo = L. 

Also F(N:Li_ 1)=Gi_ 1 , and Gi<J Gi_ 1, so that, by the fundamental 
theorem, 

F(Li:Li_ 1 )~Gi_ 1 jGi, for 1 ~j~r. 

Thus Li:Li_ 1 is a cyclic extension. Also [Li:Li_ 1] = jGi_ dGij, so that 
[Li:Li_ 1 ] divides d: thus char K does not divide [Li:Li_ 1], and Li_ 1 

contains a primitive [Li:Li_ 1]th root of unity. By Theorem 16.4, there 
exists an element Pi in Li such that Li=Li_ 1 (/3) and such that pi is a radical 
over Li_ 1• Thus N:L is an extension by radicals, and so N:K is also an 
extension by radicals. Since f splits over N, f is solvable by radicals. 

NoticethatiffEK[x] andifeitherchar K=Oorchar K>degreef, then 
f ,must be separable, by Theorem 10.6, and char K cannot divide 1r K(f)!, 

since jr K(f)l divides (degree f)!. 

17.4 Polynomials which are solvable by radicals 
We now turn to results in the opposite direction. Here, the main 

problem is one of normality. Suppose that 

L=Lr:Lr_ 1 : ••• :Lo=K 

is an extension by radicals. Even if K contains sufficiently many roots of 
unity, so that each of the extensions Li:Li_ 1 is normal, it does not follow 
that L:K is a normal extension. We get round this difficulty by a 
symmetrization argument. 

Theorem 17.4 Suppose that L:K is a Galois extension, that M =L(/3), where 

f3 is a root of xn- 8 (with e in L) and that char K does not divide n. Then there 

exists an extension by radicals N :M such that N :K is a Galois extension. 

Proof Since char K does not divide n we can if necessary adjoin a primitive 
nth root of unity, e say, to M. Then in M(e)[x] 

xn- 8= (x- f3)(x -e/3) ... (x -en- 1 /3) 
so that M(e) :Lis a splitting field extension for xn- e over L. As xn- e has n 

distinct roots, M(e) :L is a Galois extension. Note also that M(e) :L = 
L(/3, e) :L is an extension by radicals. 

Now let G=F(L:K) and let 

f = fl (xn- a(O)). 
ueG 
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Let N :M(s) be a splitting field for f over M(s): we have the following tower 
of extensions: 

N:M(s):M:L:K. 

If f3u is a root of X 11
- a(8) in N then 

thus N :L is a splitting field extension for f over L. Also, X 11
- a( 8) has n 

distinct roots inN, for each a, so that f is separable over M(s). As M(s) :L 
and L:K are both separable, this means that N :K is separable, by Corollary 
4 to Theorem 10.3. 

We now use the symmetry off; if T E G, T(j) = f so that, since L :K is a 
Galois extension, f EK[x]. There exists g in K[x] such that L:K is a 
splitting field extension for g over K. Thus N :K is a splitting field extension 
for fg over K, and so N:K is normal. 

Finally observe that N is obtained from M by first adjoining B and then 
adjoining the roots of X 11 -a(8), for a in G, and so N:M is an extension by 
radicals. 

We now apply this to extensions by radicals. 

Theorem 17.5 Suppose that 

is an extension by radicals, with Li = Li _ 1 (f3i), where f3i is a root of X 11
i- (}i 

(with (}i ELi _1). Then if char K does not divide n1 n2 ••• nn there exists an 
extension M :L such that M :K is a Galois extension by radicals. 

Proof. We prove this by induction on r. The result is trivially true when 
r = 0. Suppose that the result holds for r- 1. Then there exists an extension 
M,_ 1 :L,_ 1 such that M,_ 1 :K is a Galois extension by radicals. 

Let m, be the minimal polynomial for /3, over L,_ 1, and let n, be an 
irreducible factor ofm,, considered as an element of Mr_ 1 [x]. By Theorem 
7.2, there is a simple algebraic extension M,_ 1(y):Mr such that nr(y)=O. 
Since this means that mr(Y) = 0, it follows from Theorem 7.4 that there is a 
monomorphism i from L=Lr_ 1(/3,) into Mr_ 1(y), fixing L,_ 1 , such that 
i(/3,) = y. In other words, identifying L with i(L), we can suppose that Land 
M,_ 1 are both subfields of Mr_ 1(/3,). 

We apply Theorem 17.4 to the Galois extension Mr_ 1 :K and Mr_ 1(/3,), 
and conclude that there is an extension Mr:Mr_ 1(/3,) by radicals such that 
Mr:K is a Galois extension. We have the following diagram: 
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K 

Since each of the extensions Mr:Mr_ 1(/3r), Mr_ 1(/3r):Mr-l and Mr-l :K is 
an extension by radicals, so is Mr:K. 

Notice that the conditions on char K are also satisfied by the extension 
M:K. 

Theorem 17.6 Suppose that 

L=Lr:Lr-l: ... :L0 =K 

is an extension by radicals, with Li = Li _1 ({3i), where {3i is a root of x";- ei 
(with Oi in Li_ 1), and that char K does not divide n1 ... nr. Iff EK[x] splits 
over L, then the Galois group r x(f) is soluble. 
Proof By Theorem 17.5 and the remark following it, we can assume that 
L:K is a Galois extension. 

For each 1 ~ i ~ r, L:Li is a Galois extension (Corollary 2 to Theorem 9.1, 
and Theorem 10.1): X 11

i- ei has a root {3i in L, and so it splits over L. This 
means, by Theorem 16.1, that L contains a primitive nith root of unity. Let n 
be the lowest common multiple of n1, ... , nr: then L contains a primitive nth 
root of unity, B say. 

Now let L~ = Li(e), for 0 ~ i ~ r. Then we have the following tower of 
extensions: 

L=L~:L~_ 1 : ... :L~=L0(s):L0 =K. 

We shall show that G= F(L:K) is soluble. Let Gi= F(L:L~), for O~i ~r. As 
L~ :L~ _1 is a splitting field extension for x";- ei over L~ _1 , L~ :L~ _1 is cyclic, 
and so by the fundamental theorem of Galois theory Gr<J Gi-l and 
Gi_tfGi~F(L~:L~_ 1 ). Thus G0 =F(L:L~)=F(L:K(s)) is soluble. Now B is a 
primitive nth root of unity, so that K(s):K is a splitting field extension for 
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xn -1, and T(K(c:):K) is abelian (Theorem 15.4), and therefore soluble. By 
the fundamental theorem of Galois theory, 

T(K(c:):K)~ T(L:K)/F(L:K(c:))= G/G0 

so that G/G0 is soluble. Consequently G is soluble, by Theorem 17.2. 
Remember that f splits over L. Let N:K be a splitting field extension for 

f over K, with N !: L. The extension N :K is normal; using the fundamental 
theorem of Galois theory once again, 

r K(f)= r(N:K) ~ r(L:K)/F(L:N) = G/F(L:N), 

and so r K(f) is soluble, by Theorem 17.2. 
As an example, we have seen that the quintic x 5 -4x + 2 is irreducible 

over Q, and has Galois group E5• E5 is not soluble, and so x 5 -4x+2 
cannot be solved by radicals! 

Exercise 

17.3 Let L 0 =Q, L 1 =Q(3 112), L 2 =Q((3 112 + 1)112). Show that L 1 :L0 

and L 2 :L1 are both normal extensions but that L 2 :L0 is not 
normal. Find the minimal polynomial of (3 112 + 1)112 over 0, and 
find its Galois group. 

17.4 Let f be an irreducible cubic in K[x], where K is a subfield of IR. 
Show that f has three real roots if and only if its discriminant is 
positive. 

17.5 Suppose that K is a subfield of IR and that f is an irreducible cubic 
in K[x] with three real roots. Suppose that L=K(r), where rE ~ 

and rP E K for some prime p. Show that f is irreducible over L. 

17.6 Suppose that K is a subfield of IR and that f is an irreducible cubic 
in K[x] with three real roots. Show that if L:K is an extension by 
radicals with L !: IR then f is irreducible over L. (It is not possible 
to solve f only by extracting real roots!) 

17.7 Give an example of a polynomial in O[x] which is solvable by 
radicals, but whose splitting field is not an extension by radicals. 
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Transcendental elements and 
algebraic independence 

18.1 Transcendental elements and algebraic independence 
In this chapter, we leave the study of algebraic extensions, and 

consider problems concerning transcendence. 
Suppose that L:K is an extension and that rx EL. Recall that rx is 

transcendental over K if the evaluation map Erx: K [ x] -+ L is one-one; that 
is, rx satisfies no non-zero polynomial relation with coefficients in K. 

Theorem 18.1 Suppose that L:K is an extension and that rx EL is 
transcendental over K. Then the evaluation map Erx can be extended uniquely 
to an isomorphism Frx from the field K(x) of rational expressions in x over K 
onto the field K(rx). 
Proof. The proof should be quite obvious: here are the details. 

Remember that the field K(x) is obtained by considering an equivalence 
relation on K[x] x (K[x])* (see Section 3.2). 

Suppose that (f, g) E K[x] x (K[x])*. As rx is transcendental over K, 
g(rx)#O, and we can define Grx(f,g)=f(rx)(g(rx))- 1

• If (f,g)-(f',g') then 
fg' = f' g in K[x], so that f(rx)g'(rx) = f'(rx)g(rx) and Grx(f, g)= Grx(f', g'). Thus 
Grx is constant on equivalence classes: we can therefore define Frx(f/g) = 

Grx(f, g). It is straightforward to verify that Frx is a ring homomorphism. 
Since Frx(x)=Erx(x)=rx, Frx(K(x))2K(rx). On the other hand, if f/gEK(x), 
Frx(f/g) = f(rx)(g(rx))- 1 E K(rx), and so Frx.(K(x)) = K(rx). Finally ifF~ is another 
monomorphism which extends Erx, the set 

{r E K(x): Frx.(r) = F~(r)} 
is a subfield of K(x) which contains K[x]; it must therefore be the whole of 
K(x), and so Frx is unique. 

We now generalize the idea of a transcendental element. Suppose that 
L:K is an extension and that A={rx1 , •• • ,rx,} is a finite subset of L (where 
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oct, ... , oc" are distinct). Any element f of K[xt, ... , x"] can be written in the 
form 

m 

f = L kix1l.i ... x~n.i 
j=t 

where k i E K for 1 ~j ~ m, and di,i is a non-negative integer for 1 ~ i ~ n, 
1~j~m. We define the evaluation map EA from K[xt, ... ,x"] into L by 
setting 

m 

EA(f)= L kioc1t,j ... ~··i. 
j= t 

It is easy to see that EA is a ring homomorphism. We shall frequently write 
EA(f) as f(oct, ... , oc"). 

We say that A is algebraically independent over Kif EA is one-one: that is, 
there is no polynomial relation, with coefficients inK, between the elements 
oct, ... , oc"' Thus a one-point set { oc} is algebraically independent over K if 
and only if oc is transcendental over K. 

We say that an arbitrary subset S of L is algebraically independent over 
K if each of its finite subsets is algebraically independent over K. 

The proof of the next result is exactly similar to the proof of Theorem 
18.1: this time we omit the details. 

Theorem 18.2 Suppose that L:K is an extension and that A= {oct, ... , oc"} is 
algebraically independent over K. Then the evaluation map EA can be 
extended uniquely to an isomorphism FA from the field K(xt, ... , x") of 
rational expressions in xt, ... , x" onto the field K(oct, ... , oc"). 

The next theorem is again very easy: it gives a useful practical criterion for 
a finite set to be algebraically independent over K. 

Theorem 18.3 Suppose that L :K is an extension and that oct, ... , oc" are 
distinct elements of L. Let K 0 = K, Ki = K(oct, ... , ocJ for 1 ~ i ~ n. Then A= 
{OCt, ... , oc"} is algebraically independent over K if and only if oci is 
transcendental over Ki-t, for 1 ~ i ~ n. 
Proof Suppose that oci is algebraic over Ki-t· Thus 

f(ocJ=k 0 +ktoci+ · · · +kroci=O 

for some non-zero fin Ki-t[x]. We can write each ki as 

k i =Pi oc 1, . · ·, oci- t )( qj( oct, .. ·, oci- t)- t) 

where the Pi and qi are in K[xt, ... , xi-tJ and the qj(oct, ... , oci_ 1) are non­
zero. We clear the denominators. Let 

li=Pi(n qk)' for O~j~r. 
k;b.j 
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Then each li is in K[x1 , ... ,xi_ 1] and 

g=l0 +11x 1 + · · · +l,.x~ 
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is a non-zero element of K[x1 , ... ,xJ. As g(oc1 , ... ,oci)=O, A is not 
algebraically independent over K. 

Conver,sely suppose that { oc 1 , ... , ocn} is not algebraically independent 
over K. There exists an index j such that {oc1 , ..• , oci-d is algebraically 
independent over K, while { oc 1, .•• , oci} is not. Thus there exists a non-zero g 
in K[x 1 , ••• , xj] such that g(oc1, ... , oci) =0. Grouping terms together, we can 
write 

g=k0 +k1xi+ · · · +k,xj 

where kiEK[x1, ••• ,xi_ 1] for O~i~r. Let 

h = k0(oc 1 , •.. , oci_ 1) + k1 (oc 1 , ... , oci_ 1)x + · · · + k,(oc1 , ... , oci_ 1)x'. 

Then hEKi_ 1 [x], and his non-zero, since {oc1, ••• ,oci-d is algebraically 
independent over K. As h(oci)=O, oci is algebraic over Ki_ 1• 

Exercises 

18.1 Suppose that L:K is an extension, and that {oc1, ..• , ocs} is 
algebraically independent over K. Show that if p E K(oc1, ••• , ocs) and 
P ¢ K then p is transcendental over K (cf. Exercise 5.3). 

18.2 Suppose that K(oc) :K is a simple extension and that oc is 
transcendental over K. Show that if r is an automorphism of K(oc) 
which fixes K then there exist a, b, c and d in K with ad# be such 
that 

r(oc) = (aoc + b)/(coc +d). 

Conversely show that any such a, b, c and d determine an 
automorphism of K(oc) which fixes K. 

18.3 Suppose that K(oc):K is a simple extension and that oc is 
transcendental over K. Let a be the automorphism of K(oc) which 
fixes K and sends octo 1/(1-oc). Verify that a 3 is the identity, and 
determine the fixed field of a. 

18.4 Suppose that K(oc) :K is a simple extension, that oc is transcendental 
over K, and that char K is an odd prime p. Suppose that 1 < n < p. 
Let r be the automorphism of K(oc) which fixes K and sends octo noc. 
Determine the fixed field of r. 

18.2 Transcendence bases 
We now introduce an idea which corresponds in many ways to the 

concept of basis of a vector space. Suppose that L:K is an extension. Let 5 



142 Transcendental elements and algebraic independence 

denote the collection of all subsets of L which are algebraically independent 
over K. We order f by inclusion. An elementS off which is maximal in 
this ordering is called a transcendence basis for L over K. 

The next result characterizes transcendence bases. 

Theorem 18.4 Suppose that L:K is an extension and that Sis a subset of L. 
Then Sis a transcendence basis for Lover Kif and only if Sis algebraically 

independent over K and L:K(S) is algebraic. 
Proof. Suppose that Sis a transcendence basis for Lover K. Suppose that rx 

is an element of L which is not in S. By the maximality of S, S u { rx} is not 
algebraically independent over K, so there exist distinct s 1 , .•. , S11 in S and a 
non-zero f in K[x0 , •.. , xJ such that 

f(rx,s 1 , ••. ,s11)=0. 

We can write f as 

k 0 +k1x 0 + · · · +kix~, 

where kiEK[x 1 , • .. ,x11], for O~i~j, and ki#O. Now {s1 , ... ,s11 } is 
algebraically independent over K. From this we conclude first that j ~ 1 and 
secondly that kist•· . . ,s11)#0. Now 

ko(st, ... , sn) + kt(St, ... , sn) + ... +kist, ... , sn)rxi =0: 

since ki(st, . .. , s11) E K(S), this means that rx is algebraic over K(S), and that 
L:K(S) is algebraic. 

Conversely, suppose that Sis algebraically independent over K and that 
L:K(S) is algebraic. If rx is an element of L which is not inS, rx is algebraic 
over K(S), so there exists a non-zero 

g=k0 +kt + · · · +kixi 

in K(S)[x] such that g(rx) = 0. Each coefficient ki involves only finitely many 
elements of S, and so there exists a finite subset {st, ... , s11 } of S such that 
ki E K(s t, ... , s11) for 0 ~ i ~j. Thus rx is algebraic over K(s t, ... , S11) and so 
{ s1 , ... , S11 , rx} is not algebraically independent over K, by Theorem 18.3. 
Consequently S u { rx} is not algebraically independent over K, and S is 
maximal. 

Just as every vector space has a basis, so does every extension L:K have a 
transcendence basis. As in Theorem 2.1, we prove rather more. 

Theorem 18.5 Suppose that L:K is an extension, that A is a subset of L such 

that L:K(A) is algebraic and that C is a subset of A which is algebraically 
independent over K. Then there exists a transcendence basis B for Lover K 

with C ~B~ A. 
Proof The proof is very similar in nature to the proof of Theorem 2.1. 
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Indeed, if we replace the phrase 'linearly independent' by 'algebraically 
independent over K', we obtain a proof ofthe fact that there is a set B which 
is maximal among those which contain C, are contained in A and are 
algebraically independent over K. 

The argument of Theorem 18.4 now shows that each element ex of A is 
algebraic over K(B), and so K(A) :K(B) is algebraic, by Corollary 2 to 
Theorem 4.6. As L :K(A) is algebraic, L :K(B) is algebraic (Theorem 4. 7) and 
so B is a transcendence basis for Lover K, by Theorem 18.4. 

Consider the extension IR:O. If Sis any countable subset of 0, O(S) is 
countable. If IR: O(S) were algebraic, IR would be countable (Exercise 4. 7). 
Thus any transcendence basis for IR over 0 must be uncountable. 

Note that, on the other hand, it follows from Theorem 18.5 that if L :K is 
finitely generated over K then there must be a finite transcendence basis for 
Lover K. 

Exercise 

18.5 Suppose that L :K is an extension, and that Lis finitely generated 
over K. Show that the field Ka of elements of L which are algebraic 
over K is finitely generated over K. 

18.3 Transcendence degree 
We now pursue further the parallelism with vector spaces. First we 

establish a version of the Steinitz exchange theorem (Theorem 1.3). 

Theorem 18.6 Suppose that L:K is an extension, that C={c1, ••• ,c,} is a 

subset ofL (with r distinct elements) which is algebraically independent over K 

and that A= { a 1 , •.• , a5 } is a subset of L (with s distinct elements) such that 

L:K(A) is algebraic. Then r~s, and there exists a set D, with C ~ D ~ AuC 
such that IDI = s and L:K(D) is algebraic. 
Proof. We prove this by induction on r. The result is trivially true for r = 0 
(take D =A). Suppose that it is true for r -1. As the set C0 = {c1 , .•. , c,_ 1 } is 
algebraically independent over K, there exists a set D0 with 
C0 ~ D 0 ~ Au C0 such that IDol= sand L: K(D 0) is algebraic. By relabelling 
A if necessary, we can suppose that 

As L:K(D0 ) is algebraic, c, is algebraic over K(D0 ). As {c1 , •.• ,c,} is 
algebraically independent over K, c, is transcendental over K(c1 , ... , c,_ 1) 

(by Theorem 18.3). Thus s ~ r. Also, by Theorem 18.3 again, 
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is algebraically dependent over K. Using Theorem 18.3 once more, and 
using the fact that {c1 , ... ,cr} is algebraically independent over K, we 
conclude that there exists t, with r ~ t ~ s, such that at is algebraic over 
K(cl, ... ' Cr, ar, .. . , at-1). Let D = {cl, ... , Cn ar, .. . , at-l' at+ 1' ... , as}· Then 
at is algebraic over K(D), and so K(E):K(D) is algebraic. As E 2 D0 ,L:K(E) 
is algebraic, and so L: K(D) is algebraic, by Theorem 4. 7. As C ~ D ~ Au C 
and IDI = s, this completes the proof. 

Corollary If L:K is an extension, and SandT are two transcendence bases 
for L over K then either S and T are both infinite or S and T have the same 
finite number of elements. 

If an extension L :K has a finite transcendence basis, we define its 
transcendence degree to be the number of elements in the transcendence 
basis; otherwise we define the transcendence degree to be oo. 

18.4 The tower law for transcendence degree 
Suppose that M:L and L:K are extensions. How is the 

transcendence degree of M:K related to the transcendence degrees of M:L 
and L:K? 

Theorem 18.7 Suppose that M:L and L:K are extensions, that A is a subset 
of L which is algebraically independent over K and that B is a subset of M 

which is algebraically independent over L. Then Au B is algebraically 
independent over K. 
Proof. Let C be a finite subset of Au B. We can write 

c ={ext, ... , cxr, f3t, ... , f3s} 

with cxi E A, f3i E B. By Theorem 18.3, cxi is transcendental over K(cx 1 , .•. , cxi _1) 

for 1 ~ i ~rand f3i is transcendental over L(/31 , ... , f3i_ 1) for 1 ~j ~s, and so 
f3i is transcendental over K(cx 1, ••. ,cxr, {3 1, ... ,f3i-l) for 1~j~s. Thus Cis 
algebraically independent over K, by Theorem 18.3. Since this holds for any 
finite subset of Au B, Au B is algebraically independent over K. 

Theorem 18.8 Suppose that M:L and L:K are extensions, that A is a 
transcendence basis for L over K and that B is a transcendence basis for M 
over L. Then AuB is a transcendence basis forM over K. 
Proof By Theorems 18.4 and 18.7 it is enough to show that M :K(A u B) is 
algebraic. 

Since A is a transcendence basis for Lover K, L:K(A) is algebraic. Since 
K(A) ~ K(A u B), it follows that K(A u B)(L) :K(A u B) is algebraic. As 
K(A u B)(L) = L(B), this means that L(B) :K(A u B) is algebraic. But B is a 
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transcendence basis for M over L, and so M :L(B) is algebraic. Thus 
M:K(AuB) is algebraic, by Theorem 4.7. 

Corollary If M :L and L :K are extensions, the transcendence degree of 
M:K is the sum of the transcendence degrees of M:L and L:K. 

18.5 Liiroth's theorem 
Suppose that L:K is a finitely generated extension which has 

transcendence degree r. If a 1, ••• , a,. is a transcendence basis for Lover K, 
then L:K(a1 , ••• , a,.) is finite. If we can find a transcendence basis a 1, ••• , a,. 
for Lover K such that L=K(a1 , ... ,a,.), then we say that Lis purely 

transcendental over K. Even in particular cases, it is not easy to determine 
whether a finitely generated extension is purely transcendental or not (see 
Exercises 18.6 and 18.7 below). There is, however, one case where the 
problem case be solved in a straightforward way. The proof involves 
polynomials in two variables: first make sure that you are familiar with the 
contents of Section 3.7. 

Theorem 18.9 (Liiroth's theorem) Suppose that K(t) :K is a simple extension 
and that tis transcendental over K. If Lis a subfield of K(t) containing K then 

L:K is a simple extension. 
Proof We clearly need only consider the case where Lis different from both 
K and K(t). If s E L\K, we can writes= p(t)/q(t) where p and q are non-zero 
polynomials in K[x]. Then q(t)s- p(t) = 0, and tis algebraic over L. Let m be 
the minimal polynomial oft over L. We can consider mas an element of 
K(t)[x]; by Theorem 3.11, there exists f3 in K(t) such that {3m= f, where 

f = ao(t) + a 1 (t)x + · · · + an(t)xn 

is a primitive polynomial in K[t] [x]. Note that 

n =degree m= [K(t):L]. 

Since m is monic, f3=an(t) and the terms ai(t)/ait) are all in L; on the other 
hand, they are not all inK, since tis transcendental over K. There therefore 
exists i, with O~i<n, such that u=ai(t)/an(t)EL\K. We can write u as 
g(t)/h(t) where g and h are relatively prime polynomials in K[t]. 

Let r= max (degree g, degree h). 

Then [K(t):K(u)] = r (Exercise 5.3). As K(u) ~ L, this means that r~ n. It 
also means that it is sufficient to show that r ~ n, for then it follows that 
L=K(u). 

We now consider the expression 

l = g(t)h(x)- h(t)g(x). 
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As g and h are relatively prime, l is non-zero. Now (h(t)) -I[ E L[x], and 
(h(t))- 11 hast as a root: thus m divides (h(t))- 11 in L[x]. This implies that f 
divides lin K(t)[x]. As f is primitive in K[t] [x]. It follows from Corollary 1 
to Theorem 3.13 that f divides lin K[t] [x]. Thus there exists j in K[t] [x] 
such that I= fj. 

We can consider f, I and j either as elements of K[t] [x] or as elements of 
K [ x] [ t]: let us denote the degree in x by degx and the degree in t by degr. 

Now degt{l) ~ r and degr(f);;:: r: since f = lj, degr{l) = degt(f) = r and 
degrU)=O. In other words, we can consider j as an element of K[x]. In 
particular, this means that j is primitive in K[t] [x], and so by Theorem 3.12 
I= fj is primitive in K[t] [x]. As I is skew-symmetric in t and x, this implies 
that I is primitive in K[x] [t]. But j E K[x], and j divides I; thus j must be a 
unit in K[x], and so j E K. Consequently 

n = degx(f) = degx(l) = degt(l) = degr(f);;:: r, 

and the theorem is proved. 
Does Liiroth's theorem extend to purely transcendental extensions of 

higher transcendence degree? It can be shown that if t1 and t 2 are 
algebraically independent over an algebraically closed field K, and M is a 
subfield of K(t1 , t2) for which K(t1 , t2):M is finite and separable, then M is 
purely transcendental over K. It can also be shown that a corresponding 
result does not hold for extensions of transcendence degree 3. These results 
involve polynomials in several variables in a more fundamental way than 
does Liiroth's theorem. The results really belong to algebraic geometry: 
they are discussed, for example, in the book by Hartshorne. 1 

Exercises 

18.6 Suppose that K(x, y): K is an extension with x transcendental over 
K and x2 + y2 = 1. Show that K(x, y) = K(u), where u = (1 + y)/x. 

18.7 Suppose that n;-;::3, that K(x, y):K is an extension with x 
transcendental over K and x" + y" = 1 and that char K does not 
divide n. Suppose if possible that K(x, y) = s. 

(i) Show that there are relatively prime polynomials f, g and h in 
K[x] such that max (degree f, degree g, degree h);;:: 1 and 
f"+g"=h". 

(ii) Show that 

f"- 1 1(hDg -gDh) and gn-ll(hDf- fDh), 

and show (by considering degrees) that this is not possible. 

1 R. Hartshorne, Algebraic Geometry, Springer-Verlag, 1977. 
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Some further topics 

In this chapter, we shall consider three further topics. Each has independent 
interest, and also shows how the theory that we have developed so far can 
be applied. 

19.1 Generic polynomials 
When we considered cubic polynomials, we saw that a variety of 

possibilities can arise. Some depend on the original field K: whether or not 
K contains cube roots of unity, for example. Others depend on special 
relationships between the coefficients: these can confuse the issue, and it is 
sensible to consider polynomials where this cannot happen. 

Suppose that K is a field. Let K(a1, .. . , an):K be an extension such that 
{a1, •.. , an} is algebraically independent over K. Then the generic (monic) 
polynomial of degree n over K is the polynomial 

xn-a1xn-1 + ... +( -l)nan. 

Note that this is an element of K(a1, .. . , an)[x], and not an element of K[x]. 
Note also that, since {a1 , ..• , an} is algebraically independent over K, there 
is no relationship between the coefficients: they are quite general. 

We can also consider polynomials with general roots. Let K(t1, .. . , tn):K 
be another extension such that { t 1, .•. , t 11 } is algebraically independent over 
K. Then we consider the polynomial 

Again, this is an element of K(t1, .. . , tn)[x], and not an element of K[x]. We 
can write 
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where 

S 1 = t 1 + ... + tn, 

Sz = L titi, 
1~i<j~n 

S11 = t 1 t 2 ... tn' 

The expressions s1 , ... , S 11 , considered as elements of K[t1, .. . , t 11], are the 
elementary symmetric polynomials in n variables. 

Suppose now that u is a permutation of { 1, ... , n}. Then u determines an 
automorphism of K(t1 , •• • , t 11): 

'f f(t1, · .. , tn) h ( ) f(tu(l)' .. . , tu(n)) Ioe= tenuoe · 
g(t1, · · ., tn) g(tu(1)' • • '' tu(n)) 

Let G be the group of all such automorphisms, and let L be the fixed field of 
G. Then, by Theorem 11.3, K(t1 , •• • , t11):L is a Galois extension, with Galois 
group G. 

Theorem 19.1 L=K(s1 , •• • , S11). 

Proof. We can consider f as an element of K(s1 , ... , S11)[x]. Then 
K(t1 , .. • , t 11):K(s1 , ... , S11) is a splitting field extension for f, and so 
[K(t1, ... , t11):K(s1 , ... , sn)] ~n!, by Theorem 7.3. But clearly 
K(s1, .. . ,s11)£L and [K(t1 , .. • ,t11):L]=n!: it therefore follows that L= 

K(s1, ••. , s11). 

Corollary f is irreducible over K(s 1, ... , S11) and r 1 ~ L 11 , the group of 

permutations of { 1, ... , n}. 

Theorem 19.2 The elementary symmetric polynomials s1 , ... , S11 are 
algebraically independent over K. 

Proof. The transcendence degree of K(t1 , .. • , t 11):K is n. As K(t1 , •• • , t,J 

K(s1, ... , sn) is algebraic, { s1 , ..• , sn} contains a transcendence basis for 
K(t1 , .. • , t 11) over K, by Theorem 18.5. This must haven elements, by the 
corollary to Theorem 18.6, and so it must be the whole of {s1 , ••• , s11 }. 

By Theorem 18.2, this means that there is an isomorphism of K(a 1 , ... , a11) 

onto K(s1, ... ,s11), which sends ai to si (for 1~i~n) and which sends the 
generic polynomial x"-a1x 11 + · · · +( -1)11a11 to f. Thus f has the same 
properties as the generic polynomial. Summing up: 

Theorem 19.3 The generic polynomial 

xn-alxn-1 + ... +( -1)nan 
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is irreducible over K(a 1, •.• , an). It is separable, and its Galois group is 
isomorphic to En. It is solvable by radicals if and only if n ~4. 

We say that a polynomial fin K[t1, .. . , tn] is symmetric if a(f)= f for 
each a in G. It follows from Theorem 19.1 that if f is a symmetric 
polynomial then f can be expressed as a rational expression in s1 , ... , sn. 
This is clearly not a satisfactory result: let us improve on it. 

Let us set M 0 =K(s1, . .. ,sn) and for 1~j~n let 

M 1=M0(t1, .. . , t)=M1_ 1(t1). 

Thus 

K(t1 , •• • , tn)=Mn:Mn_ 1 : ... :M0 =K(s1 , ... , sn). 

Now let 
j n 

fj= n (x-ti) and gj= n (x-tJ 
i=1 i=j+1 

Then !1 EK[t1, ... ,tJ[x] and f 1g1EK[s1, ... ,sn][x] so that, by Lemma 
15.2, 

g1 EK[s1 , ... , Sm t1 , •• • , t1] [x] s; MlxJ. 

Now t1+ 1 is a root of g1 and so 

[M1+ 1 :M1] = [Mit1+1):M1] ~n-j. 

But [Mn:M 0] = [K(t 1 , •• • , tn):K(s1 , •• • , sn)] =n!, and so it follows from the 
tower laws that [M1+ 1 :M1] = n-j, for 0 ~j < n. In particular, this means 
that g1 is the minimal polynomial of t1+ 1 over M 1, and that 

1,tj+l, ... ,tj~i-1 

is a basis for M1+ 1 over M1. 

We now show inductively that iff EK[s1 , ... , sn, t1 , ... , t1] then f can be 
written uniquely in the form 

f = L Pi1 ... i/i1 ... ty 
where each Pi

1 
••• iiis in K[s1, ••. , snJ,and summation is over all multi-indices 

i 1 , .•. , i1, where 0 ~ ik < n- k for 1 ~ k ~j. The result is trivially true for j = 0. 
Suppose that it is true for j and that f E K[t1 , ••• , t1 + 1]. As g1 is the minimal 
polynomialfor t1+ 1 over M 1 and g1 EK[s1, ... , sn, t 1 , •.. , t1] [x], we can write 

tj~{ =ao+a1tJ+1 + · · · +an-J-ltj~{- 1 

where the coefficients ak are in K[s1, ... , sn, t 1, •.. , t1]. Substituting for tj~i 
in f wherever it occurs, and repeating the procedure if necessary, it follows 
that we can write 

f=bo+b1tj+1 + · · · +bn_1_ 1tj:;{- 1 

where the coefficients bk are in K[s1, ... ,sn,t1 , ••• ,t1]; further as 1, 
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ti + 1 , ... , (J ~i-t is a basis for M i + 1 over M i' this expression is unique. The 
result now follows, by applying the inductive hypothesis to the coefficients 

bk. 
As an immediate consequence, we have 

Theorem 19.4 Iff is a symmetric polynomial in K[t1 , .• • , tn], there exists a 

unique g in K[x 1 , •. • , xnJ such that 

f(tt, ... , til)= g(st' ... ' sll). 

This result can also be proved directly by elementary methods (Exercise 
19.2). Note also that iff is a symmetric polynomial in Z[t1 , ... , t 11] then 
g E Z[x1 , ... , X 11]. 

Corollary Suppose that 

h=X11 -a1xn-l + · · · +( -1)nan 

is a monic polynomial in K[x], with roots a 1 , ... , an in some splitting field 

extension. Iff is a symmetric polynomial in t 1 , ..• , tn then 

f(al' .. . , an)= g(al, ... ' all) 

(where g is the polynomial of the theorem). 

Exercises 

19.1 Let Gibe the subgroup of G which fixes t 1, ..• , ti. Show that Mi is 
the fixed field of G j· 

19.2 Suppose that f EK[t1 , •• • , t11]. Suppose that a(I1 ... t!n and 
bt11 ••• t!tn are two terms in f (with ki ~ 0, li ~ 0). There is a least 
integer j such that ki -::f./i. We say that btl ... r,,n follows a(I1 ... t!n if 
li > ki, for this j. This defines a total order on the terms off (the 
lexicographic order). The last term is called the principal term off 

f 

Suppose that f is 8ymmetric and has principal term a~~ ... t!·. 
(i) Show that k 1 ~k2 ~ • • • ~kn' 
(ii) Show that as;~-k2 

••• ~·.:.~1-k·s~· has the same principal term as 

(iii) Show that f can be written as F(s 1, .•. , sn), where 
F EK[x1, ... , X 11]. 

(iv) Show that the expression in (iii) is unique. 

19.2 The normal basis theorem 
Suppose that L:K is a Galois extension, with Galois group G= 

{a1 , ... , a 11 }. We know that Lis ann-dimensional vector space over K. The 
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normal basis theorem asserts that we can find a basis for Lover K in terms 
of a 1 , ... , a"" 

We begin by establishing a result concerning infinite integral domains. 

Theorem 19.5 Suppose that R is an infinite subset of an integral domainS 
and that f is a non-zero element ofS[x1, •• • , X 11]. Then there exists (r1 , ... , r11) 

in R" such that f(r1 , ••• , rn) -=1=0. 
Proof. We prove this by induction on n. In the case where n = 1, f has only 
finitely many roots in F, the field of fractions of S, and so f has only finitely 
many roots in S: since R is infinite, there exists r in R such that f(r) -=1= 0. 

Suppose that the result is true for n -1. S[x1] is an infinite integral 
domain, and we can consider f as a non-zero element of S[x1] [x2 , ••. , x11]. 

By the inductive hypothesis, there exist r2 , •• • , r11 in R such that 
f(x 1 , r2 , •. . , r

11
)is a non-zero element of S[x1]; by the case where n= 1, there 

exists r1 in R such that f(r1 , .• • , r11)#0. 
We now come to the normal basis theorem. Because we use Theorem 19.5 

in the proof, we shall prove this only for infinite fields. The result is true for 
extensions L:K where Land K are finite, but the proof, which exploits the 
fact that such an extension is cyclic, involves properties of endomorphisms 
of vector spaces which it is unreasonable either to expect the reader to know 
or to develop here. 

Theorem 19.6 (The normal basis theorem) Suppose that K is an infinite 
field, and that L: K is a Galois extension, with Galois group G = {a 1, •.• , a 11}. 

Then there exists 1 in L such that (a1(l), ... , a11(l)) is a basis for Lover K. 
Proof. By relabelling G if necessary, we can suppose that a 1 is the identity. 
Let us define p(i, j) by the formula 

(Ji(Jj = (J p(i,j) 

for 1 ~ i ~ n, 1 ~j ~ n. Let x 1 , ... , X 11 be indeterminates and let M be the n x n 
matrix (xp(i,j))'i= 1,'j= 1 with entries in K[x1, ... ,x11]. Let f=detM. Then 
f EK[x1 , ... , xJ, and f is non-zero, since x1 occurs once in each row and 
once in each column, and so the coefficient of xi is 1 or - 1. 

Now let (b1 , ... ,b11) be a basis for Lover K. By Theorem 11.2 then 
trajectories 

(T(bi))'j = 1 = ((ai(bi))i = 1)'j = 1 

are linearly independent over L in L": in other words the n x n matrix 
(alb))'i= 1 ,)= 1 is invertible; let C=(cii) be its inverse. 

We now set 

g(x1, ..• , X 11)= f(''fi a1(bi)xi, .. . , Li a11(bi)xi). 
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Since 
f(x 1 , ••• , X 11) = g(L,i c 1ixi, ... , Li C11 jx), 

g is a non-zero element of L[x1 , ... , X11]. By Theorem 19.5 this means that 
there exist k1 , •. . , k11 in K such that g(k1 , •• • , k11)#0. We set 
l=k 1b1 + · · · +k11b11 • Then 

O=;t=g(k1 , •• • , kn)= f(L,i a1(b)ki, .. . , Li a,ib)k) 

= f(a 1(l), .. . , an(l)) 

= det((up(ij)(l))) = det((ai(uil)))). 

This means that the matrix (ui(ail))) is invertible, and so by Theorem 11.2 
(a 1 (l), ... , uu(l)) is a basis for L over K. 

Exercise 

19.3 Show that the primitive nth roots of unity over Q form a normal 
basis for the splitting field of X11

- 1 over Q if and only if n has no 
repeated prime factors. 

19.3 Constructing regular polygons 
We end this chapter by considering ruler-and-compass 

constructions again. We consider the following problem: given an integer 
n > 2, can we construct a regular polygon with n sides of unit length, using 
ruler and compasses alone? Let us say that an integer n is possible if this can 
be done. Using the results of Chapter 6 (and its exercises) it should be clear 
that 3, 4, 5, 6, 8 and 10 are possible, while 7 and 9 are not. Note that if n is 
possible then so is 2n, for we can certainly bisect angles. 

Suppose that n is an integer greater than 2. We set en= 2n/n, 

XII= cos en, Yn =sin ell, Bn =cos en+ i sin en= ew ... 

The complex number B
11 

is a primitive nth root of unity in C. It is clear that 
(x11 , Yn) is constructible if and only if we can construct an angle e11 , and it is 
equally clear that if we can construct angles e and ¢ then we can construct 
angles e +¢and 1e- ¢1. Suppose that m and n are possible and that m and n 
are relatively prime. Then there exist integers a and b such thaFam + bn = 1; 
multiplying by 2njmn, it follows that aell + bem = emil' so that mn is possible. 
It is trivially true that if 1 is possible then so are all its divisors: in particular, 
if mn is possible, so are m and n. We therefore have the following: 

Theorem 19.7 Suppose that n =2'p~ 1 ••• p~', where p1 ••• p,. are distinct odd 
primes. Then n is possible if and only if pr is possible for 1 ~ b ~ ai, 1 ~ i ~ r. 

This result reduces the problem to determining when pb is possible, when 
p is an odd prime .. 
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Theorem 19.8 Suppose that pis an odd prime. Then n = pb is possible if and 
only if b= 1 and p is of the form 2k + 1. 
Proof First suppose that n is possible. Then (x11 , Yn) is constructible, and so 
[Q(x11 , Yn):Q] =2r for some r, by Theorem 6.1. By the tower law, 

[Q(x11 , Yn• i):Q] = [Q(x11 , Yn• i): O(XmYn)][Q(xn,Yn):Q] 

as e11E0(x11 ,ymi), [O(e11):0] = 2s for somes. 

Now, if n = pb is possible for some b ~ 2, then m = p2 is possible, and so 

[O(em):Q] = 2s, for somes. There is one primitive first root of unity, and p-1 
primitive pth roots of unity, and so there are p2

- p = p(p -1) primitive mth 
roots of unity. Thus the cyclotomic polynomiall/Jm has degree p(p -1). But 
l/Jm is irreducible over Q (Theorem 15.3), and is the minimal polynomial for 
em over Q, so [O(em):Q] = p(p -1). This is not of the form 2s: we conclude 
that b= 1 and that n = p. But l/JP has degree p -1, and sop is a prime of the 
form 2s+ 1. 

Conversely suppose that n =2s + 1 is prime. Then [O(e11):Q] = 2s, 0(e11):Q 
is a splitting field extension for l/111 , and G=F(O(e11):Q) is cyclic of degree 2s, 
by the corollary to Theorem 15.4. Let u be a generator for G. Then, if 
0 ~ t ~s, the group Gt generated by u2

s-l has order 2\ and so there are 
intermediate groups 

{ e} = Gs £;; Gs- 1 £;; · • • £;G0 = G, with jGi/Gj-~1 =2, for 1 ~j ~s. 

Let Li be the fixed field for Gi. Then 

O(en)=Ls:Ls-1: · · · :Lo= Q 

is a tower of fields, and [Li:Li_ 1] =2 for 1 ~j~s. 
We shall show that if z E O(e11) and z = x + iy then (x, y) is constructible. 

We use induction on j. The result is true for elements of L0 = Q. Suppose 
that it holds for all elements of Li_ 1 and that cx=cx 1 +icx2 ELi\Li_ 1 . Then 
the minimal polynomial mrx for ex over Li_ 1 is a quadratic in Li_ 1 [x]: 

mrx=x2 +2bx+c. 

Thus ex= -b+v, where v2 =11=b2 -cELi_ 1 • Let us set b=b1 +ib2 , v= 
v1 + iv2 and 11 = 11 1 + i11 2 = rei0

. By the inductive hypothesis, (/1 1 , 11 2) is 
constructible: from this we can successively construct (r, 0), (r 112

, 0) and 
(r112 cos(0/2), r 112 sin(0/2)) (since we can bisect angles). As (v1 , v2)= 
±(r112 cos(0/2), r112 sin(0/2)) and as (b 1 , b2) is constructible, by the inductive 
hypothesis, this means that (cx1, cx 2) is constructible. This establishes the 
induction. This means that (x 11 , Yn) is constructible (where e11 = X11 + iy11) and 
so n is possible. 

Primes of the form 2k + 1 are known as Fermat primes. If 2k + 1 is a 
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Fermat prime, k must be of the form 2l: for if k = st, with s odd and greater 
than 1, 

2k+ 1=2st+ 1=(2t+ 1)(2t(s-1)_2t(s-2)+ ... + 1). 

The only known Fermat primes are 3, 5, 17, 257 and 65 537, which 
correspond to k = 0, 1, 2, 3 and 4. It has been shown, using computers, that if 
any other Fermat primes exist they must be larger than 1040000

• To sum up: 

Theorem 19.9 (Gauss) It is possible to construct a regular polygon with n 

sides if and only if n is of the form 2tp1 ••• Pr, where t~O and p1 , ••. ,pr are 
distinct Fermat primes. 
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The calculation of Galois groups 

In Chapter 17, we saw that (provided that certain assumptions are made 
about the character of the underlying field) a polynomial is solvable by 
radicals if and only if its Galois group is soluble. This result raises many 
questions. Given an irreducible separable polynomial in K[x], can its 
Galois group be determined? Given an integer n, what are the possible 
Galois groups of an irreducible separable polynomial of degree n in K[x]? 
Given a finite group G and a field K, does there exist an irreducible 
separable polynomial in K[x] whose Galois group is isomorphic to G? In 
particular, what are the answers when K is the field Q of rational numbers? 

20.1 A procedure for determining the Galois group of a polynomial 
Suppose that K is a field. Let tt, .. . , tn, x1 , ... , xn be indeterminates. If (J E En, 
let (Jt denote the permutation of t1 , ••• , tn which sends ti to ta(i) for 1:::;; i:::;; n, 
and let (J x denote the permutation of x1, ••• , xn which sends xi to xu(i) for 
1 :::;; i :::;; n. We first consider the polynomial 

P= n (y-(t 1xu<1>+ · · · +tnxu<n>)) 
uel:. 

= n (y-(tu(l)xl + ... +tiT(Il)xn)). 
ITELn 

Grouping the terms in y together, we can write 
n! 

P= L ciyi, 
j=-0 

with 

ci= Emfmx~l ... x~n, 

where each fm is in K[t1 , •• • , t11] and the summation is taken over all multi­
indices m=(i1, • .• ,in) with ik~O for 1:::;;k:::;;n and Lk=-l ik=n!-j. 
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Now a,(P)=P, and so at(fm)=fm, for each m and each a in 1:11 • By 
Theorem 19.4 we can write 

fm=gm(s1, .. . , sll) 

where si is the jth elementary symmetric polynomial in t 1 , ... , t" and 
gmEK[s1 , •• • ,s11]. Thus 

n! 

P= L (l:mgm(sl, .. . , sii)X~l ... x~n)yi; 
j=O 

further, given n, it is possible to calculate the polynomials gm explicitly. 
Now suppose that 

/=X11 -a1x"- 1 + · · · +( -1)"an 

is a monic polynomial in K[x] which has distinct roots a1, ... , a" in a 
splitting field extension L. We set f3=a 1x1 + · · · +anxw If aE1:11 , we set. 

ax(/1) = CC1Xu(l) + ... + C(nXu(n) 

and aa:(f1)=au<1>x1 + · · · +au(n)X11 =a; 1(/1). Note that, since f has distinct 
roots, a x(fl) =I= -c x(fl) if a =I= -c. We consider the polynomial 

F = 0 (y- ax(fl)) = 0 (y- aa:(/1)). 

We obtain F by substituting ai for ti in P: thus 
n! 

F= L (1:mgm(a 1, . .. ,a11)x~t ... x~n)yi 
j=O 

and so F EK[y, x1, ••• , X 11]. 

As K[y, x1, •.. , X 11] is a unique factorization domain (Corollary 2 to 
Theorem 3.13), we can write F=F1 ... Fk, where each Fi is irreducible in 
K[y, x1 , ... , X 11]. Considering the Fi as elements of L[y, x1, ... , X 11], we can 
write each Fi as 

where A1 , .•. , Ak is a partition of Ew By labelling the Fi appropriately, we 
can suppose that the identity permutation is in A 1 : thus y- f1 divides F 1 in 
L[y, x1 , ... , x,J. 

Now suppose that a E Ew Then 

a xF = (axF 1)(a xF 2) ... (a xF). 

But axF=F. Thus a induces a permutation of the irreducible factors 
F 1 , ... , F j· Let 

G={a:axF1 =Ft}; 

it is clear that G is a subgroup of Ew 
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Theorem 20.1 The group G is isomorphic to the Galois group r K(f). 
Proof. First note that 

Now let 

A1 = {a: y- axf3 divides F 1 in L[y, x1, ••• , X 11]} 

={a:y-{3 divides a; 1F1 in L[y,x1 , •• • ,xnJ} 

={a:a; 1F 1 =Ft}=G. 

H= 0 (y-aa(/3))= 0 (y-ax(/3)). 
ueEK(f) ueEK(f) 

If r E EK(f), -r:H =H, soH EK[y, x1 , ••• , X 11]. H divides Fin L[y, x 1, ..• , xnJ 
and soH divides Fin L(x1 , •• • , X 11)[y]. Thus H divides Fin K(x1 , •• . , xn)[y] 
(Lemma 15.2) and so H divides F in K[y, x1 , ... , xnJ (Corollary 1 of 
Theorem 3.13). This means that we can write Has a product of certain of the 
irreducible factors F 1, ... , Fi of F. As y- f3 divides H in L[y, x1, ... , xnJ, F 1 
must be one of these factors: thus F 1 divides H in K[y, x1, ... , xnJ, and so 
G~TK(f). 

Conversely, if rET K(f) 

rx(F1)= 0 (y-rxax(/3)) 
ueA1 

= n (y-ra- 1ax(f3)) 
ueA1 

But F 1EK[y,x1, ... ,xn], and so 7:a- 1(F1)=F1. Thus 7:EG and so TK(f)~ G. 
This completes the proof. Notice that if Fi is another irreducible factor of 

F, there exists r in En such that r(F 1) = Fi, and 

rGr - 1 = {a: ax(Fi)=FJ; 

thus each of the groups {a:ax(FJ=Fi} is isomorphic to TK(f). 
Suppose now that g is a polynomial in i:[x]. By Theorem 5.1, there is an 

algorithm for expressing g as a product of irreducible factors 

g=g~t ... g~J. 

Letf=g1 .. . gi: Then T0 (f)=T0 (g), andfhas distinct roots in a splitting 
field. We can calculate the polynomial F. FE.l[y,x1 , • •• ,xnJ. Now it is a 
straightforward matter to extend the argument of Theorem 5.1 to show that 
an algorithm exists to express F as a product of irreducible factors in 
Z[y, x1, ... , xJ. Having found an irreducible factor F 1 , it remains to work 
through the elements of En to determine which of them fix F 1 . Thus an 
algorithm exists for calculating the Galois group of an element of Z[x]. 

This result is theoretically important, but the algorithm is much too 
complicated to be of any practical use. As we shall see when we consider the 
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quintic, though, it does suggest ways of deciding between various 
possibilities. It also leads on to the next result, which is of great practical 
value. 

Theorem 20.2 Suppose that f is a monic polynomial in Z[x] and that pis a 
prime. Let J be the corresponding element of ZP[x]. Iff has distinct roots in a 
splitting field extension L, then the cyclic group r 1._J]) is isomorphic to a 
subgroup of r a(f). 

Proof. Suppose that 

f =Xn -a1xn-1 + ... +( -1)nan 

Let o:1 , ... , o:n be roots of f in a splitting field extension L:Q, let 

P=a1x 1 + · · · +anxn and let 

F= 0 (y-axf3). 
uei. 

Similarly let y 1 , .•. , Yn be roots of J in a splitting field extension M: ZP and let 
b=y1x1 + ... +YnXn. As 

n! 

F= L (17mgm(a 1 , •. . , an)xi1 ••• x~·)yi, 
j=O 

F EZ[y, x 1, ••• , xnJ and 

F= 0 (y-axc5). 
uei. 

Let 

F 1 = 0 (y-ax/3), G1 = 0 (y-axb). 
uer0 (f) uerz)J) 

By Theorem 20.1, F 1 is an irreducible factor ofF in Q[y, x 1, ... , xu] and G1 

is an irreducible factor ofF in ZP[y,x1 , •• . ,xu]. F1 is a (not necessarily 
irreducible) factor ofF in ZP[y, x 1 , ... , xnJ andy- c5 divides both G1 and F1 

in M[y, x 1 , •.. , xnJ, and so G1 divides 

F1 = 0 (y- axc>) 
uero(f) 

in Z[y,x1 , ... , xJ. This means that rzJ])£r 0 (f). 

20.2 The soluble transitive subgroups of 17 P 

Suppose that f is an irreducible polynomial of prime degree p in 
K[ X] (where char K #- p ). The Galois group r K(f) is isomorphic to a 
transitive subgroup of E p· f is solvable by radicals if and only if r K(f) is 
soluble. It is therefore desirable to know what the soluble transitive 
subgroups of 17 P are. 
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We can consider E Pas acting on a setS with p elements. Suppose that G is 
a transitive subgroup of E P and that His a normal subgroup of G other than 
{ e}. We shall show that H is also a transitive subgroup of E p· If xES, let 

OH(x)= {ax:x EH} 

be the orbit of x under H. The relation 'x- x' if there exists a in H such that 
ax= x" is an equivalence relation, and OH(x) is the equivalence class of x 
under this relation. Thus any two orbits are either identical or disjoint. If x 
and yare inS, then since G is transitive there exists-rinG such that -rx = y.lf 
x' =axE OH(x) then 

-rx' =-rax=-ra-r- 1 y 

so that, since -ra-r -l E H, -rx' E OH(y). Thus -r is a one-one mapping of OH(x) 
into OH(y). Similarly -r -lis a one-one mapping of OH(y) into OH(x), and so 
OH(x) and OH(Y) have the same number of elements. Not every orbit is a 
one-point set, since H =1 { e}. Since p is a prime, it follows that 0 H(x) = S for 
each x in S: in other words, H is a transitive subgroup of E p· 

Suppose now that G is a soluble transitive subgroup of E P' and that 

{e}=Gn£;Gn-l £;···£;Go=G 

is a finite series of subgroups such that Gi<J Gi-l for 1 ~i~n, Gi_tfGi is 
cyclic for 1 ~ i ~nand Gn _1 =I { e }. Repeated application of the above result 
shows that Gn-l is a cyclic transitive subgroup of Er Gn-l is therefore cyclic 
of order p. Let a be a generator of G11 _ 1• We can write S as 

s = {0, 1, 2, ... ' p -1} 

in such a way that a(j) = j + 1 (mod p). It will now be convenient to identify 
S with the finite field 7LP. 

It is easy to verify that the set of affine transformations of 7LP of the form 

't(a,b)(k)=ak+b, 

where aEZ; and bEZP, forms a subgroup W of IP of order p(p-1). The 

mapping -r(a,b) --+ a is a homomorphism of W onto the multiplicative group 
7L; with kernel G11 _ 1 = { -r(l,b): bE 7LP}. Thus Gn _1 is a normal subgroup of W; 
the group G11 _ 1 is cyclic of order p and W/Gn-l is cyclic of order p -1, so 
that W is soluble. 

We shall show that G £:;;; W Suppose that Gi£; W, and that -r EGj-l· Then 
-ra-r -l E Gi (where, as before, a(k) = k + 1 (mod p)) and so -ra-r -l = -r<a,b> for 
some a and b. Now -ra-r -l has order p, and so it permutes the p points of 7LP 

cyclically: thus the equation 

-ra-r- 1(x)=ax+b=x 

has no solution in 7LP; this happens if and only if a= 1 and b =I 0. In other 
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words TO"T- 1 is a non-zero element of Gn_ 1 . Thus if kEZP, 

T(k + 1) = TO"(k) = TO"T - 1T(k) = T(k) + b, 

and so -r(k) = bk + -r(O). Thus T E W, and G i _ 1 s; W Thus it follows by 
induction that G = G 0 s; W. 

To sum up: 

Theorem 20.3 Suppose that G is a soluble transitive subgroup of .E P (where p 

is a prime). G contains a normal transitive cyclic subgroup T of order p, and 

G/T is cyclic, with order dividing p -1. Further, there exists a subgroup F of 

the cyclic group z; such that G is isomorphic to the group of affine 

transformations { T(a,b): a E l'.P, bE F} of l'.P' where T(a,b)(k) = ak +b. 
Recall that in Section 7.3 we showed that the degree of a splitting field 

extension for xP- 2 over Q is p( p- 1), and so the Galois group of xP- 2 is 
isomorphic to the group W It is remarkable that a polynomial of such a 
simple form has a Galois group which is as large as possible. 

Exercises 

20.1 The polynomial f = x 7 + 9x 2 + 7 is irreducible over ((} (this can 
be checked, using Theorem 5.1). Let 1 be the corresponding 
polynomial in 1'.7 [x]. Show that 1 splits over 1'.7 as the product of 
an irreducible quartic and three linear factors (use Exercise 15.6) 
and show that f is not solvable by radicals. 

20.2 Show that if G is a soluble transitive subgroup of .E P (where p is a 
prime) then every element of G other than the identity fixes at most 
one point. 

20.3 Show that iff is an irreducible polynomial in Q[x] of odd prime 
degree p which is solvable by radicals than either all the roots off 
are real or f has exactly one real root. Show that if p = 4k + 3 then 
the discriminant can be used to distinguish the two possibilities. 
What happens if p=4k+ 1? 

20.4 This question needs the following results from group theory. If G is 
a group of order pq, where pis a prime which does not divide q then 
G has a subgroup of order p. 

Let G be a transitive subgroup of .EP (where pis a prime). 
(i) Show that IGI = pq, where p does not divide q. (Hint: Consider 

the subgroups H of G which fixes a certain point and consider the 
index of H in G.) 

(ii) Show that if G has at least two subgroups of order p then there 
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exists an element of G, other than the identity, which fixes two 
points and so G is no( soluble. 

(iii) Show that if G has exactly one subgroup K of order p, then 
K <J G and G is soluble. 

20.5 Suppose that f is an irreducible polynomial of prime degree p in 
K[x], and that char K # p. Let L:K be a splitting field extension for 
f. Show that f is solvable by radicals if and only if whenever IX and 
f3 are distinct roots of f then L = K(IX, /3). 

20.3 The Galois group of a quintic 
Let us now consider the possible Galois groups of irreducible 

quintics. Suppose that f is an irreducible .separable quintic in K[x]. Iff is 
solvable by radicals then, by the results above, rK(f) is isomorphic either to 
W, which has order 20, or to D 10, the group of rotations and reflections of a 
regular pentagon, which has or?er 10, or to the cyclic group 1Ls of order 5. If 
f is not solvable by radicals then r K(f) is isomorphic to the alternating 
group As or the full symmetric group E s· 

Let us list some examples of irreducible quintic polynomials in 7L[ x], 
together with their Galois groups, to show that all possibilities can occur: 

(a) xs+x4 -4x3 -3x2 +3x+l 
(b) xs- 5x + 12 
(c) xs-2 
(d) xs+20x+16 
(e) xs -4x+2 

We have already discussed examples (c) and (e). Example (a) is obtained 
by considering a primitive 11th root of unity, IX say. IX has minimal 
polynomial L~~o x", which has cyclic Galois group 7L10. This has a 
subgroup of order 2 and the fixed field ofthis has Galois group 1Ls. The fixed 
field is generated by IX+ IX - 1

, and example (a) is the minimal polynomial of 
this. 

We now turn to example (d). This has discriminant 216 56 (use Exercise 
14.3), so that its Galois group is contained in As. In 7L 7 the corresponding 
polynomial is 

(x + 2)(x + 3) (x3 + 2x2 - 2x- 2) 

and the cubic is irreducible. It follows from Theorem 20.2 that the Galois 
group of example (d) contains a cyclic subgroup of order 3, and so it must be 
As. 
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Finally we consider example (b). This has discriminant 212 56
, and in 7L 3 

the corresponding polynomial factorizes as 

x(x 2 +x -1)(x 2 -x -1) 

and so has Galois group 7L 2• Using Theorem 20.2 again, we see that this 
means that the polynomial f of example (b) has Galois group D10 or As. 
How can one distinguish between these possibilities? Use of Theorem 20.1 
would involve considering polynomials of degree 120, which is clearly 
impracticable. One way to proceed is the following. Let oc1, ... , cts be the 
roots of the polynomial in a splitting field L. We consider the ten elements 
oci + oci of L, with 1 ~ i <j ~ 5. It is easy to verify that these are distinct, so that 
the polynomial 

g= n (x-(oci+ocj)) 
1 ~i<j~S 

has ten distinct roots. g is invariant under r K(f), and so g E Q[x]. It is clear 
that g splits over L. Since 

~, =(t, ~;)-<~2+~,)-(~. +~,) 
and since similar equations are satisfied by oc2, oc3, oc4 and ocs it follows that 
L:Q is a splitting field extension for g. Suppose that f had Galois group As. 
Then the Galois group would act transitively on the roots of g, and so g 

would be irreducible. Using a computer it can be shown that this is not so. 
I am grateful to Leonard Soicher for showing me examples (b) and (d). 

Exercise 

20.6 Suppose that f is a quintic in Q[x] whose Galois group contains 
D10• Show that the ten elements oci+oci (1 ~i<j~5) are distinct 
(where oc1, ... ,ocs are the roots off in C). 

20.4 Concluding remarks 
The examples of the previous section show that there are 

irreducible quintics in Q[x] with all possible Galois groups. This raises the 
question: given a group G, does there exist an irreducible polynomial in 
Q[x] which has G as its Galois group? This is an extremely difficult 
problem which has not yet been solved. In 1954, Safarevich showed that the 
answer is 'Yes' when G is a soluble group. 

Galois theory has a long and distinguished history: nevertheless, many 
interesting problems remain. 
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