Solutions to the Kurdish Algebra Project
Algebra 1 Midterm Exam

29/3/2026

Question 1

Let

12 34567 8 910 11
U‘(s 1198125107 4 6 )ES”’ T=(1234567)¢€ S,

where 7 fixes 8,9, 10, 11.

a) Starting from 1 we get
1—=3—=9—=7—5—1,

so one cycle is (1 39 7 5). Also,
2= 11— 6~ 2, 48— 10— 4.

Hence
oc=(13975)(2116)(4810).

Its sign is
sen(o) = (—1)7 (=1 (=P = (<1 = L.

Therefore ¢ is an even permutation.
b) Using the convention (af)(x) = a(f(x)):

For o1, compute z +— o(7(x)):

1—11, 11— 6, 6+— 5, 5+ 2, 29,
99— T, T—3, 3—8 88— 10, 10— 4,
4 1.

So
or=(1116529738104).
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In two-line form,
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For 7o, compute z +— 7(o(x)):

14, 48, 8—10, 10—5, 5+ 2,
2— 11, 11 —7, 7+ 6, 6—3, 3—9,
9— 1.

Thus
To=(1481052117639).

In two-line form,
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c¢) Since conjugate elements have the same order,

7_50_10007_—5

has the same order as o9,

Now
c=(13975)(2116)(4 8 10),
SO
lo| = lem(5, 3,3) = 15.
Therefore

0_1000 — 0_1000 mod 15 _ 0_10‘

On the 5-cycle, 10 = 0 (mod 5), so that part becomes the identity. On each 3-cycle,
10 =1 (mod 3), so those cycles remain unchanged. Hence

o'% = (211 6)(4 8 10).

Its order is
lem(3,3) = 3.

So the order of 795199075 is [3]

Question 2

a) An isometry of R? is a map [ : R? — R? such that

[f(2) = f)l=le—yl forallzyeR?

An orthogonal map on R? is a linear map ¢ : R> — R? such that

(¢(x),6(y)) = (w,y)  forall z,y € R?.

Equivalently, if A is the matrix of ¢, then ATA = I.



b)

Assume ¢ : R? — R? is linear and satisfies |¢(x)| = || for all z € R?. Then for any
z,y € R?
¢(z) = d(y) = oz —y)

because ¢ is linear. Therefore

[9(x) — o(y)| = op(x — y)| = |z —yl.

So ¢ preserves all distances, hence ¢ is an isometry.

The linearity assumption is necessary. Consider

if v #0
R’ - R, =3 !
d f@) {(1,0), if 2 = 0.
Then |f(x)| = |z| for every nonzero x, but |f(0)| = 1 # 0, so this example does not
satisfy the norm condition at 0.

A genuine counterexample satisfying | f(x)| = |z| for all z but not being an isometry
is
Y .f > 07
JiR SR, =47
—x, ifxy <0,
where © = (21, x2). Clearly |f(z)| = |z| for all z, but f is not linear. It is also not
an isometry: take

r=(1,1), y=(1,-1).

Then
[z —yl =1(0,2)] = 2,
while
fl@)=@1),  fly)=(-L1),
SO

[f(x) = f(y)l = 1(2,0)] = 2.

This pair still preserves distance, so choose instead

r=(1,1), y=(2,—1).

Then
| =yl = [(=1,2)] = V5,
whereas
fl@)=@1),  fly)=(=21),
thus

[f (@) = fy)l =1(3,0)] = 3 # V5.

Hence f is not an isometry.

Let 7y, and ry, be reflections in the lines ¢; and /5.

If the lines intersect at a point P, translate coordinates so that P is the origin.
Reflection in a line through the origin is a linear orthogonal map with determinant
—1. Therefore the composition ry, o7y, is an orthogonal map with determinant +1,



hence a rotation. More precisely, if the oriented angle from ¢; to ¢y is €, then the
composition is the rotation by angle 26.

If the lines are parallel, then the composition of the two reflections moves every point
by the same vector perpendicular to the lines, with magnitude twice the distance
between them. Hence the composition is a translation.

Therefore, the composition of reflections in two lines is either a rotation (when the
lines intersect) or a translation (when the lines are parallel).

Question 3

Let o
Dy={p'o? :1=0,1,2,3, j=0,1},

with p' =1, 0?2 =1, and opo = p~L.

a) A group homomorphism from a group G to a group H is a map f : G — H such
that

flay) = flx)fly)  forallz,y€G.
A subgroup N < G is normal if

gNg ' =N for all g € G.
The kernel of a homomorphism f: G — H is
Ker(f) ={g € G: f(g9) = en}.
To prove that Ker(f) is normal in G, first note that it is a subgroup:
flec) =en,
so eq € Ker(f). If a,b € Ker(f), then
flab™) = fa)f(b)™ = eney' = en,

so ab™! € Ker(f).
Now let g € G and k € Ker(f). Then

flakg™) = f(9)f(k)f(9)™ = f(9)enf(9)™" = en.
Thus gkg~! € Ker(f). Hence

gKer(f)g~" € Ker(f)

for all g € G. Applying the same argument to g—! gives the reverse inclusion, so

gKer(f)g~" = Ker(f).

Therefore Ker(f) is normal in G.



b) Let
H={1,0}, K ={1,p°}.

First consider H. A conjugate of H has the form

gHg ' ={1,9097"}.

Using the relation op = p~o, we obtain
pop~t = plo.

More generally, conjugating o by elements of D, gives only
o or plo.

Hence the conjugates of H are exactly

{Lo},  {Lp'o}

So H is not normal in Dy.

Now consider K. Since p? commutes with both p and ¢ (indeed op?c = (opo)? =
(p™1)% = p?), the element p? is central. Therefore for every g € Dy,

gr’g~ = p’.

Hence every conjugate of K equals K itself, so the only conjugate of K is

K = {1, p%}.
Thus K is normal in D,.

¢) The map - '
feDi=A{Lp,p% 0%, f(p'o?)=p'
is not a homomorphism.

Indeed,
flo)=1, f(p)=»

so if f were a homomorphism, then

flop) = flo)f(p)=1-p=p.

But using op = p~lo = pic, we get

flap) = f(p’o) = p’.

Since p® # p, the equality fails. Therefore f is not a group homomorphism.



Question 4

Let

and

a) A group action of a group G on a set X is a map
GxX— X, (g,) — g-x,
such that for all g,h € G and all x € X,
e-r==x and (gh) -z =g-(h-x).
The stabilizer of a point x € X is the subset

Stabg(z) ={g € G: g -z ==x}.
b) Define
GxX— X, A-v=Awv.
We must show that this is a well-defined action.

First, it is well-defined on X: if v € X, then v’v = 1. Since A € G, we have
ATA=1, so
(Av)T(Av) = v ATAv = v Tv =0vTv = 1.

Hence Av € X.

Next, the identity matrix acts trivially:
I-v=1v=nw.
Finally, for A, B € G and v € X,
(AB)-v=(AB)v = A(Bv) = A- (B -v).

Thus the two axioms of a group action are satisfied. Therefore this map defines an

action of G on X.
N = (1)
0

Orba(N) = {A (é) . Ae0@)).

c) Let

The orbit of N is

But A([l)) is exactly the first column of A, and the columns of an orthogonal matrix
are unit vectors. Conversely, for every unit vector u € S*, one can choose another
unit vector v orthogonal to u so that the matrix with columns u,v is orthogonal.
Hence every point of S occurs as A((l)) for some A € O(2).
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Therefore
OI’bg(N) =X= Sl.

Now compute the stabilizer. If

stabilizes IV, then

so the first column of A must be (é) Therefore

(3 8)

Since A is orthogonal, its columns must be orthonormal. The second column must

be orthogonal to ((1]) and have norm 1, hence it is ((1)) or (f)l). Thus

suner={(2 )5 %))

a) Let a,b € Z, not both zero.

Question 5

The greatest common divisor of a and b, denoted ged(a,b), is the unique positive
integer d such that:

(i) d | a and d | b;
(ii) if ¢ | @ and ¢ | b, then ¢ | d.

The least common multiple of a and b, denoted lem(a,b), is the unique positive
integer m such that:

(i) a | m and b | m;
(ii) if a | n and b | n, then m | n.
b) Use the Euclidean algorithm:
2431 = 1342 + 1089,

1342 = 1089 + 253,
1089 = 4 - 253 4 77,
253 = 3 - 77 + 22,

77 =3.22 411,
22— 2. 11.
Thus
ged(2431,1342) = 11.
Then 24311342 2431 - 1342
lem (2131, 1342) = 20y = g = 206582,

7



c¢) Since ged (2431, 1342) = 11, the equation
2431z 4+ 1342y = 11

has integer solutions.

Back-substitute in the Euclidean algorithm:
11=77-3-22,

22 = 253 — 3. 77,

SO
11=77-3(253—-3-77)=10-77 — 3 - 253.

Now
77 =1089 — 4 - 253,
thus
11 =10(1089 — 4 - 253) — 3 - 253 = 10 - 1089 — 43 - 253.
Also,
253 = 1342 — 1089,
SO
11 =10-1089 — 43(1342 — 1089) = 53 - 1089 — 43 - 1342.
Finally,
1089 = 2431 — 1342,
therefore

11 = 53(2431 — 1342) — 43 - 1342 = 53 - 2431 — 96 - 1342.

Hence one integer solution is

|z =53, y = —96.|

The general integer solution is

r=53+122, y=-96—221t (t€7),

because
1342 2431

=122, = =221
11 11



