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The modular group

Definition
o Let H denote the upper half plane of C, i.e. H={z € C|Im(z) > 0}.
o Let € denote C U {oo0}.

o Let SL,(R) denote the group of matrices (i Z) such that a,b,c,d € R and ad — bc = 1.

Action of SLy(R)

Given g = <i Z) € SLy(R) and z € C, we define

az+ b a lim oz
T 0= - = .
cz+d £ c Z—>oog

Correspondingly g(—d/c) = oo and if ¢ =0, goo = oc.
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Exercise 1

Check that g is a group action on C, i.e. gi(g:(2)) = g1 - g2(2).

Exercise 2

Show that £] = £ (1 0) are the only elements of SLy(R) that acts trivially on C.

01

Thus PSL>(R) := SL,(R)/{%/} acts faithfully.

Exercise 3
Show that Im(gz) = |cz + d|~2Im(2).

Hence the action of SL,(R) preserves H.

Definition

Let SLy(Z) be the subgroup of SLy(R) with integer entries. Then I' := SLy(Z)/{£/} is also called the

modular group.
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Fundamental domain

Definition
If G is a subgroup of I', we say two points z;,z, € H are G-equivalent if there exists g € G, such that

gz1 = zp. A closed region F in H is called a fundamental domain for G if every z € H is G-equivalent
to a point in F, but no two distinct points in the interior of F are G-equivalent.

Theorem 1 H
A fundamental domain for I is given by ‘4
1 1 :

D=JzeH —§<Re(z)<§ and |z| >1 ;.

@ What is the value of w?

. 0 -1 11
@ Define S = (1 0 ) and T = (O 1) 5 14 -2 1 08 -0 -04 02 0 ol H-olaHoleHoleHHHH el
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Fundamental domain

Proof of Theorem 1: Let [’ be the subgroup of I' generated by S and T. We will prove that for any
z € H,3g" € T’ such that g’z € D.
a b Im(z
d) € I, then Im(gz) = |C;“+(d)|2.
integers, |cz + d| is bounded away from 0. In other words, there are only finitely many pairs (c, d) such
that |cz + d| is less than a given number. So we can choose g € I’ such that Im(gz) is maximum. We
I 1

can choose a suitable integer n such that z’ = T"(gz) has real part in the range [—3, 5], i.e. ' belongs

to D. Note that we must have |z’| > 1, otherwise S(z’) would have a larger imaginary part. Thus
g =Tg

Next,we show that no two distinct points in the interior of D are I-equivalent. Suppose there exist
z e D and gz € D, and that Im(gz) > Im(z). This would imply |cz + d| < 1. We have

Let z € H be fixed. If g = As c and d run through all possible

1> |cz+d| > [Im(cz + d)| = |[Im(cz)| = |c|Im(2).
Soc=0or £1.

If c=0, thend==1,ie g= (il

0
means z and gz have real parts +1.
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Fundamental domain

Proof of Theorem 1 cont'd: If c =1,i.e. 1 > |z+ d| > |Re(z+ d)|. This means d =0 or +1.

If d =0, |z| <1, and so we must have |z| =1. As ad — bc =1, we have b= —1, i.e. gz=a— %

Since gz € D, either a=0 (i.e. g=S)ora=1(ie. z=-w,g=TS), ora=—1 (i.e. z=w,

g=T719).

fd=1 Re(z)= -1 ie z=w g= (2 271 S T Thus 2= 0 (g = ST
=1, Re(z)=—3,ie z=w, g= 1 1 S0 gw=a— 5 =atw Thusa= (g =ST)

ora=1(g=-ST1S).

If d =—1, Re(z) = % ie. z = —w.

Finally, if ¢ = —1, just change the sign of a, b and d. O

Exercise 4
Verify that T-1S = (ST)? and (ST)3 = —I. J
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Corollary 2
I is generated by S and T, ie. T =T". J

Proof: Let g € I and choose a point zy in the interior of D. Let z = gzy, then there exists g’ € " such
that g’z € D. Hence zy and g’z = g’gzy are -equivalent which means g’'g =/, thus g € [". O

ST-'S

+1

Figure: Serre [p. 78]
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Remark: One can do the same calculations for subgroups of I', which will have “larger” fundamental
domains. An example from Koblitz [p. 106] is ['(2) where [ : ['(2)] = 6 with three cusps 0,0, —1.

1
a5 |

13|
)

ol

S

wlw -

0

ol

o =
o=

Figure IIL3. A fundamental Domain F(2) for I'(2). -
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Modular functions

Definition

Let k be an integer and f(z) be meromorphic on H. Suppose f(z) satisfies

F (a”b) — (cz + d)*F(2), v(i Z) er.

cz+d

Since T is generated by S and T, it suffices to check f (—1/z) = z*f(z) and f(z + 1) = f(2), i.e. f(2)
is periodic with period 1. We can express f as

f(z) = Z anq", where g = €™
neZ

Suppose further that f is meromorphic at infinity, i.e. at most finitely many nonzero a, for n < 0, then
we say f(z) is a modular function of weight k for I'.
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Modular forms
Definition

A modular function which is holomorphic everywhere (including infinity) is called a modular form. A
modular form of weight k for I is thus given by

[e'S) (o)
f(z) _ § :anqn _ § :ane27ﬂnz7
n=0 n=0

which converges for [q| < 1, i.e. Im(z) > 0 and satisfies f (—1/z) = zKf(z2).

If a9 = 0, then f(z) is called a cusp-form.
Definition

M(T) is defined to be the set of modular forms of weight k for I'.
Correspondingly, Sk(I) is defined to be the set of cusp-forms of weight k for T.
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Ramanujan’s 7 function

Example ICM 2010

Ramanujan's 7 function, a cusp form of weight 12, is defined by

n)q" = 1—q")** = q —24q° +252¢° — 1472q¢"* + 4830¢° + - - - .
;T( )q q};[l( q")* = q—24q q q q ‘;
HYDERABAD e INDIA

MacDonald—-Dyson formula

a—b)la—c)la—d)(a—e)(b—c)(b—d)(b—e)(c—d)(c—e)(d—e
T(n)zz( )(a — c)( )(a — e)( 4!3)!(2!1! )(b—e)( )(c — e)( )

summed over integers a, b, ¢, d, e, with
a,b,c,d,e=1,2,3,4,5 (mod 5),
at+b+c+d+e=0,

a?+ b?+ c? + d? + 2 = 10n.

4
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Remarks on Modular functions

If k is an odd integer, there are no nonzero modular functions of weight k for I'.

Applying g = ( 0 _01> gives f(z) = (=1)*f(2).

The set of modular functions/forms of the same weight forms a complex vector space under addition
and scalar multiplication. If f; and f, are modular functions/forms of weights k; and ky respectively,
then the product fif, is a modular function/form of weight ki + ko.

Exercise 5

Check that if the transformation f (ijig) = (cz + d)*f(z) holds for g1 and g», then it holds for the
product g18».

Hence it suffices to check the transformation holds for S and T.
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Eisenstein series

Definition

Let k be an even integer greater than 2, for z € H, define

, 1
Gk(z) = Z m,

m,n

where the sum is over all integers m, n not both zero.

Clearly, Gx(z + 1) = G(z). Next,

6(-1/2) = ¥y = 2 oy~ 26l

m,n z + n)k

So Gi(z) satisfies the transformations for T and S.

Remark: Note we have switched the order of summation in the above and this is guaranteed by absolute
convergence, i.e. k > 2.
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Eisenstein series

Theorem 3
Gk S Mk(r). J

Proof: Since k > 4, the double sum is absolutely convergent, and uniformly convergent in any compact
subset of H. Hence Gi(z) is holomorphic in H. We also need to check that Gx(z) is holomorphic at
infinity, i.e.

1 1
1 [ = _— =
z'j}},o; (mz + n)k > & = 2(k),

n#0
where ¢ denote the Riemann zeta function. [
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g-expansion of Eisenstein series

Theorem 4

Let k > 2 be a positive integer and z € H. Then

Gau(2) = 20(2K) (1——Zm ; )

where q = >, g4 _1(n) = Z d*~1 and the Bernoulli numbers, By, are defined by
d|n

Exercise 6

Verify that By = 1, 51:—%, B> —% B; =0 and By, = —

30 [Cross multiply and compare coefficients.]
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Theorem 5

1 22k—1ﬂ.2k
Let k be a positive integer, then ((2k) = > % = (—1)k+1Wsz.
n>1 ’
Proof: Recall the formula sin(z) = z H < ) Taking the logarithmic derivative,

cos(z)  zi(e” + e ) 2z z?
= e = e (‘ﬁznz =1-2) opp

sin(z) e’z — e~iz

n>1 2n? n>1
. . k
. 2ize™"* . 2iz z°
e ’z+eiz_e—iz:Iz+e2iz_1_1_2z n £ <7r2n2>
n>1
k
R D)) ( )
k>0 n>1 k>1
Comparing coefficients, By =1, B; = —5 Since right side is purely real, Byj11 =0, for j > 1, and the
theorem follows from coefficients of z2 O
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Exercise 7
Verify that ((2) = = and ((4) = = J

Proof of Theorem 4: Replace z by 7z and divide throughout by z in the cot formula to get

. 2 1 1 1
7rI—’_e27”z— 7;_2 (n—=z n—|—z) ;+Zz+n+z—n
n>1 n>1
= 7Tl'—277i2e(2"iz)”: 1—|—z: ! + L
n>0 z Sjz+n z-n

Differentiating 2k — 1 times,
. 1
(27_”)2k Z n2k—1g2minz _ (71)2k71(2k - 1)| Z -
n>1 nez
Therefore (with z replaced by mz),
- 2(_1)[((2”)2/( 2k—1 2mi

G ——— =2((2k) = 2((k _ imnz.

2k(2) = Z(mz+ P Zze: mz+ mz ~ 20+ = mzn;” ¢
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Proof of Theorem 4 cont'd: Replace e?™# with g, we have

8k (—1)k+122k_17T2k82k

Ga(z) = 2¢(2k) — By X oDl Z k=1 gmn

m,n>1

=2¢(2k) [ 1— ;—i > oaca(n)g" | . O

n>1
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Normalized Eisenstein series

Definition
For k > 2, define the normalized Eisenstein series as
4k
Exx =1— —— > oxu-1(n)g
n>1
We have
Eq(z) =1+240) o3(n)q"™; Eio(z) =1-264) 0o(n)q";
n>1 n>1
65520
Es(z) =1— 504205(n)q"; Ex(z) = 6ol 2011 q";
n>1 n>1
Es(z) = 1+480) o7(n)q"; Eia(z) =1-24> o13(n)q".
n>1 n>1
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Exercise 8

Verify the first four terms of the g-expansions of E; and Eg are

E; =1+ 240q + 2160g° + 6720¢° 4+ --- and Eg =1 —504q — 16632¢> — 122976¢° + - - - .

Definition
The weight 12 cusp-form A(z) is defined as

(2m)*2

A2) =175

(Ea(2)’ - Eo(2)?) .-

Exercise 9

Compute the first two nonzero coefficients of A/(27)'2, i.e. coefficients of q and q°.
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Definition
Let f be meromorphic on H, not identically zero, and let p be a point in H. The order of f at p,
denoted, v,(f), is defined as the integer n such that f/(z — p)” is holomorphic and nonzero at p.

When f is a modular function on I, v,(f) = v,,(f) for g €T, so it suffices to study the zeros and poles
of fin T\H, i.e. the fundamental domain with the '-equivalent boundary points identified.

Theorem 6 (Valence formula)

Let f be a nonzero modular function of weight k for I', then

1 1 k
Voo () + 5vi(F) + 3 wl(F) + > | vo(F) = 5-
PEM\H,p#i,w
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Proof of Theorem 6: Suppose f has no zero or pole on the boundary of
D, except possibly at /,w and —@. By the residue theorem,

1), S
— zZ — VP 5 ,
2mi ), f(2) pEM\H,p#i,w 8 W °

where ~ is the contour indicated in the accompanying figure. Note that
we can choose EA large enough that all the zeroes and poles lie below it.
Specifically, E = % + /T and A= —1 +iT and all zeroes and poles of f R T TR
has imaginary parts less than T.

Figure: Serre, p. 86
(i) To evaluate the integral over EA, we change variables g = €*?, so EA becomes a circle of radius

e~2"T about the origin in a clockwise orientation. Hence

1
27i Jea f(2)

dz = —v(f).
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Proof of Theorem 6 cont'd:
(i) Since f(z + 1) = f(z), we have
! !
% '; ((Z)) dz zi '; ((Z)) dz = 0. i y
T V4 T ’ z e
AB D'E W
(i) The integral over BB’ approaches the integral (clockwise) of angle
%” about w, i.e. ! - : :
1 f/ 1 -1 —% o
7 f(Z) dz — —évw(f)
mi Jes f(2) Figure: Serre, p. 86

(iv) Similarly, we have

1 [ (o) 1 1 F1(2) 1
%/C'.C/ f(z) dz — EV,(f) and %‘/DD/ f(z) dz — ng(f)
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Proof of Theorem 6 cont'd:
(v) It remains to show that

1 F(2) 1 F(z2) k

— — dz — —.
21i Joe F(2) T 2mi Jop F(2) T 12 B\ 4D
P o

S sends B'C to DC’. (Note the orientation.) Since f(Sz) = z¥f(z), we

have
t'(Sz)dSz _ k  f'(2) T h o % 1

f(Sz) dz z  f(z)
Figure: Serre, p. 86

1 F1(2) 1 fllz) 1 F(2) 1 F(S2)
2mi B'C f(z) dz + 2mi /C’D f(Z) dz = 2mi B'C f(z) dz - 2mi B'C f(SZ) dSZ
1 k 1
—277.” B/C_;dzﬁ_kx(_ﬁ .

If f has zeros or poles on the boundary of D, we modify the contour accordingly. [J
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Corollary 7 J

The only modular forms of weight O for [ are constant functions, i.e. My(I') = C.

Proof: Let f € My(I") and ¢ be a value taken by f(z). If f(z) is holomorphic but not a constant, at
least one term v,(f) > 0 in Theorem 6, giving rise to a contradiction. [J

Corollary 8
Let k be an even integer. If k <0 or k =2, then My(I') = 0. J

Proof: The valence formula cannot hold in either case. [J

Corollary 9 J

My (") is one-dimensional, generated by Ex when k = 4,6,8,10 or 14, i.e. Mi(I') = CE; .

Proof: When k =4, v,,(f) =1 and there are no other zeros. Therefore f/E, is weight 0 modular form,
i.e. a constant. J

Exercise 10
Complete the proof for Corollary 9. J
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Corollary 10

Let k be an even integer.

(i) If k <12 or k = 14, then S,(I') = 0;
(i) S12(I") = CA;

(III) If k > 14, Sk(r) = AMk_;[Q(r),'
(IV) Mk(l') = Sk(r)@CEk for k > 2.

Proof: For f € Sk(I), voo(f) > 0 and the valence formula cannot hold if kK < 12 or k = 14.

When k = 12, vo(f) = 1 and there are no other zeros. Thus f/A is a modular form of weight 0.
Hence statement (ii) follows.

This also shows that the only zero of A is at infinity, thus if f € S,(I") for k > 14, /A € My_15(T).

To prove (iv), we note that Ex does not vanish at infinity. So given f € My(I"), we can choose an
appropriate value of ¢ such that f — cEy vanishes at infinity. Thus f — cEx € S¢(IN). O
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Exercise 11
Let j > 0 be an integer. Show that

LJEJ , j=1 (mod 6)

dim(Mg;(I")) = V_SJ +1, j#1 (mod 6).
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Theorem 11
Any f € Mi(T') can be written in the form

f(z) =

> cijEa(2) Es(2) .

4i+6j=k

Proof: By induction on k. E,, Es, EZ, E4E and EZEg are in My(T) for k = 4,6,8,10 and 14

respectively. Since the dimension of My (I') is 1 in each. case, the result holds. For kK = 12 or k > 14,
there exist i and j such that 4i + 6 = k and also E;E} € M(T).

There exists ¢ such that f — cEjEL € Si(T). In other words,
f=cEjE]+ Afy = cEJE} +

where f; € Mi_12(T). Thus f is of the required form. O
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Application to divisor sums

Corollary 12

Recall that E} = Eg. Hence the following divisor sum identity holds:
n—1

o7(n) = o3(n) + 120 Z os(m)os(n — m).

m=1

Proof: EZ € Mg(T) which is spanned by Eg. The identity holds by comparing coefficients. Thus

2
1+ 480207(n)q" =1+ 240203(n)q"

n>1 n>1

=1+480) o3(n)q"+240° [ > o3(m) | | Y os(n) | g™
n>1 m>1 n>1
The identity follows from simplification. [J
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Exercise 12
Show that EsEq = Eqg and EqEg = E4Ejo = E14. Hence obtain divisor sum identities for og(n) and
o13(n).

Remark: These divisor sum identities are classical. One can study Eisenstein series for other levels and
obtain analogous results. For example, define

Fo(n) =Y (1) ",
d|n

gs(n) = (1) e,
d|n

then in [T., 2011]
43 Z o1(m)o1(n — m) = —401(n) + 503(n) — a3(n).

m<n
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