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Chapter 1

Complex tori

Historically, elliptic curves appeared in the mathematical literature because they play a role in
computing the length of an arc of an ellipsis. So, the first instance of an elliptic curve comes as a
complex surface. In this section we focus on elliptic curves defined over C. In this section, we will
briefly go through the historical motivation that led to the definition of elliptic curves, introducing
elliptic integrals. Following this path, we will introduce complex lattices and introduce complex tori.
Finally, using the Weierstrass ℘-function, we will see that every complex torus can be written as a
plane cubic curve.

1.1 Ellipses and elliptic curves
If one draws an elliptic curve, he will find that it does not look at all like an ellipse. Then why are
they called elliptic curves? The reason is that they are related to the computation of the arc length
of the ellipses. This theory is classical and vast; we will only briefly sketch it outlining the basic
links and leaving some more details as exercises. More can be found in [9, Chapter VI] and [11,
Section 1].

Let C be the ellipse defined by the equation x2

a2 + y2

b2 = 1, then one can inquire about the length
L of the perimeter of the ellipse and proceed as in the case of the circle. Namely, from the equation
of C we can express y in terms of x:

y = ±b
…

1− x2

a2
.

Using the symmetry of the ellipse, we can restrict our attention to the upper half and so we obtain

y = f(x) := b

…
1− x2

a2
.

Then using the formula to compute the length of the graph of a function and (again) the symmetry
of the ellipse we deduce that

L = 2

∫ a

−a

»
1 + f ′(x)dx = 4

∫
a

0

√
1 + b2−a2

a2
x2

a2

1− x2

a2

dx .

9



10 CHAPTER 1. COMPLEX TORI

Assuming a > b, we set k2 = (a2 − b2)/a2, and we also perform the change of variables t := x/a,
obtaining the following equality:

L = 4

∫ 1

0

 
1− k2t2

1− t2
dt ,

called the Jacobi algebraic form of a complete elliptic integral (of the second type). This integral is
not path-independent, because the square-root is not single valued. In order to make it well-defined
we have to make branch cuts between the zeros and the poles of the integrating function, that is,
between the points z = ±1,±1/k. Then the integral will be path independent in the complement of
the branch cuts. As the square-root is double-valued, we have to take two copies of P1

C = C ∪ {∞}
and glue them identifying the branch cuts. What we get is a torus, that is, as we will see later, an
elliptic curve. So studying the arc length of an ellipse leads to the study of integrals on an elliptic
curve.

Remark 1.1.1. Using the substitution t = sinθ one obtains the quality

L = 4a

∫ π/2

0

√
1− k2 sin2 θdθ ,

which is equal to the integral

L = 4

∫ π/2

0

»
x′(θ)2 + y′(θ)2 dθ

coming from the parametrization of C given by (x, y) = (a cos θ, b sin θ) .

Figure 1.1: Construction of a torus by glueing together two copies of P1
C identifying the branch cuts. In

the picture the branch cuts are between the points 0,∞ and z+, z−.
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1.2 Lattices and complex tori

Although historically, the above (topological) construction of complex elliptic curve is the original
one, it is not the most practical one. Here we will see how to introduce complex tori in a more
friendly way.

Definition 1.2.1. We define a lattice Λ inside C to be a discrete subgroup of C containing an
R-basis of C, that is, Λ = {n1ω1 + n2ω2 | n1, n2 ∈ Z} with ω1, ω2 ∈ C such that ω1R+ ω2R = C.
If {ω1, ω2} is the basis contained inside Λ, we say that Λ is generated by {ω1, ω2}, and we write
Λ = ⟨ω1, ω2⟩.

Example 1.2.2. The ring Z[i] ⊂ C is a lattice. In fact, Z[i] is the lattice generated by 1 and i,
that is, Z[i] = ⟨1, i⟩.

Example 1.2.3. The ring Z[π] = ⟨1, π⟩ is not a lattice, as 1 · R+ π · R = R ̸= C.

Definition 1.2.4. A fundamental parallelogram for a lattice Λ = ⟨ω1, ω2⟩ is a set of the form

D = {a+ t1ω1 + t2ω2 | 0 ≤ t1, t2 < 1 }

with a ∈ C. We denote by D the closure of D inside C.

Let Λ ⊂ C be a lattice. Then one can consider the equivalence relation ∼Λ induced by Λ, that is,
two points x, y ∈ C are in relation x ∼Λ y if and only if x− y ∈ Λ.

Definition 1.2.5. Let Λ ⊂ C be a lattice. We define the complex torus associated to Λ the quotient

C/Λ := C/ ∼Λ .

Figure 1.2: A visual explanation of the construction of a torus as a quotient of the complex plane by a
lattice.

Remark 1.2.6. Notice that a fundamental domain D of Λ provides a complete set of representative
for C/Λ.

Definition 1.2.7. Let Λ ⊂ C be a lattice. The sum over C induces a commutative group structure
onto C/Λ: If z1, z2 are two elements of C/Λ, just consider two representatives for them, say x1, x2 ∈ C
such that [x1] = z1 and [x2] = z2, and define

z1 + z2 = [x1] + [x2] := [x1 + x2] .

Then clearly (C,+) is an abelian group with neutral element [0].
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In what follows, with an abuse of notation, we will denote the class of an element z ∈ C inside
C/Λ simply by z rather then [z].

Definition 1.2.8. Let m be a positive integer. We say that an element z ∈ C/Λ is an m-torsion of
C/Λ if m · z = 0 ∈ C/Λ.

Example 1.2.9. The element [1 + i/2] in C/Z[i] is a 2-torsion, indeed 2 · [1 + i/2] = [2 + i] = [0] as
2 + i ∈ Z[i].

Figure 1.3: A fundamental domain of the lattice generated by ω1, ω2. In the picture are also shown the
4-torsion points.

1.3 Elliptic functions
Let Λ ⊂ C be a lattice. We are now interested in (meromorphic) functions f : C → C that ‘behave
well’ with respect to the lattice Λ. Here, ‘behaving well’ means that the function is invariant by Λ
or, equivalently, that a function is Λ-periodic.

Definition 1.3.1. Let f : C → C be a meromorphic function. We say that f is an elliptic function
relative to the lattice Λ if

f(z + ω) = f(z)

for every z ∈ C and ω ∈ Λ.

Example 1.3.2. Any constant function trivially is an elliptic function. We will see later non-trivial
examples of elliptic functions.



1.3. ELLIPTIC FUNCTIONS 13

Definition 1.3.3. Let f : C → C be a meromorphic function and w ∈ C. We denote the order of
vanishing and the residue of f at w by ordw(f) and resw(f), respectively.

If f admits a Laurent expansion
∑
k≥n ak(z − w)k at w, then

ordw(f) := n ,

resw(f) := a−1 .

We say that z is a pole for f if n < 0; we say it is a zero if n > 0.

Definition 1.3.4. Let f be an elliptic function relative to the lattice Λ, and let D be a fundamental
domain for Λ. The order of f , denoted by ord(f), is the number of poles of f inside D, counted
with multiplicity. In other words, ord f :=

∑
poles w∈D ordw(f).

Proposition 1.3.5. Let Λ ⊂ C be a lattice and f an elliptic function relative to Λ. The following
statements hold:

(a) if f has no poles then it is constant;

(b)
∑
w∈C/Λ resw(f) = 0;

(c)
∑
w∈C/Λ ordw(f) = 0;

(d)
∑
w∈C/Λ ordw(f)w ∈ Λ;

(e) if f has no zeros then it is constant;

(f) a non-constant elliptic function has order at least 2.

Proof. The prove the first statement it is enough to notice that a meromorphic function with no poles
is holomorphic. A holomorphic function is bounded over a compact domain, hence f is bounded
over D, where D is a fundamental domain of Λ. As f is Λ-periodic, it follows that f is bounded
over C, hence it is constant.

The statements (b), (c), (d) are applications of the residue theorem, see [9, Theorem 2.2].
Statement (e) follows from (a) and (c). Indeed, if f has no zeros, then, by (c), it has no poles

either and hence, by (a), it is constant.
Statement (f) follows from (b) and (a). Indeed, if ord f = 0, then the statement follows from (a).

If ord f = 1, it means that f has a single simple pole (that is, a pole of order −1, then by (b) its
residue must be 0 implying that f is holomorphic and hence constant by (a).

Remark 1.3.6. Let f be an elliptic function relative to a lattice Λ. From Proposition 1.3.5.(c) it
follows that the order of f is also equal to the numbers of zeros of f , counted with multiplicity. In
other words, ord f :=

∑
zeros w∈D ordw(f).

Definition 1.3.7. Let Λ ⊂ C be a lattice. We define C(Λ) to be the set of all the elliptic functions
for Λ. The pointwise sum and multiplication give C(Λ) the structure of field and we call C(Λ) the
function field of Λ.
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1.4 The divisor group of a complex torus
Let Λ ⊂ C be a lattice. We have seen that, given an elliptic function f with respect to Λ, we can
consider the zeros and the poles of f inside a fundamental domain of Λ. Moreover, these zeros
and poles come with a multiplicity. In order to keep track of the zeros and the poles of a function,
together with their multiplicity, we give the following definition.

Definition 1.4.1. We define the divisor group of the complex torus C/Λ to be the group of formal
linear combinations of elements of C/Λ, that is,

Div(C/Λ) :=
⊕

w∈C/Λ

Z · (w) =

 ∑
w∈C/Λ

nw(w) | nw ∈ Z ∀w and nw = 0 ∀∀w

 .

Example 1.4.2. Consider Λ = Z[i]. Then the formal sum (1)− 3(i) + 2(2) is a divisor; the formal
sum

∑
w∈Λ(w) is not, because there are infinitely many non-zero coefficients.

Definition 1.4.3. Let D =
∑
nw(w) be a divisor of C/Λ. Then we define the degree of D as

degD :=
∑

nw .

Example 1.4.4. deg ((1)− 3(i) + 2(2)) = 1− 3 + 2 = 0.

Keeping in mind Proposition 1.3.5, we are mostly interested in divisors of degree 0.

Definition 1.4.5. We define the following subgroup of Div(C/Λ):

Div0(C/Λ) = {D ∈ Div(C/Λ) : degD = 0} .

The following definition makes the connection between zero and poles of an elliptic function and
divisors finally clear.

Definition 1.4.6. Let f ∈ C(Λ)∗ be a non-zero elliptic functin with respect to Λ. We define the
divisor of f as

div(f) :=
∑

w∈C/Λ

ordw(f)(w) .

Lemma 1.4.7. The map
div : C(Λ)∗ → Div0(C/Λ) , f 7→ div f

is a group homomorphism.

Proof. Exercise.

Definition 1.4.8. We also define a map in the other direction, namely, the summation map

sum: Div0(C/Λ) → C/Λ ,
∑

nw(w) →
∑

nww mod Λ .

Example 1.4.9. Again, if we consider D = (1)− 3(i) + 2(2) ∈ Z[i], then sumD = 1− 3i + 2 · 4 =
5− 3i = 0 mod Z[i].
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Lemma 1.4.10. The summation map is a well defined group homomorphism.

Proof. Exercise.

Using these definitions, we can summarize the results about zeros and poles of elliptic functions
as follows.

Theorem 1.4.11. The sequence is exact.

1 C∗ C(Λ)∗ Div0(C/Λ) C/Λ 0div sum (1.1)

Proof. Exercise.

1.5 The Weierstrass ℘-function

In this section we give the most important example of non-constant elliptic function for a lattice Λ,
the Weierstrass ℘-function.

Definition 1.5.1. Let Λ ⊂ C be a lattice. The Weierstrass ℘-function (relative to Λ) is defined by
the series

℘(z; Λ) :=
1

z2
+
∑
w∈Λ
w ̸=0

1

(z − w)2
− 1

w2
.

Lemma 1.5.2. The first derivative of ℘ is given by

℘′(z) = −2
∑
w∈Λ

1

(z − w)3
.

Proof. By explicit computation using the definition of ℘.

We then provide some basic properties of ℘.

Proposition 1.5.3. Let Λ ⊂ C be a lattice and let ℘ = ℘(z; Λ) the Weierstrass ℘-function associated
to it. Then ℘:

(a) converges uniformly on every compact subset of C \ Λ,

(b) is an even elliptic function having a double pole with residue 0 at z = 0 (and so at every lattice
point) and no other poles,

(c) has derivative ℘′, which is an odd elliptic function.

Proof. We report Silverman’s proof of [9, Theorem VI.3.1]. For the first two statements we just
refer to to [9, Theorem VI.3.1.(b)].

To prove the last statement, just notice that

℘′(z) := −2
∑
w∈Λ

1

(z − w)3
= −2

∑
w∈Λ

1

(z + w)3
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as Λ is a group inside C. Hence

℘′(−z) := −2
∑
w∈Λ

1

(−z + w)3
= 2

∑
w∈Λ

1

(z − w)3
= −℘′(z) .

The following theorem shows why ℘ is the most important elliptic function for a lattice Λ.

Theorem 1.5.4. Let Λ be a lattice and let ℘ = ℘(z; Λ) the Weierstrass ℘-function associated to it.
Then

C(Λ) = C(℘, ℘′) .

Proof. For a proof, see [9, Theorem VI.3.2].

In order to state the next results, we need a family of auxiliary functions.

Definition 1.5.5. Let Λ ⊂ C be a lattice. The Eisenstein series of weight 2k related to Λ is the
series

G2k(Λ) :=
∑
w∈Λ
w ̸=0

w−2k.

We will simply write G2k if the lattice is fixed or clear from the context.

Lemma 1.5.6. The series G2k(Λ) is absolutely convergent for k > 1.

Proof. See [9, Theorem VI.3.1.(a)].

Lemma 1.5.7. For every k ≥ 4, the series G2k can be computed recursively from G4 and G6.

Proof. [11, Exercise 2.20].

Theorem 1.5.8. The following statements hold:

(a) the Laurent series for ℘(z) at z = 0 is given by

℘(z) = z−2 +

∞∑
n=1

(2n+ 1)G2n+2z
2n;

(b) for all z ∈ C with z /∈ ∆, we have that

℘′(z)2 = 4℘(z)3 − 60G4℘(z)− 140G6.

Proof. (a) Recall that the Laurent expansion of 1
1−z at 1 for |z| < 1 is

∑∞
k=0 z

n. By derivation, it
follows that

1

(1− z)2
=

∞∑
k=1

kzk−1

and hence
1

(1− z)2
− 1 =

∞∑
k=1

(k + 1)zk.
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Write ℘(z) as

z−2 +
∑
w∈Λ
w ̸=0

1

(z − w)2
− 1

w2
= z−2 +

∑
w∈Λ
w ̸=0

w−2[(1− z/w)−2 − 1].

As we are computing the Laurent series of ℘ at z = 0 we may assume that |z| < |w| for every
w ∈ Λ, and hence we can apply the Laurent expansion computed before, getting

℘(z) = z−2 +
∑
w∈Λ
w ̸=0

∞∑
k=1

(k + 1)
zk

wk+2
=

= z−2 +

∞∑
k=1

(k + 1)zk
∑
w∈Λ
w ̸=0

w−(k+2) =

= z−2 +
∞∑
n=1

(2n+ 1)z2nG2n+2,

where k = 2n; notice that
∑
w∈Λ
w ̸=0

w−(k+2) = 0 for k odd. This proves the statement.

(b) Consider the first terms of the following Laurent expansions:

℘(z) = z−2 + 3G4z
2 + · · ·

℘(z)3 = z−6 + 9G4z
−2 + 15G6 + · · ·

℘′(z)2 = 4z−6 − 24G4z
−2 − 80G6 + · · · .

It follows that the function

f(z) = ℘′(z)2 − 4℘(z)3 + 60G4℘(z) + 140G6

is holomorphic around z = 0 and it vanishes at z = 0. As f is a combination of functions that
are elliptic for Λ, it is also elliptic for Λ. Then, by Proposition 1.5.3.i), it follows that f(z) is
the constantly 0, proving the statement.

Corollary 1.5.9. Let Λ be the lattice ⟨ω1, ω2⟩ and set ω3 := ω1 + ω2.
The divisor of ℘(Λ) is

div(℘) = −2(0) + (ω) + (−ω)
for some ω in the fundamental domain of Λ.

The divisor of ℘′(Λ) is

div(℘′) = −3(0) + (ω1/2) + (ω2/2) + (ω3/2) .

Proof. Exercise.

Definition 1.5.10. It is customary to set

g2 = g2(Λ) := 60G4,

g3 = g3(Λ) := 140G6.



18 CHAPTER 1. COMPLEX TORI

Remark 1.5.11. Using (1.5.10), the relation in Theorem 1.5.8 reads

℘′(z)2 = 4℘(z)3 − g2℘(z)− g3.

In other words, ℘ and ℘′ satisfy the equation

y2 = 4x3 − g2x− g3 ,

which is almost in very short Weierstrass form. To reduce it in very short Weierstrass form, we
multiply both sides by 16, obtaining

42y2 = 43x3 − 42g2x− 42g3 ,

and then we apply the following change of variables:®
x′ = 4x

y′ = 4y
,

obtaining the equation
y2 = x3 − 4g2x− 16g3 ,

which is indeed in very short Weierstrass form.

Definition 1.5.12. Let Λ ⊂ C be a lattice and g2, g3 the quantities associated to it defined in
Definition 1.5.10. We define the curve E = E(Λ) ⊂ A2 as the curve given by

E(Λ): y2 = x3 − 4g2x− 16g3 ⊂ A2(x, y).

With an abuse of notation, we will use E(Λ) also to denote its projective closure inside P2.

Remark 1.5.13. The projective closure of E(Λ) inside P2 is given by

y2z = x3 − 4g2xz
2 − 16g3z

3 ⊂ P2(x, y, z) .

Lemma 1.5.14. The curve E(Λ) is smooth.

Proof. To show that E is an elliptic curve it is enough to show that ∆(E) ̸= 0 or, equivalently, that
the equation

x3 − 4g2x− 16g3 = 0 (1.2)

has no repeated roots. Notice that the equation (1.2) has the same roots of the equation

f(x) := 4x3 − g2x− g3 = 0.

So we have to show that f(x) has no repeated roots.
In order to do so, let {w1, w2} a basis for Λ, and define w3 := w1 + w2 ∈ Λ As ℘′(z) is an odd

elliptic function,
−℘′(−wi/2) = ℘′(wi/2) = ℘′(wi/2− wi) = ℘′(−wi/2),

from which it follows that ℘′(wi/2) = 0 for i = 1, 2, 3. By Theorem 1.5.8 it follows that ℘(wi/2), i =
1, 2, 3 are the three roots of f . We are left to show that they are distinct.

As ℘ is an even elliptic function, so is the function ψi(z) := ℘(z)− ℘(wi/2), for every i = 1, 2, 3.
As ℘′(wi/2) is zero, then wi/2 is a zero of order at least 2. Notice that ψi(z) has exactly one pole of
order 2 (inside a fundamental domain) at z = 0 (as ℘ does) and so wi/2 has order exactly 2 and it
is the only zero. This shows that ℘(wi/2) ̸= ℘(wj/2) for i ̸= j, proving the statement.



1.5. THE WEIERSTRASS ℘-FUNCTION 19

Theorem 1.5.15. Let Λ = ⟨ω1, ω2⟩ ⊂ C be a lattice of C with generators ω1, ω2, and let E(Λ) be
the curve associated to Λ. Then the map

ϕ : C/Λ → E(Λ)

z 7→ (℘(z) : ℘′(z)/2 : 1)

0 7→ (0 : 1 : 0) = O

is an isomorphism of Riemann surfaces.
The inverse is given by

ψ : E(Λ) → C/Λ

P 7→
∫ P

O

dx

y
mod Λ .

Proof. See [9, Propositions VI.3.6(b), VI.5.2].

Remark 1.5.16. The isomorphism in Theorem 1.5.15 can be used to endow the set of points of
E(Λ) with a group structure. In fact, later we will see that the E(Λ) admits a geometric construction
of this group structure.
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Chapter 2

Isogenies of complex tori

In the previous chapter we have seen that, given a complex lattice Λ ⊂ C, we can construct the
complex torus C/Λ, which is Riemann surface also endowed with a group structure (see §1.2). Then,
the next natural step is to study maps between complex tori that also preserve the group structure.

2.1 Isogenies
Let Λ1,Λ2 ⊂ C be two lattices and consider the associated complex tori T1 := C/Λ1 and T2 := C/Λ2.

Definition 2.1.1. An isogeny between T1 and T2 is a morphism of Riemann surfaces T1 → T2 that
preserves the group structure.

We denote by Hom(T1, T2) the group of isogenies between T1 and T2.
We denote by End(T1) := Hom(T1, T1) the endomorphism ring of T1.

Remark 2.1.2. Let ϕ : T1 → T2 be an isogeny. If ϕ is constant, then the requirement to be a group
homomorphism forces ϕ = 0. Hence, 0 is the only constant isogeny.

Later we will see that a non-constant isogeny is surjective (Corollary 2.1.6).

The first thing to notice is that, every isogeny ψ : T1 → T2 comes from a map ϕ : C → C sending
Λ1 into Λ2, as shown by the following lemma.

Lemma 2.1.3. Let T1, T2 be defined as above and, for i = 1, 2, let π : C → Ti denote the canonical
projection. Let ψ : T1 → T2 be an isogeny. Then there exists a continuous map ϕ : C → C such that
the following diagram commute. The map ϕ is unique up to an additive constant c ∈ Λ2.

C C

T1 T2

ϕ

π1 π2

ψ

(2.1)

Proof. As ψ is an isogeny, it is a group homomorphism and therefore ψ(0) = 0. Define ϕ(0) := 0
and notice that the diagram commutes in 0.

Take an arbitrary x ∈ C and let z ∈ T1 be its image in T1. To define ϕ(x), consider a path γ
in C starting from 0 and ending in x. The path γ induces the path γ := ψ ◦ π1 ◦ γ inside T2. As

21
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π1 : C → T1 is a covering map, we can lift γ to a path γ2 inside C. We define ϕ(z) as the end point
of γ2.

As C is simply connected, the definition of ϕ(z) is independent of the choice of γ. The continuity
of γ2 follows from the construction.

Finally, to see that ϕ is unique up to a constant c ∈ Λ2 assume that ϕ′ is another continuous
map making the diagram commute. It means that, for every x ∈ C one has

π2 ◦ ϕ′(x) = ψ ◦ π1(x) = π2 ◦ ϕ(x) ,

from which it follows that π2 ◦ ϕ′ − π2 ◦ ϕ = π2 ◦ (ϕ′ − ϕ) = 0: C → Λ2. As Λ2 ⊂ C is discrete, it
follows that ϕ′ −ϕ is a constant c and therefore, in order to have the zero map from C to T2 = C/Λ2

it must be c ∈ Λ2.

The above lemma shows that every isogeny comes from a continuous map C → C, but even more
can be said about these lifts.

Proposition 2.1.4. Let T1, T2 be defined as above and, for i = 1, 2, let π : C → Ti denote the
canonical projection. Let ψ : T1 → T2 be an isogeny. Then there exists an α ∈ C such that the
multiplication by α

ϕα : C → C , x 7→ αx

makes diagram (2.1) commute. In other words, ϕα is the lift of ψ to C.

Proof. Recalling Lemma 2.1.3, let ϕ : C → C be the lift of ψ satisfying ϕ(0) = 0. For every λ1 ∈ Λ1,
using the commutativity of the diagram (2.1), one can see that ϕ(x) ≡ ϕ(x+ λ1) mod Λ2 for every
x ∈ C. This means that, for every λ1 ∈ Λ1 and x ∈ C we have that ϕ(x)− ϕ(x+ λ1) ∈ Λ2. As Λ2 is
discrete and ϕ(x)− ϕ(x+ λ1) is continuous in x, it follows that it for every λ1 ∈ Λ1 the function
ϕ(x)− ϕ(x+ λ1) is a constant λ2 ∈ Λ2. Hence, the derivative ϕ′(x) is continuous elliptic function
with respect to Λ1, and therefore it is also constant, say ϕ′(x) =: α ∈ C. We deduce then that
ϕ(x) = αx+ β, for some β ∈ C. As ϕ(0) = 0, it follows that β = 0, concluding the proof.

Corollary 2.1.5. Let T1, T2 be defined as above and, for i = 1, 2, let π : C → Ti denote the canonical
projection. Let ψ : T1 → T2 be an isogeny. Let ϕα : C → C , x 7→ αx be a lift of ψ. Then αΛ1 ⊆ Λ2.

Proof. Indeed, if λ1 ∈ Λ1, then

ψ2(αλ1) = ψ2 ◦ ϕα(λ1) = ϕ ◦ π1(λ1) = ϕ(0) = 0 ,

that is, αλ1 ∈ Λ2, concluding the proof.

Corollary 2.1.6. Let ϕ : T1 → T2 be a non-constant isogeny. Then ϕ is a surjective group
homomorphism.

Proof. By definition, ϕ is a group homomorphism. By Proposition 2.1.4, there exists an α ∈ C∗

such that ϕ(z) = αz. Therefore, any element w ∈ T2 is the image of w/α.

We have seen that every isogeny of complex tori comes from a multiplication by an element α
such that αΛ1 ⊆ Λ2. The converse is also true.
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Proposition 2.1.7. Let Λ1,Λ2 ⊂ C be two complex lattices and let T1, T2 the associated complex
tori. If α ∈ C is such that αΛ1 ⊂ Λ2, then the multiplication by α induces the isogeny

ψα : T1 → T2, z 7→ αz .

Proof. Just notice that ψα is well defined, continuous, and respects the group structures of T1 and
T2.

Remark 2.1.8. The above results show that Hom(T1, T2) is in bijection with the set {α ∈ C :
αΛ1 ⊂ Λ2}.

Definition 2.1.9. We say that two tori T1 = C/Λ1, T2 = C/Λ2 are are isogenous if there exists
a non-zero isogeny between them. Equivalently, if there exists an α ∈ C∗ such that αΛ1 ⊆ Λ2 (or
viceversa).

If ψ : T1 → T2 is an isogeny induced by α ∈ C∗, we define the degree of ψ as the index [Λ2 : αΛ1].

Lemma 2.1.10. Let ϕα : T1 → T2 be an isogeny of degree k. Then the following statements hold:

1. kΛ2 ⊂ αΛ1 ⊂ Λ2,

2. k
αΛ2 ⊂ Λ1.

Proof. By definition of an isogeny we know that αΛ1 ⊂ Λ2; by definition of the degree of an isogeny
we know that k = [Λ2 : αΛ1] and hence kΛ2 ⊆ αΛ1, proving the first statement.

The second statement follows directly from dividing kΛ2 ⊆ αΛ1 by α.

Definition 2.1.11. If ϕ : T1 → T2 is an isogeny of degree k, induced by the multiplication by
α ∈ C∗, we define its dual isogeny, denoted by ϕ̂, as the isogeny

ϕ̂ : T2 → T1 , [z] 7→
ï
k

α
z

ò
.

Lemma 2.1.12. If ϕ : Λ1 → Λ2 is an isogeny of degree k and ϕ̂ is its dual, then their composition
(in any order) is the multiplication by k.

Proof. It is clear as the isogenies are just multiplication by the elements α and α̂ = k/α.

Corollary 2.1.13. Being isogenous is an equivalence relation.

Proof. Reflexivity is clear: Λ1 ⊆ 1Λ1. Transitivity is also elementary: if αΛ1 ⊂ Λ2 and βΛ2 ⊂ Λ3,
then βαΛ1 ⊂ Λ3. Reflexivity comes from Lemma 2.1.10: if αΛ1 ⊂ Λ2, then α̂Λ2 ⊂ Λ1.

Definition 2.1.14. Two lattices Λ1,Λ2 ⊂ C are called isomorphic or, equivalently, homotetic, if
there exists an α ∈ C such that αΛ1 = Λ2.

We say that two complex tori are isomorphic if there is an isogeny of degree 1 between them.

Remark 2.1.15. Notice that two lattices Λ1,Λ2 are isomorphic if and only if C/Λ1 and C/Λ2 are
isomorphic.

At this point, there are three natural questions that may catch our interest.

Question 2.1.16. Given a complex torus T , describe its endomorphism ring End(T ).

Question 2.1.17. Given the tori T1, T2, determine whether T1 and T2 are isomorphic.

Question 2.1.18. Given the tori T1, T2, determine whether T1 and T2 are isogenous.
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2.2 The endomorphism ring
Let T = C/Λ be a complex torus, with Λ = ⟨ω1, ω2⟩.

Definition 2.2.1. Given m ∈ Z, one can always consider the endomorphism induced by the
multiplication by m, denoted by

[m] : T → T, z 7→ mz .

Definition 2.2.2. For m ∈ Z, we define the m-torsion points of T as

T [m] := ker[m] .

Lemma 2.2.3. For 0 ̸= m ∈ Z one has

T [m] =
{a1
m
ω1 +

a2
m
ω2 |a1, a2 ∈ {0, . . . ,m− 1}

}
∼= Z/mZ× Z/mZ .

Proof. Exercise.

Remark 2.2.4. Notice that the degree of [m] is [Λ : mΛ] = m2 which is also equal to the cardinality
of ker[m].

Proposition 2.2.5. The map Z → End(T ),m 7→ [m] is a ring embedding.

Proof. Just notice that for m ≠ 0, one has ker[m] ∼= Z/mZ× Z/mZ (by Lemma 2.2.3) and hence
ker[m] ̸= T , meaning that [m] ̸= 0.

In fact, for most tori the endomorphism ring is isomoprhic to Z. Cases of tori with a bigger
endomorphism ring are special. The most notable examples are below.

Example 2.2.6. Let Ti be the torus C/Z[i], where i is the imaginary unit. Then the multiplication
by i gives the endomorphism

[i] : Ti → Ti , z 7→ iz .

It turns out that End(Ti) ∼= Z[i].

Example 2.2.7. Analogously, let Tζ be the torus C/Z[ζ], where ζ denotes a primitive third root of
unity. Then the multiplication by ζ gives the endomorphism

[ζ] : Tζ → Tζ , z 7→ ζz

and it turns out that End(Tζ) ∼= Z[ζ].

These examples motivate the following definition.

Definition 2.2.8 (Complex multiplication). We say that a torus has complex multiplication if its
endomorphism ring strictly contains Z.

Among the endomorphisms of T , the invertible ones are worth mentioning.

Definition 2.2.9. An automorphism of T is an invertible endomorphism of T . The set of autom-
prhisms of T is denoted by Aut(T ).

Lemma 2.2.10. The set Aut(T ) endowed with the composition is a group.
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Proof. Exercise.

Example 2.2.11. If End(T ) ∼= Z then, clearly, Aut(T ) = {[±1]}.
If End(T ) ∼= Z[i] (see Example 2.2.6) then, Aut(T ) = {[±1], [±i]}.
If End(T ) ∼= Z[ζ] (see Example 2.2.7) then, Aut(T ) = {[(1 + ζ)k] : k ∈ {0, 1, . . . , 5}}.

In fact, more can be said about about the endomorphisms and automorphisms of complex tori.

Theorem 2.2.12. The endomorphism ring of T is isomorphic to either Z or to an order of an
imaginary quadratic extension of Q.

The automorphism group of T is isomorphic to the group of units of that order.

Proof. See [9, Corollary III.9.4].

Remark 2.2.13. Recall that an imaginary quadratic extension of Q is an extension K of Q of the
form K = Q(

√
−d) with d ∈ N. An order O in K is a subring of K that is finitely generated as

Z-module and such that O ⊗Q = K.

2.3 The special linear group
In order to give a full answer to questions 2.1.16 and 2.1.17 we need to introduce an action on the
upper half of the complex plane.

Definition 2.3.1. We define the upper-half plane to be the region H of C defined by

H := {z ∈ C | ℑ(z) > 0}.

Definition 2.3.2. We define the general linear group of C to be the group

GL2(Z) :=
{Å

a b
c d

ã ∣∣∣ a, b, c, d ∈ Z, ad− bc = ±1
}
.

We define the special linear group of C to be the normal subgroup of GL2(Z) defined by

SL2(Z) :=
{Å

a b
c d

ã ∣∣∣ a, b, c, d ∈ Z, ad− bc = 1
}
.

Sometimes, we might denote SL2(Z) by simply Γ.

Define T :=

Å
1 1
0 1

ã
, S :=

Å
0 −1
1 0

ã
∈ SL2(Z) .

Lemma 2.3.3. The group Γ is generated by S and T .

Proof. Just notice that S2 = − Id and then follow the proof of [5, Proposition III.1.4].

We define an action of the group SL2(Z) on P1
C in the following way. For every z ∈ H and

g =

Å
a b
c d

ã
∈ SL2(Z) we define:

gz :=
az + b

cz + d
,
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g∞ :=
a

c
,

where z := (z : 1) and ∞ := (1 : 0).

Lemma 2.3.4. The action of SL2(Z) on P1
C is well defined. Furthermore, it preserves H.

Proof. Exercise.

As H is preserved by the action of Γ = SL2(Z), we can consider the action induced on it, and
hence consider the quotient H/Γ. Let F be the region of the upper-half plane defined as

F := {z ∈ H : |z| ≥ 1 and − 1

2
≤ ℜ(z) < 1

2
}.

Figure 2.1: A visual rendition of the region F (the one in grey). The boundaries of other fundamental
domains are also shown (the blue curves).

Lemma 2.3.5. The region F is a fundamental domain of H/Γ.

Proof. Let z be any point in H. Use a power T j of T to move z to a point z′ inside the strip
− 1

2 ≤ ℜ(z) < 1
2 . If it is outside the unit circle, then it is in F ; otherwise use S to move the point

outside the unit circle, and the again a power T k to move it inside the strip. Go on like this until
you get a point in F . We leave the details of the proof as an exercise. (Note that they can be found
in [5, Proposition 1])

2.4 The j-function
Let Λ ⊂ C be a lattice and let T = C/Λ be the associated torus, and recall the Eisenstein series
associated to Λ, (Definition 1.5.5) and the quantities g2(Λ), g3(Λ) (Definition 1.5.10).

Definition 2.4.1. We define the discriminant of Λ as the quantity

∆(Λ) := g2(Λ)
3 − 27g3(Λ)

2

and the j-invariant of Λ as the quantity

j(Λ) := 1728
g2(Λ)

3

∆(Λ)
.

Remark 2.4.2. Notice that ∆(Λ) := g2(Λ)
3 − 27g3(Λ)

2 is the discriminant of the equation
4x3 − g2x− g3 = 0, cf. Theorem 1.5.8(b).
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Noting that two complex tori are isomorphic if and only if the associated lattices are homothetic,
we are now ready to answer Question 2.1.17 using the j-invariant.

Lemma 2.4.3. Two complex lattices are homothetic if and only if they have the same j-invariant.

Proof. Let Λ1 and Λ2 two complex lattices, and assume they are homothetic, that is, there is a
α ∈ C such that αΛ1 = Λ2. Then G2k(Λ2) = α−2kG2k(Λ1). From this it immediately follows that
j(Λ2) = j(Λ1).

On the other hand, if two lattices Λ1,Λ2 have the same j-invariant, it follows that

g2(Λ1)
3

g2(Λ1)3 − 27g3(Λ1)2
=

g2(Λ2)
3

g2(Λ2)3 − 27g3(Λ2)2

and hence there exists α ∈ C∗ such that®
g2(Λ1)

3 = αg2(Λ2)
3 ,

g2(Λ1)
3 − 27g3(Λ1)

2 = α(g2(Λ2)
3 − 27g3(Λ2)

2) .

Substituting the first equality in the second we find that

αg2(Λ2)
3 − 27g3(Λ1)

2 = α(g2(Λ2)
3 − 27g3(Λ2)

2)

and hence
g3(Λ1)

2 = αg3(Λ2)
2 .

Let β ∈ C denote a 12-th root of α, that is, β12 = α, then it follows that®
g2(Λ1) = β4g2(Λ2) ,

g3(Λ1) = β6g3(Λ2).

We then claim that Λ2 = βΛ1. To see that, notice that for k = 2, 3

gk(βΛ1) = β−2kgk(Λ1) = gk(Λ2)

Then, from Lemma 1.5.7 it follows that all the Eisenstein series of Λ2 and βΛ1 coincide and, therefore,
also their Weierstrass functions (Theorem 1.5.8(a)). In particular ℘(βΛ1) and ℘(Λ2) will have the
same poles, but the poles of the ℘-function of a lattice are exactly in the lattice points, hence we
conclude that Λ2 = βΛ1, showing that Λ1 and Λ2 are indeed homothetic.

We have then seen that the j-invariant classifies all the complex tori. In particular, it can be
used to show that the family of all complex tori forms a line. To see it, we will first show that the
j-invariant defines a function on H that is invariant under the action of GL2(Z).

Lemma 2.4.4. Every lattice is homothetic to a lattice ⟨1, τ⟩ with τ ∈ H.

Proof. Let {w1, w2} be any basis of Λ, and assume τ := w2/w1 ∈ H (if this is not the case, take
τ := −w2/w1). Then ⟨1, τ⟩ is homothetic to Λ, via the multiplication by 1/w1.

Lemma 2.4.5. Let Λ1,Λ2 be the lattices generated by {1, w1} and {1, w2}, respectively, with w1, w2 ∈

C. Then the two lattices are homothetic if and only if w2 = aw1+b
cw1+d

, for some
Å
a b
c d

ã
∈ GL2(Z).
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Proof. By definition, two lattices are homothetic if and only if there is a α ∈ C such that αΛ2 = Λ1.
Then there exist a, b, c, d ∈ Z such that

α = a+ bw1 ,

αw2 = c+ dw1 .

As {1, w2} is a basis of Λ2 and αΛ2 = Λ1, it follows that a+ bw1, c+ dw1 is a basis of Λ1, and henceÅ
a b
c d

ã
∈ GL2(Z). The statement then follows by noticing that w2 = αw2/α.

For the reverse statement, assume Λ2 is generated by 1 and w2 = aw1+b
cw1+d

with M :=

Å
a b
c d

ã
∈

GL2(Z). Set α := cw1 + d. Then αΛ2 = ⟨aw1 + b, cw1 + d⟩. By multiplying by the inverse of M , we
obtain that αΛ1 = ⟨1, w1⟩ = Λ1, concluding the proof.

Corollary 2.4.6. Let Λ1,Λ2 be the lattices generated by {1, w1} and {1, w2}, respectively, with

w1, w2 ∈ H. Then the two lattices are homothetic if and only if w2 = aw1+b
cw1+d

, for some
Å
a b
c d

ã
∈

SL2(Z).

Proof. It follows from Lemma 2.4.5 by noticing that the condition of preserving H implies that
ad− bc = 1.

Let τ be a complex number in H. We define the complex lattice associated to τ as the lattice
Λτ = ⟨1, τ⟩.

Definition 2.4.7. We define the j-function as the function of H defined by

j : H → C

τ 7→ j(τ) := 1728
g2(Λτ )

3

g2(Λτ )3 + 27g3(Λτ )2
.

Remark 2.4.8. For computational purposes, it might be useful to state the Laurent series in terms
of q = exp(2πiτ) associated to the j-function:

j(τ) =
1

q
+ 744 + 196884q + 21493760q2 + 864299970q3 + ... .

Lemma 2.4.9. Let γ be an element of SL2(Z) and τ ∈ H. Then j(γτ) = j(τ).

Proof. It immediately follows from Lemma 2.4.3 and Corollary 2.4.6.

Lemma 2.4.9 tells us that the j-function induces a function on the quotient H/Γ.

Proposition 2.4.10. The function H/ SL2(Z) → C induced by j is a bijection.

Proof. Here we follow [11, Proof of Theorem 3.6]. The injectivity comes from Corollary 2.4.6. We
are left to prove the surjectivity. We will show it by proving that the image j(H) is both open and
closed in C. Then, by the connectedness of C, the result will follow.

As j is a non-constant holomorphic function on H, its image is open in C.
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Let j = limn→∞ j(zn) be a limit point of j(H) in C. Without loss of generality, we may and do
assume that all the zn lie in F . If the values ℑ(z) are bounded, the sequence {zn} lie in a bounded
subset of F , that is compact. Hence they converge to a limit point z ∈ H and so j = j(z) ∈ j(H).
So assume that the values ℑ(zn) are not bounded. Then we can pass to a subsequence and assume
limn→∞ ℑ(zn) = +∞. Then

lim
n→∞

g2(zn) =
4π4

3

lim
n→∞

g3(zn) =
8π6

27
,

and so
lim
n→∞

∆(zn) = lim
n→∞

(g2(zn)
3 − 27g3(zn)

3) = 0,

from which it follows that j = limn→∞ |j(zn)| = ∞, contradicting the assumption that the j(zn)
converge.
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Chapter 3

A very old challenge: solving
equations

Solving equations or, more precisely, finding the zeros of a given equation has been one of the first
reasons to study mathematics, since the ancient times. The branch of mathematics devoted to
solving equations is called algebra. We are going to see how elliptic curves represent a very natural
and important step in the study of solutions of equations.

Since 19th century, geometry has become is a very powerful tool in order to study the zeros of
one or more polynomials. In this chapter, we will see a geometric approach to study the zeros of
some easy equations. Elliptic curves lie exactly at the next step.

3.1 Equation of degree one in one variable

Let R be any ring of characteristic 0, and let R[x1, ..., xn] denote the polynomial ring with n variables
over R. Let f(x1, ..., xn) be an element of R[x1, ..., xn] and let K be a field containing R.

Solving f = 0 over K or, more precisely, finding the roots of f in K means finding the n-tuples
(a1, ..., an) ∈ Kn such that

f(a1, ..., an) = 0.

The easiest, and best known, case of an equation is given by

ax+ b = 0, (3.1)

with a, b ∈ R, a ≠ 0 and x the variable; that is, an equation of degree one in one variable. We all
know the following result.

Proposition 3.1.1. Let K be a field containing R. The equation (3.1) has always exactly one
solution in K, namely x = −b/a.

There are two natural ways to generalise (3.1): considering equations of higher degree, or
considering equations with more coefficients.

31
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3.2 Equations of higher degree in one variable

3.2.1 Degree two
If we look at equation in one variable and higher degree, the next step is to consider equations of
degree 2. Let R be any ring, K a field containing R and K an algebraic closure of K.

Example 3.2.1. For example, one can consider R = Z, K = Q and K = Q.
Another standard example is given by R = Q, K = R and K = C.

ax2 + bx+ c = 0, (3.2)

with a, b, c ∈ R and a ̸= 0. We have seen that the quantities

x1,2 =
−b±

√
b2 − 4ac

2a

are (the) two solutions, counted with multiplicity, of (3.2) over K. It is important to note that x1,2
do not need to be defined over R or even over K.

Example 3.2.2. Consider the equatio x2 +1 = 0. It is defined over Z, but its roots, ±i, are defined
only in C, and not in Q or R.

Proposition 3.2.3. The following statements hold.

(a) The equation (3.2) has two solutions, counted with multiplicity, over K.

(b) The equation (3.2) has two solutions, counted with multiplicity, in K if and only if b2 − 4ac is a
square in K.

Remark 3.2.4. Notice that when (3.2) has solutions over K, then they are x1 and x2.

3.2.2 Degree three
For the case of equations of degree d ≥ 3 over R we have similar statements. For these notes it will
be enough to explicitly state only the case d = 3:

ax3 + bx2 + cx+ d = 0. (3.3)

with a, b, c, d ∈ R and a ̸= 0.

Lemma 3.2.5. The solutions of (3.3) in K are

xk = − 1

3a

Å
b+ ζkC +

∆0

ζkC

ã
where

ζ =
−1 +

√
−3

2
,

∆0 = b2 − 3ac ,

∆1 = 2b3 − 9abc+ 27a2d ,

C =
3

 
∆1 +

√
∆2

1 − 4∆3
0

2
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Proof. Reduce (3.3) to the form
t3 + pt+ q = 0

with p, k ∈ K by applying the transformation

t = x+
b

3a
,

then use Cardano’s formula.

Proposition 3.2.6. The following statements hold.

(a) The equation (3.3) has three solutions, counted with multiplicity, in K.

(b) The equation (3.3) has either three, one, or no solutions, counted with multiplicity, in K.

Definition 3.2.7. We define the discriminant of (3.3) to be the quantity

∆ :=
4∆3

0 −∆2
1

27a2
∈ K ,

where ∆0 and ∆1 are the quantities defined in Lemma 3.2.5.

The discriminant comes in handy in particular when working over R.

Proposition 3.2.8. Assume R ⊆ R. Then equation (3.3) has at least one solution over R. If
∆ < 0, it has exactly one solution over R and two more distinct roots in C; if ∆ = 0, then it has
three roots over R, not all distinct; if ∆ > 0, then it has three distinct roots over R.

3.2.3 Higher degrees

For d = 4, the situation is analogous to the case d = 3, but the formulas involved are (even) longer.
For d ≥ 5 the situations dramatically change, and we do not have explicit conditions on the

coefficients to determine the number of solutions on K.
What we can say is that if d is odd, then there is at least one real solution. Moreover, there is

an algorithm to find all the solutions over Q.
We can sum up what we know in general in the following result.
is quite clear.

Proposition 3.2.9. Consider the equation

d∑
i=0

aix
i = 0, (3.4)

with ai ∈ Q and ad ̸= 0. Let K = Q,R, or C. The equation (3.4) has finitely many solutions in
K. If K = C, then it has exactly d solutions, if counted with multiplicity. If K = Q, there is an
algorithm to determine whether (3.4) has solutions in K and, in case it does, to find all of them.
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3.3 Equations of degree one in more variables
In the previous subsection we have seen what happen if consider equations over Q of higher degree
but in only one variable. In this section we are going to study the solutions of equations of degree
one but allowing more variables. We start with an example.

Example 3.3.1. Consider the equation

ax+ by + c = 0, (3.5)

with a, b, c ∈ Q and a, b ̸= 0. Take K ∈ {Q,R,C} and let x = x0 ∈ K be fixed. Then the pair
(x0,

−c−ax0

b ) ∈ K ×K is a solution over K of (3.5). So for every fixed value of x we have a value of
y that gives us a solution of the equation. We say that the solutions are parametrised by K = A1

K .

Example 3.3.1 can be easily extended to the general case:

a0 +

n∑
i=1

aixi = 0, (3.6)

with ai ∈ Q for i = 0, 1, ..., n and ai ̸= 0 for i = 1, ..., n. In this case, if we fix the value of the first
n− 1 variables we always get exactly one value of the last variable satisfying the equation.

Theorem 3.3.2. The solutions of (3.6) over K are parametrised by K×n−1 = An−1
K .

Proof. All the solutions are of the formÅ
x1, ..., xn−1,

−a0 − a1x1 − ...− an−1xn−1

an

ã
∈ AnK ,

with (x1, ..., xn−1) ∈ An−1
K .

Remark 3.3.3. Notice that in this case the number of solutions does not depend on the field K.

3.4 Equations of degree two in two variables: plane conics
So far we have kept either the degree or the number of variables equal to one. What happens if we
let both grow? The first case is then given by equations of degree two in two variables:

ax2 + bxy + cy2 + dx+ ey + f = 0, (3.7)

with a, ..., f ∈ Q and (a, b, c) ̸= (0, 0, 0). We will see in the next example how this problem, that
looks purely algebraic, can be solved by using geometric tools. The theory of the conics it is very
beautiful and rich. Here we will only give a quick survey about the rational points of conics.

Example 3.4.1. Consider the following equation over Q:

f(x, y) := x2 + y2 − 1 = 0. (3.8)

Our goal is to determine how many solutions does (3.8) have and, possibly, write them all.
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Notice that equation f(x, y) = 0 define the unit circle C in A2, and that P = (−1, 0) is a point
on it, that is, f(−1, 0) = 0. Yet in other words, (−1, 0) is a solution for (3.8). We call the solution
of f the K-rational points of C; we denote the set of solutions of (3.8) in K by C(K), the set of
K-rational points of C.

Let ℓ be a curve defined over K passing through the point P , that is, ℓ is defined by the equation
y = m(x+ 1), with m ∈ K. Finding the intersection C ∩ ℓ implies solving an equation of degree two
in one variable, by substituting y in the equation of C:

0 = x2 + (m(x+ 1))2 − 1 =

= (1 +m2)x2 + 2m2x+ x2 − 1.

The solutions to the above equations are −1 (which we already knew) and x = 1−m2

1+m2 . This implies
ℓ ∩ C = {P, ( 1−m

2

1+m2 ,
2m

1+m2 )}. Notice that as m ∈ K, then ( 1−m
2

1+m2 ,
2m

1+m2 ) ∈ K × K. Since this
construction holds for any m ∈ K, we have

{(−1, 0)} ∪ {(1−m2

1 +m2
,

2m

1 +m2
) | m ∈ K } ⊆ C(K).

Does the equality hold? Assume Q = (x0, y0) ∈ C(K) and consider the line ℓ passing through Q
and P , that is,

ℓ : y = m(x+ 1),

with m = y0
x0+1 ∈ K. Hence it follows that Q ∈ {(−1, 0)} ∪ {( 1−m

2

1+m2 ,
2m

1+m2 ) | m ∈ K }, proving the
equality.

So we have seen that (3.8) has infinitely many solutions over K, and that they are parametrised
by A1 plus a point.

The argument used in Example 3.4.1 can be generalised to any equation f(x, y) = 0 defining a
smooth conic (cf. Definition 3.4.2).
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Definition 3.4.2. Let C be the curve in A2 defined by the equation f(x, y) = 0. The curve C
is called a conic if f has degree two. Let P = (u, v) be a K-point of C, that is, u, v ∈ K and
f(u, v) = 0. We say that P is a singular point of C if

∂f

∂x
(u, v) =

∂f

∂y
(u, v) = 0.

We say that C is singular if it admits singular points. We say that C is smooth if it is not singular.

Theorem 3.4.3. Let f(x, y) = 0 be an equation of degree two in two variable defining a smooth
conic C in A2

K . One of the two following statements holds:

(a) f admits no solutions;

(b) the solutions of f are parametrised by A1
K plus a point.

Proof. If f admits no solution then we are done. If it does admit one solution, it means that
C(K) contains at least one point, say P . Consider the lines defined over K passing through P . By
Proposition 3.2.3 we know that each such line intersects in two points, one of them being P and as
P is defined over K, so is also the other one.

Corollary 3.4.4. The points of any smooth conic over C are parametrised by A1
C plus a point.

3.5 Exercises
The exercises marked with * are harder; those marked with ! are important.

Exercise 3.5.1. ! A triple (A,B,C) of positive integer numbers is called pythagorean if A2+B2 = C2.
A pythagorean triple is called primitive if gcd(A,B,C) = 1. Describe all the primitive pythagorean
triples. [Hint: use Example 3.4.1.]

Exercise 3.5.2. Describe all the Q-rational points of the hyperbole x2 − y2 = 1.

Exercise 3.5.3. Give an example of a smooth conic over K not admitting rational points, for
K = Q and K = R.

Exercise 3.5.4. For K = Q,R,C, is it possible to find a conic (possibly singular) with only finitely
many K-rational points? If yes, give an example.



Chapter 4

Basic algebraic geometry on curves

In this section we review the basic theory of algebraic curves, following [9, 4].

4.1 Affine curves
Let K be any field and fix an algebraic closure K of K. With GK := GK/K we denote the Galois
group Gal(K/K)

Example 4.1.1. In the following we might think of K as Q,R,C or Fp, usually with p ≥ 5.

Definition 4.1.2. The n-dimensional affine space over K, denoted by AnK , is the set

AnK := An(K) := {(x1, . . . , xn) : xi ∈ K}.

The set of K-rational points of AnK is

An(K) := {(x1, . . . , xn) : xi ∈ K}.

Remark 4.1.3. Notice the following equiality

An(K) = {P ∈ AnK : Pσ = P for every σ ∈ GK }.

Set K[x] := K[x1, . . . , xn] the ring of polynomials over K in n variables and let I ⊆ K[x] be an
ideal.

Definition 4.1.4. The algebraic variety associated to I is the set

VI := {P ∈ AnK : f(P ) = 0 for every f ∈ I}.

An algebraic variety is any set of the form VI , for some ideal I ⊆ K[x].

If V is an algebraic variety, then we denote IV the ideal associated to it, i.e., the ideal such that
V = VIV .

Definition 4.1.5. An algebraic variety V can be defined over K if IV can be generated by
polynomials in K[x] ⊂ K[x].

37
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Example 4.1.6. The variety of A2
K defined by x21 − x22 − 1 = 0 can be defined over K.

Remark 4.1.7. Let V be an algebraic variety that can be defined over K. Then GK induces an
action on the points of V .

Definition 4.1.8. An affine variety V ⊂ An is called irreducible if the associated ideal IV ⊆ K[x]
is prime. The affine variety V is called geometrically irreducible if the associated ideal is prime in
K[x].

Definition 4.1.9. Let V be an irreducible variety of An. The coordinate ring of V is the quotient

K[V ] :=
K[x]

IV
.

Remark 4.1.10. As V is irreducible, K[V ] is a domain.

Definition 4.1.11. We define the function field of V , denoted by K(V ), the fraction field of K[V ].
If V is geometrically irreducible, then we can define the function field K(V ) as the fraction field

of K[x]/IV .

Definition 4.1.12. Let V be a geometrically irreducible variety. The dimension of V , denoted by
dimV , is the transcendental degree of K(V ) over K.

Example 4.1.13. Unsurprisingly, AnK has dimension n.

Definition 4.1.14. An affine curve is a geometrically irreducible variety of dimension 1.

Definition 4.1.15. Let V ⊆ An be a variety, P ∈ V , and f1, . . . , fm ∈ K[x] a set of generators of
IV . We say that V is smooth at P if the m× n matrixÄ

∂fi
∂xj

(P )
ä

has rank equal to n− dimV .
Otherwise the variety is called singular at P , and P is called a singular point of V .
If V is smooth at every point, then it is called smooth.

4.2 Projective curves
Consider the affine space An+1 and the equivalence relation ∼ on it given by

(x0, x1, . . . , xn) ∼ (y0, y1, . . . , yn) ⇐⇒ ∃λ ∈ K
×

such that (x0, x1, . . . , xn) = (λy0, λy1, . . . , λyn) .

The equivalence class of (x0, . . . , xn) is denoted by (x0 : . . . : xn).

Definition 4.2.1. We define the n-dimensional projective space over K to be the quotient

PnK :=
An+1
K \ {(0, . . . , 0)}

∼
.

Definition 4.2.2. The set of K-rational points of PnK is the set

Pn(K) := {(x0 : . . . : xn) | all xi ∈ K }.
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Remark 4.2.3. As before, one has that Pn(K) = {P ∈ Pn : Pσ = P for every σ ∈ GK }.

Definition 4.2.4. A polynomial f ∈ K[x0, . . . , xn] is homogeneous of degree d if deg f = d and
f(λx) = λdf(x) for every λ ∈ K.

An ideal I ⊆ K[x] is homogeneous if it can be generated by homogeneous polynomials.

If I ⊆ K[x] is a homogeneous ideal then the following definition makes sense:

VI = {P ∈ Pn | f(P ) = 0 for every f ∈ I }.

Definition 4.2.5. A projective variety is a subset V of the form V = VI for some homogeneous
ideal I ⊆ K[x].

A projective variety V = VI can be defined over K if I can be generated by homogeneous
polynomials in K[x].

As for the the affine case, we can introduce the notion of K-rational points also for projective
varieties. Let V be a projective variety defined over K, then we define its set of K-rational points
to be

V (K) := V ∩ Pn(K) = {P ∈ V : Pσ = P for any σ ∈ GK }.

Definition 4.2.6. A projective variety is defined to be (geometrically) irreducible analogously
to 4.1.12.

A projective space contains many affine spaces. For every i = 0, . . . , n, consider the following
map:

ϕi : An → Pn, (x1, . . . , xn) 7→ (x1, . . . , xi−1, 1, xi, . . . , xn).

Lemma 4.2.7. The following statements hold.

1. For every i, the map ϕi is injective.

2. the image of ϕi is the projective variety Hi defined by xi = 0.

Proof. Exercise.

Let Ui be the complement of Hi = {xi = 0}, that is, Ui = {(x0, . . . , xn) : xi ̸= 0}. Then we can
define the maps

ψi : Ui → An , (x0 : . . . : xn) 7→ (x0/xi, . . . , xi−1/xi, xi+1/xi, . . . , xn/xi).

Clearly, ψi ◦ ϕi = idAn . The maps ϕi and ψi also determine a relation between affine and projective
varieties. Let V be a projective algebraic variety with ideal I, then Vi := ψi(Ui ∩ V ) is the affine
algebraic variety defined by the ideal

{f(y1, . . . , yi−1, 1, yi, . . . yn) : f(x0, . . . , xn) ∈ I}

As U0, . . . , Un cover Pn, the V ′
i s cover V and are called the affine patches of V .

This process can be reversed: if V ⊂ An is an affine algebraic variety defined by the ideal
I ⊂ K[x], then one can define the projective closure V of V in Pn as the projective variety associated
to the ideal

{xdeg f0 f(x1/x0, . . . , xn/x0) : f(x1, . . . , xn) ∈ I}.
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Proposition 4.2.8. (a) If V is an affine variety, then V is an algebraic variety and ψ0(V ∩U0) = V .

(b) If V is a projective variety, then ψi(V ∩ Ui) is either empty or an affine variety Vi such that
Vi = V .

(c) If an affine variety is defined over K, then so is its projective closure. Conversely, if a projective
map is defined over K, then so is any of its affine patches.

Proof. Exercise.

Remark 4.2.9. It turns out that if V is a projecive variety, then all its non-empty affine patches
have the same dimension and isomorphic function fields.

Definition 4.2.10. Let V be a projective variety. The dimension of V is defined to be as the
dimension of any of its non-empty affine patches. The function field of V is defined to be the
function field of any of its non-empty affine patches.

4.3 Maps between varieties
After defining objects, we define maps between them. Let V be a projective variety and consider its
function field K(V ). An element f ∈ K(V ) is called a rational function.

Definition 4.3.1. Let V1 ⊂ Pn, V2 ⊂ Pm be two projective varieties, then a rational map is a map

f : V1 → V2

P 7→ (f0(P ) : . . . : fm(P ))

with f0, . . . , fm ∈ K(V1).

Remark 4.3.2. It might happen that a rational map f : V1 → V2 is not defined everywhere, indeed
there might exist points P ∈ V1 such that f0(P ) = . . . = fm(P ) = 0. It might also happen that
fi(P ) is not defined for some i, that is, P is a pole for fi. Sometimes these issues can be solved by
multiplying all the functions fi for a certain rational function g ∈ K(V ). If this is not possible, then
we say that f is not defined at P .

Definition 4.3.3. A rational map that is defined everywhere is called a morphism.

Example 4.3.4. Let C be the affine line A1
K with coordinate x. Then a function of C is given by a

ratio f1/f2, with f1, f2 polynomials in x. For example,

f : x 7→ x− 2

x2 − 1
.

Notice that f is not defined at 1 and −1, that is, it has poles (of multiplicity one) at 1 and −1; it
has a zero at 2

If we embed A1 into P1 via
x 7→ (X : Y ) = (x : 1),

then f extends to the regular map of P1 given by

(X : Y ) 7→ (X − 2Y )Y

X2 − Y 2
.

Then notice that it has poles at (1 : 1), (−1 : 1) and zeros at (2 : 1), (1 : 0).
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4.4 Algebraic curves and maps between them
An affine (respectively, projective) algebraic curve is an affine (resp. projective) algebraic variety of
dimension 1. Let C be a curve over a field K and P a point on it and consider the function field
K(C).

We can define the following valuation on K(C) by using the order of a function f ∈ K(C) at P .

ordP : K(C) → Z ∪ {∞}
f 7→ ordP (f)

Proposition 4.4.1. Let C be a smooth curve, f ∈ K(C). Then there exists only finitely many
points P ∈ C such that ordP (f) ̸= 0. If ordP (f) ≥ 0 for every point P ∈ C then f ∈ K.

Proof. [9, Proposition II.1.2].

Example 4.4.2. Consider the curve C = P1, the variety V = P2 and the map P1 → P2 defined by

(X : Y ) →
(
X2(X2 − Y 2) : Y 2(X − Y )2 : (X2 − Y 2)(X − Y )2

)
.

Notice that the map is not defined at (1 : 1).

Lemma 4.4.3. Let C be a curve, V ⊂ Pn a variety, ϕ : C → V a rational map. The following
statements hold.

(a) If P ∈ C is a smooth point for C, then ϕ is defined at P . In particular, if C is smooth, ϕ is a
morphism.

(b) If ϕ is a morphism and V is also a curve, then ϕ is either surjective or constant.

(c) If V is a curve and ϕ is a non-constant morphism, then ϕ is a finite map.

Proof. (a) [9, Proposition II.2.1].

(b) [9, Theorem II.2.3].

(c) [9, Theorem II.2.4(a)].

If ϕ : C1 → C2 is a map of curves and f ∈ K(C2) is a rational function on C2, then one can use
ϕ to define a rational map on C1

ϕ∗f := f ◦ ϕ : C1 → K , P → f(ϕ(P )) .

This defines a map between the two function fields:

ϕ∗ : K(C2) → K(C1) , f 7→ ϕ∗f .

Notice that the above a map is a morphism of fields hence it is injective; moreover, ϕ∗ fixes K.

Lemma 4.4.4. Let C1, C2 be curves over K.

(a) If ϕ : C1 → C2 is a non-constant map over K, then K(C1) is a finite extension of ϕ∗K(C2).
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(b) If ι : K(C2) → K(C1) is an injection of fields fixing K, then there exists a unique non constant
morphism ϕ : C1 → C2 defined over K such that ϕ∗ = ι.

Proof. [9, Theorem 2.4].

Definition 4.4.5. Let ϕ : C1 → C2 be a morphism of curves over K. Then by Lemma 4.4.4 K(C1)
is a finite extension of ϕ∗K(C2). We define the degree of the map ϕ to be

deg ϕ = [K(C1) : ϕ
∗K(C2)] .

If ϕ is constant then deg ϕ = 0; if ϕ is non-constant then deg ϕ is finite and ϕ is called a finite map.

Remark 4.4.6. Let ϕ : C1 → C2 be a rational map of curves, and let Q ∈ C2 be a point of C2. The
degree of ϕ equals the number of points in the pre-image ϕ−1(Q) of Q, counted with multiplicity.

Remark 4.4.7. By multiplicity here we mean what in [9] is called ramification index. See [9,
Section II.2] for more details about this notion.

Example 4.4.8. Let E : Y 2Z = X3 + aXZ2 + bZ3 and let π : E → P1 be the projection on the
X-axis, i.e.,

π : (X : Y : Z) → (X : Z).

Notice that π is not defined at (0 : 1 : 0), it is not surjective as (1 : 0) is not in the image, and it has
degree 2. Indeed, if Q = (x : 1) ∈ P1, then π−1(Q) = {(x : ±

√
x3 + ax+ b : 1)}.

The rational map π can be extended to a morphism defining π((0 : 1 : 0)) = (1 : 0).

4.5 The Frobenius map

When working in characteristic 0, Remark 4.4.6 gives a good intuition about how the degree of a
map works. This is not true anymore when we work in positive characteristic, as we are going to see
in this subsection.

Assume K is a perfect field with CharK = p > 0, e.g. K = Fp,Fpn ,Fp. Then we can consider
the Frobenius map

F : K → K , a 7→ ap.

Of course we can consider also powers of this function, F r : a 7→ ap
r

.
The Frobenius map induces an action also on the ring of polynomials K[X] by acting on the

coefficients of the polynomial. In this way we can define a map on a curve over K.
Let C/K be a curve and I ⊂ K[X] its associated ideal. Then we can consider the ideal

IF = {F (f) : f ∈ I}

and the curve associated to it, CF .

Definition 4.5.1. The Frobenius map of C is the map

F : C → CF

(x0 : . . . : xn) 7→ (F (x0) : . . . : F (xn))
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Remark 4.5.2. Notice that if C can be defined over Fp ⊆ K, then CF = C and the Frobenius is
an automorphism. More in general, if C can only be defined over Fpr ⊆ K with r > 1, then CF ̸= F
but CF

r

= C.

Proposition 4.5.3. In the previous setting, the following statements hold.

(a) F ∗K(CF ) = F (K(C)) = {fF : f ∈ K(C)}.

(b) K(C)/F ∗K(CF ) is a purely inseparable extension.

(c) degF = p.

(d) Any map ϕ : C1 → C2 factors as λ ◦ F r for some r > 0 and some separable map λ.

Proof. [9, Proposition II.2.11 and Corollary II.2.12].

4.6 The divisor group
Definition 4.6.1. Let C be a curve, we define the divisor group of C, denoted by DivC to be the
free abelian group generated by the points of C.

A divisor of C is an element of DivC, that is, formal sum of the form

D =
∑
P∈C

nPP,

where nP is an integer and it is equal to zero for almost all P .

Definition 4.6.2. Let D =
∑
nPP be a divisor of C. We define the degree of D as∑

P∈C
nP ∈ Z.

This defines a map (in fact a group homomorphism)

deg : DivC → Z .

We define Div0 C to be the kernel of deg.

If C is defined over a field k, then Gal(k/k) acts on DivC (and Div0X) in the obvious way: if
σ ∈ Gal(k/k) and D =

∑
nPP , then

Dσ =
∑

nPP
σ.

Definition 4.6.3. Let D ∈ DivC a divisor on C. We say that D can be defined over k if Dσ = D
for any σ ∈ Gal(k/k).

Remark 4.6.4. We recall the notion of a regular function for a curve. Let C ⊂ An be an affine
curve. A regular function of C, that is an element of K(C), is a function that can be expressed as

P = (x1, ..., xn) 7→
f1(x1, ..., xn)

f2(x1, ..., xn)
,
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where f1, f2 are polynomials in n variables. Notice that a regular function of C does not need to be
defined on the whole C.

If C is a projective curve, that is, C ⊂ Pn, then a regular function of C is a function that can be
expressed as

P = (x0 : ... : xn) 7→
f1(x0, ..., xn)

f2(x0, ..., xn)
,

where f1, f2 are polynomials of the same degree in n + 1 variables. Also in this case, a regular
function of C does not need to be defined on the whole C.

Definition 4.6.5. Let f be a function of C defined over k, that is an element of k(C), then we
defined the divisor associated to f to be the divisor

(f) = div f =
∑

ord(P )P.

Divisors of the form D = div f for f ∈ k(C) are called principal.
Two divisors D1, D2 are called linearly equivalent, denoted D1 ∼lin D2 if their difference is a

principal divisor.

Example 4.6.6. Continuing Example 4.3.4, the divisor associated to the map of P1 defined by

(X : Y ) 7→ (X − 2Y )Y

X2 − Y 2
.

is
(2 : 1) + (1 : 0)− (1 : 1)− (−1 : 1).

Example 4.6.7. Let E be the elliptic curve over Q given by the equation

E : y2 = x3 − x .

Consider the points P1 = (−1, 0), P2 = (0, 0), P3 = (0, 0) ∈ E(Q), and the points Q1 = (2,
√
6), Q2 −

(2,−
√
6).

Then D = 2(−1, 0) − 3(0, 0) + (2,
√
6) is a divisor of E. The degree of D is 0, and hence

D ∈ Div0E.
Let σ ∈ Gal(Q/Q) be the map defined by

σ :
√
6 → −

√
6.

Then Dσ = 2(−1, 0)− 3(0, 0) + (2,−
√
6) ̸= D, hence D cannot be defined over Q.

Consider instead the divisor D1 = (2,−
√
6)+(2,

√
6). Notice that Dσ

1 = (2,
√
6)+(2,−

√
6) = D1

and hence D1 can be defined over Q, even though Q1 and Q2 cannot, if taken singularly!
Consider the function of E defined by

f := y =
Y

Z
.

Then f has three zeros of multiplicity one at P1, P2, P3 and one pole of multiplicity three at
O = (0 : 1 : 0). It follows that P1 + P2 + P3 ∼lin 3O.

Proposition 4.6.8. Let C be a smooth curve and f ∈ K(C). let ϕ : C1 → C2 be a noncostant map
of curves. Then the following statements hold.
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(a) div f = 0 if and only if f ∈ k
∗
.

(b) deg div f = 0.

Proof. [9, Proposition II.3.1].

Definition 4.6.9. Let f : C1 → C2 be a map of curves. Then f induces two maps at the level of
divisors:

ϕ∗ : DivC2 → DivC1

Q 7→
∑

P∈f−1(Q)

eϕ(P )P

where eϕ(P ) is the multiplicity of P inside f−1(Q);

ϕ∗ : DivC1 → DivC2

P 7→ ϕ(P ) .

Remark 4.6.10. One can rephrase Definition 4.6.9 for Div0 C, PicC, and/or Pic0 C.

Facts 4.6.11. Let ϕ : C1 → C2 be a noncostant map of curves. Then the following statements hold.

(a) For all D ∈ DivC2, deg ϕ∗D = deg ϕ · degD.

(b) For all f ∈ k(C1), ϕ∗(div f) = div(ϕ∗f).

(c) For all D ∈ DivC1, deg(ϕ∗D) = degD.

(d) For all f ∈ k(C1), ϕ∗(div f) = div(ϕ∗f).

(e) ϕ∗ ◦ ϕ∗ acts as multiplication by deg ϕ on DivC2.

(f) If ψ : C2 → C3 is another nonconstant morphism of curves, then

(ψ ◦ ϕ)∗ = ϕ∗ ◦ ψ∗ and
(ψ ◦ ϕ)∗ = ψ∗ ◦ ϕ∗ .

4.7 The Picard group

Definition 4.7.1. The Picard group of C, denoted by PicC := DivC/ ∼lin, is the quotient of
DivC by linear equivalence.

We define Pic0 C to be Div0 / ∼lin.

Example 4.7.2 (Picard group of P1). It is easy to see, that if C = P1, then a divisor D ∈ DivP1 is
principal if and only if degD = 0. It follows that the map deg induces an isomorphism between
PicP1 and Z
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Example 4.7.3. As in Example 4.6.7, consider the function of E defined by

f := y =
Y

Z
.

Then f has three zeros of multiplicity one at P1, P2, P3 and one pole of multiplicity three at
O = (0 : 1 : 0). It follows that P1 + P2 + P3 ∼lin 3O or, equivalently, that P1 + P2 + P3 = 3O in
PicE.

Definition 4.7.4. Let D =
∑
nP P be a divisor of C. We say that D is effective, denoted by

D ≥ 0,

if nP ≥ 0 for every P .
We say that D1 ≥ D2 if D1 −D2 is effective.

Definition 4.7.5. Let D be a divisor of C. We associate to D the set of function

L(D) := {f ∈ k(C)∗ : div f ≥ −D} ∪ {0}.

We denote the dimension of L(D) by ℓ(D) := dimk L(D).

Example 4.7.6. We continue with Example 4.6.7. The divisor D2 = P1 + P2 + P3 is effective, and
f ∈ L(D2).

Facts 4.7.7. Let D ∈ DivC. Then the following statements hold.

(a) If degD < 0, then L(D) = {0}.

(b) L(D) is a finitely dimensional k-vector space.

(c) If D′ is linearly equivalent to D, then L(D) ∼= L(D′).



Chapter 5

Cubic curves

After giving a complete answer for the solution of quadratic equations in two variables, we proceed
by studying equations of degree three in two variables. First we will show that, provided there exists
a point, the equation can be brought in a more convenient form.

5.1 Weierstrass form
Let K be any field, and fix an algebraic closure K of K. Let f = f(x, y) ∈ K[x, y] be a polynomial
in two variables. of degree 3 over K. Then f can be written as

f(x, y) =
∑

aijx
iyj , (5.1)

where the sum ranges over all the 0 ≤ i, j ≤ 3 such that i+ j ≤ 3, aij ∈ K for every i, j and the
polynomial has actual degree 3. We define a cubic (curve) a curve C ⊂ A2(x, y) whose defining
equation is of degree three.

Remark 5.1.1. The curve C is a curve inside the affine plane A2
K . Let P2 be the projective plane

with coordinates X,Y, Z such that X/Z = x and Y/Z = y. The projective closure of C inside P2
K is

the projective curve C̄ defined by the equation∑
aijkX

iY jZk,

where the sum ranges over all the non-negative integers i, j, k such that i+ j + k = 3.

Definition 5.1.2. Let P ∈ C(K). We say that P is a singular point for C if

∂f

∂x
(P ) = 0 =

∂f

∂y
(P ) .

Definition 5.1.3. We say that a cubic C over K is in Weierstrass form if its defining equation is
of the form

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 (5.2)

with a1, a2, a3, a4, a6 ∈ K.

47
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We say that it is in short Weierstrass form if its defining equation is of the form

y2 = x3 + b2x
2 + b4x+ b6 (5.3)

with b2, b4, b6 ∈ K.
We say that it is in very short Weierstrass form if its defining equation is of the form

y2 = x3 + ax+ b (5.4)

with a, b ∈ K.

Proposition 5.1.4. Let C be a smooth projective cubic over K with a K-rational point.
Then C can be put into a Weierstrass form using K-rational maps.
If CharK ̸= 2, then C can be put into a short Weierstrass form.
If CharK ̸= 2, 3, then C can be put into a very short Weierstrass form.

Proof. This proof follows [10, I.3]. Let C̄ denote the projective closure of C inside P2(X,Y, Z). Then
C̄ is defined by the homogeneous degree three polynomial

f0 := a0X
3 + a1X

2Y + a2X
2Z + a3XY

2 + a4XY Z + a5XZ
2 + a6Y

3 + a7Y
2Z + a8Y Z

2 + a9Z
3.

By assumption C̄ has a rational point, say (x0 : y0 : z0); without loss of generality we assume x0 ̸= 0.
Applying the transformation

t1 :


X ′ = X

Y ′ = x0Y − y0X

Z ′ = x0Z − z0X

we move the point (x0 : y0 : z0) to O := (1 : 0 : 0) and C̄ transforms into the curve C1 defined by

f1 := b1X
2Y + b2X

2Z + b3XY
2 + b4XY Z + b5XZ

2 + b6Y
3 + b7Y

2Z + b8Y Z
2 + b9Z

3.

Notice that the coefficient of X3 is zero as (1 : 0 : 0) is on C1.
Let LO be the tangent curve of C1 at O: it is defined by the equation b2Z + b1Y = 0. By

applying the transformation

t2 :


X ′ = X

Y ′ = Y

Z ′ = b2Z + b1Y

we fix the point O and move LO to the line Z = 0. The curve C1 gets mapped to the curve C2

defined by

f2 := c2X
2Z + c3XY

2 + c4XY Z + c5XZ
2 + c6Y

3 + c7Y
2Z + c8Y Z

2 + c9Z
3.

Notice that the coefficient of X2Y is zero since Z = 0 is the tangent line of C2 at O := (1 : 0 : 0).
Let P be the third point of intersection of LO = {Z = 0} and C2, that is, P = (−c6 : c3 : 0).

Then the transformation

t3 :


X ′ = c3X + c6Y

Y ′ = Y

Z ′ = Z
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moves P to the point (0 : 1 : 0) and keeps the point O = (1 : 0 : 0) and the line {Z = 0} fixed; it
sends C2 to the curve C3 defined by

f3 := d2X
2Z + d3XY

2 + d4XY Z + d5XZ
2 + d7Y

2Z + d8Y Z
2 + d9Z

3.

Notice that the coefficient of Y 3 is zero since (0 : 1 : 0) is a point on the curve.
As before, we consider the tangent line LP to C3 at (0 : 1 : 0): it is defined by the equation

d3X + d7Z = 0. Then the transformation

t4 :


X ′ = d3X + d7Z

Y ′ = Y

Z ′ = Z

fixes O = (1 : 0 : 0), P = (0 : 1 : 0) and the line {Z = 0}; it sends the line LP to {X = 0} and the
curve C3 to the curve C4 defined by

f4 := e2X
2Z + e3XY

2 + e4XY Z + e5XZ
2 + e8Y Z

2 + e9Z
3 .

Notice that the coefficient of Y 2Z is zero since X = 0 is the tangent line to C4 at (0 : 1 : 0).
Consider the affine part of C4 given by C4 ∩ {Z ̸= 0}; for sake of simplicity we will denote it

again by C4. If we take x = X/Z, y = Y/Z to be the affine coordinates of A2 = {Z ̸= 0}, we can
write C4 as the curve defined by the equation

xy2 + (α0x+ α1)y = α2x
2 + α3x+ α4 .

Notice that we can divide by e3 otherwise C4 would be a conic, hence C would be rational,
contradicting the assumption that C is a smooth cubic. We can multiply both sides by x obtaining
the curve

C5 : (xy)
2 + (α0x+ α1)xy = α2x

3 + α3x
2 + α4x .

By applying the transformation

t5 :

®
x′ = x

y′ = xy

we send C5 to the curve

C5 : y
2 + α1xy + α3y = α0x

3 + α2x
2 + α4x .

Multiplying both sides by α2
0 and using the substitution y′ = α0y, x

′ = α0x we reduce it to the
Weierstrass form.

Now assume CharK ̸= 2. Using the transformation

t6 :

®
x′ = x

y′ = y + (α0x+ α1)/2

we transform C5 into the curve

C6 : y
2 = β0x

3 + β1x
2 + β2x+ β3



50 CHAPTER 5. CUBIC CURVES

which again, after multiplying both sides by β2
0 and using substituting x and y with β0x and β0y,

respectively, reduces to a short Wierstrass form.
Finally, if we further assume that CharK ̸= 3, we can use the transformation

t7 :

®
x′ = x+ β1/(3β0)

y′ = y

to send C6 to the curve
C7 : y

2 = x3 + ax+ b ,

which is in very short Weierstrass form, completing the proof.

Remark 5.1.5. When we say that the curve C ‘can be put into Weierstrass form’ we more precisely
mean that there is a rational map over K from C to a curve defined by an equation in Weierstrass
form. One can easily see that all the transformations ti, i = 1, ..., 7, are rational transformations of
P2 defined over K. In fact, all of them except t5 are automorphisms of P2.

The map t5 is a rational map, i.e., it is not defined on the whole P2, but on an open subset of
it. Indeed, t5 is defined everywhere except at (1 : 0 : 0) and (0 : 1 : 0). This is not too much of
a problem as the point (0 : 1 : 0) is on the curve C6 but not in the image of t5. This means that
passing from the original cubic to the one in Weierstrass form we only lose one solution, the one we
already knew from the beginning and started with.

Remark 5.1.6. In the proof of Proposition 5.1.4 we tacitly assumed some coefficients to be
nonzero. If this were not the case, i.e., if some coefficients were to be zero, putting the cubic in
the desired form would actually be easier, even though the transformations used would be slightly
different. Analogously, we assumed O not to be a flex point. If it were, we could have assumed that
O = (0 : 1 : 0) with tangent line Z = 0. This implies that we can write the equation of C as

α0y
2 + (α1x+ α2)y = α3x

3 + α4x
2 + α5x+ α6.

From here, assuming to work in characteristic at least 5, one can use transformations t6 and t7 as in
the proof of Proposition 5.1.4 to obtain the short Weierstrass form.

5.2 Elliptic curves as cubic curves with a point

In this section we finally give the definition of an elliptic curve. The idea is to take a cubic curve
with a point and endow it with a group structure.

Definition 5.2.1. An elliptic curve over a field K is a couple E = (C,O) where C is a smooth
projective cubic over K and O ∈ C(K) is a K-rational point on the projective closure of C.

Corollary 5.2.2. Every elliptic curve can be put in Weierstrass form. If CharK ̸= 2, then it can
be put into short Weierstrass form. If CharK ̸= 2, 3, then it can be put into very short Weierstrass
form.

Proof. Immediate from Proposition 5.1.4.



5.3. THE j-INVARIANT 51

Example 5.2.3. Let K be any field, and consider a smooth cubic C defined by an equation in very
short Weierstrass form:

C : y2 = x3 + ax+ b .

It is immediate to see that the point O = (0 : 1 : 0) belongs to the projective closure of C, defined by

C : Y 2Z = X3 + aXZ3 + bZ3 .

Then (C,O) is an elliptic curve over K. This is the most important example of elliptic curve and
most elliptic curves used in practice appear in this form.

In what follows, when will talk about an elliptic curve given by y2 = x3 + ax+ b, we will always
mean the cubic curve together with the point O.

Remark 5.2.4. The ((very) short) Weierstrass form is not the only useful and classical form to
write the equation of an elliptic curve. Other classical forms to write an elliptic curve E are the
following:

E : y2 = x(x− 1)(x− λ) (Legendre form), (5.5)

for some λ ∈ R− {0, 1};

E : y2 = (1− x2)(1− k2x2) (Jacobi form), (5.6)

for some k ∈ C− {0,±1}.
In particular, from an historical point of view, the first elliptic curves indeed appeared in Jacobi

form, see §1.1.

Definition 5.2.5. Let C be the curve in Weierstrass form

y2 = x3 + ax+ b .

We define the discriminant of C to be

∆ := ∆(C) := 4a3 + 27b2.

Lemma 5.2.6. Let C be a cubic curve in very short Weierstrass form (5.3) and let C be its projective
closure. Then (C, (0 : 1 : 0)) is an elliptic curve if and only if ∆(C) ̸= 0.

Proof. Notice that if C is defined as in the hypothesis, then C always contains the point (0 : 1 : 0),
as seen in Example 5.2.3. So to prove the statement it is enough to prove that C is smooth if and
only if ∆ ̸= 0.

Let f := f(x) be the polynomial x3 + ax+ b, and notice that the discriminant of f is exactly ∆,
Definition 3.2.7.

By studying the partial derivatives of the equation defining C, one can see that C has a singular
point if and only if f admits a double root, that is, if and only ∆ = 0.

5.3 The j-invariant
For sake of semplicity, in this section we will always assume to work on a field K of characteristic
CharK ≠ 2, 3, although the results can be extended also to the case of characteristic 2 and 3. Let
K denote a fixed algebraic closure of K.
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In §5.2 we have defined the an elliptic curve to be a cubic curve together with a point. As seen in
Proposition 5.1.4, such a curve always admits a Weierstrass form. In fact, there is no result assuring
that such form is unique. One might then ask: can the same cubic admit two different Weierstrass
forms? This question can be phrased in a different way: what are the isomorphism of affine curves
that preserve the Weierstrass form?

Proposition 5.3.1. Let K be a field with characteristic different from 2 and 3, and let C be a cubic
curve given in very short Weierstrass form. The only change of variables preserving the very short
Weierstrass form is

tu :

®
x = u2x′

y = u3y′
(5.7)

for some u ∈ K
∗
.

Proof. The generic change of variables can be written as

t :

®
x = α1x

′ + α2y
′ + α3

y = β1x
′ + β2y

′ + β3

Substituting these expression x and y into the short Weierstrass form and imposing the conditions
on the coefficient in order to obtain again a short Weierstrass form, we get that t must be of the
form

t :

®
x = α1x

′

y = β2y
′

with α3
1 = β2

2 . From this it follows that (α1, β2) = (u2, u3) for some u ∈ K
∗
.

Corollary 5.3.2. Let C and C ′ be two elliptic curves. Then C and C ′ are isomorphic if and only
if there is a u ∈ K

∗
such that the change of variable tu sends the very short Weierstrass form of C

to the very short Weierstrass form of C ′.

Proof. Let E and E′ denote the very short Weierstrass form of C and C ′, respectively, and note
that E and E′ are then isomorphic to C and C ′, respectively.

If there exists a u ∈ K
∗

such that tu sends E to E′, it means that E and E′ are isomorphic,
yealding that C and C ′ are also isomorphic.

Now assume C and C ′ to be isomorphic. This implies that E and E′ are also isomorphic. But
then, by Proposition 5.3.1, the isomorphism between E and E′ must be of the form tu for some
u ∈ K

∗
, completing the proof.

The above result shows that we might have different two elliptic curves in different very short
Weierstrass form that are nevertheless isomorphic. Is there an easy to determine whether two elliptic
curves (in very short Weierstrass form) are isomorphic? In order to answer, we need the following
quantity.

Consider u ∈ K
∗

and apply the transformation tu to the curve C with equation y2 = x3 + ax+ b.
We get the curve C ′ with equation y2 = x3 + a′x+ b′ with a′ = a/u4 and b′ = b/u6. From this it
also follows that ∆(C ′) = ∆(C)/u12. Can we define a quantity associated to C that is invariant
under this kind of transformation?
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Definition 5.3.3. Let E be the elliptic curve defined by y2 = x3 + ax+ b. We define the j-invariant
of E to the quantity

j(E) := 1728
4a3

4a3 + 27b2
= 2833

a3

∆
. (5.8)

Proposition 5.3.4. Two elliptic curves over K are isomorphic (over K) if and only if they have
the same j-invariant.

Moreover, for any j0 ∈ K∗., there exists an elliptic curve E defined over K, such that j(E) = j0.

Proof. Without loss of generality, we may and do assume that the two elliptic curves are given in
very short Weierstrass form, say

E : y2 = x3 + ax+ b and E′ : y2 = x3 + a′x+ b′ .

By Lemma 5.3.1, if E and E′ are isomorphic, then there exists a u ∈ K
∗

such that the change
of variable tu as in (5.7) sends E to E′. This means that a′ = a/u4 and b′ = b/u6, from which it
follows that

j(E′) = 1728
4(a/u4)3

4(a/u4)3 + 27(b/u6)2
= 1728

4a3

4a3 + 27b2
= j(E) .

Conversely, assume that

j(E) = 1728
4a3

4a3 + 27b2
= 1728

4a′3

4a′3 + 27b′2
= j(E′) .

The equality above yields a3b′2 = a′3b2. Then we have three cases.

• If a = 0, then b ̸= 0, as otherwise ∆(E) = 0 and hence a′ = 0. Then the transformation tu
with u = (b/b′)1/6 ∈ K

∗
gives an automorphism between E and E′.

• If b = 0 then it follows that a ̸= 0, as otherwise ∆(E) = 0, and hence b′ = 0. Then the
transformation tu with u = (a/a′)1/4 ∈ K gives an automorphism between E and E′.

• If ab ̸= 0 then a′b′ ̸= 0 and he transformation tu with u = (b/b′)1/6 = (a/a′)1/4 ∈ K
∗

gives an
automorphism between E and E′.

The second statement is left as an exercise for the reader. [Hint: consider an elliptic curve in
very short Weierstrass form with a = b.]

5.4 The group law

Let K be any field and fix an algebraic closure K. Fix an elliptic curve E = (C,O) over K, where
C is a smooth cubic over K and O ∈ C(K). We want to define an operation on the set C(K) of
K-rational points of the projective closure of C.

Lemma 5.4.1. Let P,Q be two points in C(K), and let L be the line passing through P and Q.
Then L intersects C in a third point R defined over K.
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Proof. By Bezout theorem, a line and a cubic meet in three points, counted with multiplicity. Hence,
the intersection between C and L contains another point R, possibly equal to P or Q. All we need to
prove is that R is defined over K. To see that, notice that as P and Q are defined over K, so is the
line L. Then intersecting L and C consists in solving a cubic equation over K, having already two
roots over K. Therefore, by (3.2.6), also the third root is defined over K, from which we conclude
that R is a K-rational point of C.

We can then define the following operation on the K-rational points of an elliptic curve.

Definition 5.4.2. Let P,Q be two points in C(K), and L be the line passing through P and Q.
Let R ∈ C(K) be the third point of intersection of L and C (cf. Lemma 5.4.1). Let L′ be the line
passing through R and O. We define P +Q to be the third point of intersection of L′ and C.

Remark 5.4.3. Lemma 5.4.1 ensures that P +Q is well defined and belongs to C(K).

Remark 5.4.4. If P = Q, then L is the tangent curve to C at P = Q. It follows that 2P := P + P
is obtained by considering the tangent line to C at P .

Figure 5.1: Geometric construction of the sum of two points.

Proposition 5.4.5. The following statements hold:

(a) the addition + on C̄(K) is well defined;

(b) the addition + is associative and commutative;

(c) O is the neutral element for +;

(d) for every P ∈ C(K), there exists the element −P ∈ C(K).

(e) P +Q+R = O if and only if P,Q,R lie on a line.

Proof. (a) It follows immediately from Lemma 5.4.1.

(b) Exercise. Note that commutativity is almost trivial; associativity is the hard part.

(c) Let L the line passing through P and O. Then L ∩ C̄ = {P,O,Q}, from which it follows that
P +O = P .

(d) Exercise.



5.5. SINGULAR CUBICS 55

(e) Exercise.

Corollary 5.4.6. (C(K),+) is an abelian group.

Proof. Immediate from Proposition 5.4.5.

Although the sum of point on an elliptic curve is defined in general, if the elliptic curve is given
in Weierstrass form, then it is much easier to explicitly write the coordinates of P +Q in terms of
the coordinates of P and Q.

Proposition 5.4.7. Let E be the elliptic curve in Weierstrass form y2 = x3+ax+b; let P = (x1, y1)
and Q = (x2, y2) be two elements of E(K). Then

P +Q := (x3, y3) = (λ2 − x1 − x2,−λ(x2 − x1)− y1), (5.9)

where λ = y2−y1
x2−x1

;
−P = (x1,−y1). (5.10)

Proof. The line L passing through P and Q has equation y−y1 = λ(x−x1). We can then substitute
y in the equation of E, getting a cubic monic polynomial f(x). Doing the computations, one can
check that the coefficient of x2 is −λ2. Since the coefficient of x2 equals minus the sum of the roots
of a cubic monic polynomial, and we already know that x1 and x2 are roots of f , we have that
the third root, x3 is λ2 − x1 − x2. The value of y3 follows by simply plugging the value x3 in the
equation of L.

Remark 5.4.8. One can use Proposition 5.4.7 to prove 5.4.5.

Corollary 5.4.9 (Duplication formula). Let E be the elliptic curve in Weierstrass form y2 =
x3 + ax+ b and let P = (x0, y0) be an element of C(K). If y0 = 0, then 2P = O. If y0 ≠ 0, then
2P has first coordinate equal to

x2P =
x40 − 2ax20 − 8bx0 + a2

4(x30 + ax0 + b)
=
x40 − 2ax20 − 8bx0 + a2

4y2
.

Proof. Let L be the tangent line to E at P . Set F := x3+ax+b−y2. and let Fx := 3x2+a, Fy := −2y
denote the partial derivatives of F with respect to x and y respectively. Then L : Fy(P )(y − y0) =
Fx(P )(x − x0) and 2P is the third point of intersection of L and E. If y0 = 0, then L : y = y0
and hence the third point is the point at infinity O. If y0 ̸= 0, the statement follows from direct
computations.

5.5 Singular cubics
In the previous sections, we focused on smooth cubics. In particular, we always considered cubics
over K in very short Weierstrass form given by y2 = x3 + ax+ b with ∆ := 4a3 + 27b2 ̸= 0. One
might then wonder: what happens if ∆ = 0.

Lemma 5.5.1. Let C be the curve with equation y2 = x3 + ax+ b. Assume ∆(C) = 0. Then C has
exactly one singular point, which is either a node or a cusp.
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Proof. As ∆(C) = 0, we know that the equation x3 + ax+ b = 0 has at least a root of multiplicity
2, i.e., x3 + ax+ b = (x− α)2(x− β). This means that (α, 0) is a singular point for C.

Assume α ≠ β. Then, shifting x by α we see that C is isomorphic to the curve y2 = x2(x− β′),
hence it has a node.

If α = β, then by shifting x by α we see that C is isomorphic to the curve y2 = x3, hence it has
a cusp.

Remark 5.5.2. First notice that a cubic curve C can have at most one singular point. If it had
two, then the line passing through these two singular points would intersect C with multiplicity at
least 4, contradicting Bezout’s theorem.

Moreover, if C is singular, then its rational points can be studied by projecting from the singular
point, using the same argument as in the case for conics. (cf. Exercises 5.6).

Let E/K be a cubic with a node P ∈ E(K), with K a field of characteristic different from 2 and
3. Then we can write E as y2 = x3 + ax+ b with ∆(E) = 0. As we assumed P to be a node defined
over K, the polynomial x3 + ax+ b completely factors over K as

x3 + ax+ b = (x− α)(x− β)2

with P = (β, 0). The slopes of the tangent lines to E in P are ±
√
β − α.

Definition 5.5.3. A cubic curve E : y2 = (x−α)(x−β)2 over K is defined to be split if
√
β − α ∈ K,

i.e., if the tangent lines to the curve in the node (β, 0) are defined over K; non-split otherwise.

This definition will play an important role in chapter 9.

5.6 Exercises
The exercises marked with * are harder; those marked with ! are important.

Exercise 5.6.1. ! Find all the Q-rational points of the singular cubic y2 = x3.

Exercise 5.6.2. Put the Fermat cubic u3 + v3 = 1 in Weierstrass form.

Exercise 5.6.3. * Find a rational solution of the following equation: x
y+z +

y
x+z +

z
x+y = 4.

Exercise 5.6.4. In Lemma 5.5.1 we have seen that, in general, a cubic curve can only have two
kinds of singular points: either a node or a cusp. Nevertheless, over R, we can have three different
looking singular cubic curves, as shown in (5.2).

(a) For each type of singularity in the picture, find a cubic over R realizing it.

(b) Determine whether an isolated point is a cusp or a node.

Exercise 5.6.5. Prove Proposition 5.3.4.ii) . [Extra*: For every fixed j0, how many different, yet
isomorphic, elliptic curves in Weierstrass form with j invariant equal to j0 are there? ]
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Figure 5.2: The three possible types of singular cubics over R.
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Chapter 6

Isogenies of elliptic curves

After giving an elliptic curve a group structure, it is very natural to look for morphisms that preserve
this structure analogously to chapter 2. In doing so, we will use the theory recalled in chapter 4.

6.1 Divisors on elliptic curves
Let K be any field and K a fixed algebraic closure of K. Let E be an elliptic curve over K and let
D be a divisor on E, Definition 4.6.1. Also, recall Definition 4.7.5 for L(D).

Theorem 6.1.1 (Riemann–Roch for elliptic curves). Let E be an elliptic curve and D any divisor
on E. Then

ℓ(D)− ℓ(−D) = degD .

Example 6.1.2. We again use Example 4.6.7 and Example 4.7.6. As D2 ∼lim 3O, we have that
L(D2) ∼= L(3O). As deg−3O = −3 < 0, from Facts 4.7.7a it follows that ℓ(−3O) = 0 and hence, by
Theorem 6.1.1, it follows that ℓ(D2) = ℓ(3O) = 3.

Lemma 6.1.3. Let E be an elliptic curve over K and consider P,Q ∈ E. Then (P ) ∼lin (Q) if
and only if P = Q.

Proof. The implication from right to left is trivial, so we only have to show the one from left to right.
Assume then (P ) ∼lin (Q), that is, there exists a function f ∈ K(C)∗ such that div(f) = (P )− (Q).
Then f ∈ L(Q). As deg(Q) = 1, by Facts 4.7.7 we have that ℓ(−(Q)) = 0 and so, using Theorem 6.1.1,
it follows that ℓ(Q) = 1 and it contains the constant functions, yielding L(Q) ∼= K. Hence f is a
constant and its divisor is then 0 = (P )− (Q), that is, (P ) = (Q) and so P = Q.

Lemma 6.1.4. Let E be an elliptic curve over a field K. For any D ∈ Div0(E) there exists a
unique point P ∈ E such that D ∼lin (P )− (O).

Proof. Notice that degD + (O) = 1 ane hence, from Facts 4.7.7 and Theorem 6.1.1, it follows that
ℓ(D + (O)) = 1. Let f be a generator of L(D + (O)). This means that

div f ≥ D + (O) and deg div f = 0 ,

therefore div f = (P )−(O)−D for some point P ∈ E, from which it follows thatD ∼lin (P )−(O).

59
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Theorem 6.1.5. Let E be an elliptic curve with fixed point O. Then the map

κ : E → Pic0E

P 7→ [(P )− (O)]

is a group isomorphism.

Proof. Without loss of generality, we assume E to be a smooth projective cubic in P2(X,Y, Z)
having a flex point in O with tangent line Z = 0. For example, this is always the case for elliptic
curves in very short Weierstrass form.

First notice that κ(O) = [(O) − (O)] = [(0)], which is the class of the divisor of a constant
function, hence it is the zero element of Pic0E. Then we prove that κ is a group homomorphism,
that is, κ(P +Q) = κ(P ) + κ(Q). Let f be the equation of the line passing through P and Q and
let R be its third point of intersection with E. Let g be the equation of the line passing through O
and R and notice that its third point of intersection with E is exactly P +Q, by definition of the
sum on E, Definition 5.4.2. Consider the functions f/Z and g/Z on E. As Z intersects E in O with
multiplicity 3, we have

div f/Z = (P ) + (Q) + (R)− 3(O),

div g/Z = (R) + (P +Q)− 2(O).

It follows that
div f/g = (P ) + (Q)− (O)− (P +Q) ∼lin 0,

that is,
[(P ) + (Q)− (O)− (P +Q)] = 0 .

But then

0 = [(P ) + (Q)− (O)− (P +Q)] = [(P )− (O) + (Q)− (O)− (O) + (O)− (P +Q) + (O)]

= [(P )− (O)] + [(Q)− (O)]− [(O)− (O)]− [(P +Q)− (O)]

= κ(P ) + κ(Q)− 0− κ(P +Q)

and therefore
κ(P ) + κ(Q) = κ(P +Q) ,

proving that κ is a group homomorphism.
Next we show that the map is injective. Take P,Q ∈ E such that [(P ) − (O)] = [(Q) − (O)].

This means that (P )− (O) ∼lin (Q)− (O) and hence (P ) ∼lin (Q). Then P = Q from Lemma 6.1.3.
Finally, notice that the surjectivity of κ directly follows from Lemma 6.1.4.

Corollary 6.1.6. Let E be an elliptic curve and D =
∑
nP (P ) a divisor on E. Then D is principal

if and only if degD = 0 and
∑

[nP ]P = O ∈ E.

Proof. First assume that D is principal. Then by Facts 4.6.8b it follows that degD = 0. So
[D] ∈ Pic0E; as D is principal, [D] = 0 ∈ Pic0E. By Theorem 6.1.5 we have that the sums in
Pic0E and E coincide, and hence D = O.

Conversely, assume that degD = 0 and
∑

[nP ]P = O. Then, as κ is an isomorphism, [D] = 0 ∈
Pic0E and hence it is a principal divisor.

Remark 6.1.7. Corollary 6.1.6 proves Proposition 5.4.5(e).
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6.2 Isogenies of elliptic curves
As done with complex tori, we are interested in maps between elliptic curves that preserve the group
structure. Let K fe any field and K an algebraic closure of K. Let E1 = (C1, O1) and E2 = (C2, O2)
be two elliptic curves over K.

Definition 6.2.1. We define an isogeny from E1 to E2 over K to be a morphism ϕ : C1 → C2

defined over K such that ϕ(O1) = O2.

Remark 6.2.2. From Lemma 4.4.3 it follows immediately that non-constant isogenies are surjective.
In particular, ϕ(E1) is either {O2} or E2.

Lemma 6.2.3. Let ϕ : E1 → E2 , ψ : E2 → E3 be two isogenies of elliptic curves. Then

(a) ψ ◦ ϕ : E1 → E3 is an isogeny.

(b) deg(ψ ◦ ϕ) = degψ · deg ϕ.

Proof. (a) Clearly ψ ◦ ϕ(O1) = O3.

(b) Set m := deg ϕ and n := degψ and let R be a point of E3. Then #ψ−1(R) = n, counting
points with multiplicity. Write ψ−1(R) = {Q1, . . . , Qn}. Then for every i = 1, . . . , n we
have that #ϕ−1(Qi) = m, again counting with multiplicity. We can then conclude that
#(ψ ◦ ϕ)−1(R) = mn, counting with multiplicity.

Definition 6.2.4. Given two elliptic curves E1, E2, we denote the set of isogenies from E1 to E2

defined over K by
HomK(E1, E2) := {ϕ : E1 → E2 | ϕ isogeny over K }.

Given an elliptic curve E, we define the set of endomorphisms of E as

EndK(E) := HomK(E,E).

The set of invertible elements of EndK(E) is denoted by AutK(E).

Remark 6.2.5. The set HomK(E1, E2) can be endowed with an abelian group structure (and hence
of Z-module) by defining the sum ϕ+ ψ : P 7→ ϕ(P ) + ψ(P ).

This structure is inherited by EndK(E), that can also be endowed with the composition:
(EndK(E),+, ◦) is called the endormorphism ring of E.

As AutK(E) is set of invertible elements of EndK(E) and so (AutK(E), ◦) has the structure of
group; it is called the automorphism group of E.

Example 6.2.6. The first and easiest example of an isogeny comes from the multiplication by an
integer. Let E be an elliptic curve and let m ∈ Z be an integer. We define the map [m] : E → E by
sending a point P to

[m](P ) :=



P + ...+ P︸ ︷︷ ︸
m times

if m > 0

(−P ) + ...+ (−P )︸ ︷︷ ︸
−m times

if m < 0

O if m = 0

.

One can immediately check that [m] is indeed an isogeny.
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Proposition 6.2.7. Let E be an elliptic curve over a field K of characteristic 0. The map
[ ] : Z → End(E) is an injective ring homomorphism.

Proof. Checking that [ ] is a ring homomorphism is immediate: in fact, [m+ n] = [m] + [n] and
[mn] = [m] ◦ [n].

First notice that the duplication formula (cf. 7.4) shows that [2] ̸= 0. Then, over K, there are
three non-trivial 2-torsion points (use the duplication formula). Let P0 be one of them. Then
[m](P0) = P0 ̸= 0 for every odd m, in particular for every odd prime. This shows that the kernel of
[ ] is trivial.

Remark 6.2.8. When K has characteristic zero, the map [ ] is usually also surjective, that is,
EndK(E) ∼= Z.

When this is not the case, we say that E has complex multiplication.

Example 6.2.9. Let E be the elliptic curve y2 = x3 − x over K = C (but any field containing Q(i)
is also fine). Beside Z, in EndK(E) there is also the element

[i] : (x, y) → (−x, iy).

Indeed it turns out that EndK(E) ∼= Z[i].

Definition 6.2.10. Let E be an elliptic curve over K and m an integer. We define the m-torsion
points of E over K, denoted by E(K)[m], as the elements in the kernel of [m], that is:

E(K)[m] := {P ∈ E(K) | [m]P = O}.

Remark 6.2.11. Trivially

E(K)tors =

∞⋃
m=1

E(K)[m].

Moreover, by looking at the degree of the multiplication polynomials, one can see that #E(K)[m] =
m2. Hence, in general, #E(K)[m] ≤ m2.

Using the group structure, one can consider another important family of self-maps of an elliptic
curve, the translations, defined as follow. Together the isogenies, they are the building blocks of all
the morphisms between elliptic curves, as shown by Proposition 6.2.14.

Definition 6.2.12. Let E = (C,O) be an elliptic curve over a field K and take T ∈ E(K). We
define the translation by T as the morphism

τP : C → C , P 7→ P + T .

Remark 6.2.13. Notice that, although τT is defined using the group structure of E, it does not
respect it as it sends O to T . Indeed, for T ≠ O, the morphism τT is not an isogeny, but only a
morphism of curves.

Proposition 6.2.14. Let E1 = (C1, O1), E2 = (C2, O2) be two elliptic curves and let F : C1 → C2

be a morphism of curves. Then there exists a point T ∈ E2 and an isogeny ϕ : E1 → E2 such that

F = τT ◦ ϕ .
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Proof. Set T := F (O1) and consider the translation τ−T : E2 → E2 defined by P 7→ P − T . Then
the composition τ−T ◦ F = ϕ is an isogeny, as it sends O1 to O2. As translations are obviosuly
invertible, we conclude that

F = τT ◦ ϕ ,

proving the statement.

Isogenies are particularly interesting in the theory of elliptic curves because they preserve the
group structure of the curves. The following is the main result of the section.

Theorem 6.2.15. Let ϕ : E1 → E2 be an isogeny. Then for every P,Q ∈ E1 it holds that

ϕ(P +Q) = ϕ(P ) + ϕ(Q).

Proof. If ϕ = O2 then the statement is trivially true. So assume ϕ is not constant and consider the
induced homomorphism

ϕ∗ : Pic0E1 → Pic0E2

sending [
∑
niPi] to [

∑
niϕ(Pi)]. For i = 1, 2 we also have the group isomorphisms

κi : Ei → Pic0Ei

defined by P 7→ [P −Oi]. As ϕ(O1) = O2, we have the following commutative diagram.

E1 Pic0E1

E2 Pic0E2

ϕ

κ1

ϕ∗

κ2

As ϕ∗ and κ1 are group homomorphisms and κ2 is injective, the statement follows.

6.3 The dual isogeny
In this subsection we are going to prove that being isogenous induces an equivalence relation on the
set of elliptic curves over a given field K. In these notes we will only prove it in characteristic 0,
but Corollary 6.3.6 holds in any characteristic: see [9, §III.6] for a more general proof. As in the
previous section, let K be any field and let K be a fixed algebraic closure of K, assume CharK = 0;
let E1 = (C1, O1), E2 = (C2, O2) be two elliptic curves.

Proposition 6.3.1. Let ϕ : E1 → E2 be a non-zero isogeny over K.

(a) For every Q ∈ E2, the pre-image ϕ−1(Q) contains exactly deg ϕ distinct points. In particular,
#kerϕ = deg ϕ.

(b) The map kerϕ→ Aut(K(E1)/ϕ
∗K(E2)), T 7→ τ∗T is a group isomorphism.

(c) K(E1) is a Galois extension of ϕ∗K(E2).

Proof. (a) As we are in characteristic 0, every extension is separable. As elliptic curves are smooth,
we can then use the final part of the proof of [4, II.6.9] to prove our statement. The second
statement is just a special case, as kerϕ = ϕ−1(O).
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(b) Take T ∈ kerϕ and f ∈ K(E2), then ϕ ◦ τT = ϕ and hence

τ∗T (ϕ
∗f) = (ϕ ◦ τT )∗f = ϕ∗f.

In other words, τ∗T fixes ϕ∗K(E2) as automorphism of K(E1). Moreover, as τT+S = τT ◦ τS , the
map is a group homomorphism. From (a) we know that #kerϕ = deg ϕ and from Galois theory,
again because we are working in characteristic 0, we know that

#Aut(K(E1)/ϕ
∗K(E2)) ≤ deg ϕ .

To prove that the map is an isomorphism then we are only left to prove that the map is injective.
Assume that τ∗T fixes the whole K(E1), then for every f ∈ K(E1) we have f = τ∗T f and hence,
in particular,

f(O) = τ∗T f(O) = f(T ).

As this is true for all functions of E1, including the projections on the coordinates, this implies
that T = O, proving the statement.

(c) From (a) and (b) it follows that

#Aut(K(E1)/ϕ
∗K(E2)) = deg ϕ =: [K(E1) : ϕ

∗K(E2)] ,

i.e., K(E1)/ϕ
∗K(E2) is a Galois extension.

Corollary 6.3.2. Let K be a field with characteristic 0. Let E1, E2, E3 be three elliptic curves over
a field K and ϕ : E1 → E2 and ψ : E1 → E3 be isogenies defined over K. If kerϕ ⊆ kerψ, then there
exists an isogeny λ : E2 → E3 such that ψ = λ ◦ ϕ.

Proof. By Proposition 6.3.1(c) we know that K(E1)/ϕ
∗K(E2) is a Galois extension; by Proposi-

tion 6.3.1(b) we know that

kerϕ ∼= Aut(K(E1)/ϕ
∗K(E2)) and

kerψ ∼= Aut(K(E1)/ψ
∗K(E3)) .

As kerϕ ⊆ kerψ, we have that every element of Aut(K(E1)/ϕ
∗K(E2)) fixes ψ∗K(E3) too, hence

ψ∗K(E3) ⊂ ϕ∗K(E2) ⊂ K(E1).

Hence we have an injection ι : ψ∗K(E3) → ϕ∗K(E2) and so, by Lemma 4.4.4(b) we know that there
exists a non-constant map λ : E2 → E3 such that λ∗ = ι. This means that ϕ∗λ∗K(E3) = ψ∗K(E3)
and hence ψ∗ = ϕ∗λ∗ = (λ ◦ ϕ)∗. From this we conclude that ψ = λ ◦ ϕ, as desired. We are left
to show that λ is an isogeny. This is easy as ϕ and ψ are isogenies and hence λ(O) = λ(ϕ(O)) =
ψ(O) = O.

Let ϕ : E1 → E2 be a non-constant isogeny over K and consider the induced map ϕ∗ : Pic0E2 →
Pic0E1. For i = 1, 2 recall that we have the isomorphisms

κi : Ei → Pic0E2 .
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We then have the following diagram.

E2 Pic0E2

E1 Pic0E1

κ2

ϕ∗

κ−1
1

Our goal is to construct an isogeny from E2 to E1. Notice that if P ∈ E1 and Q := ϕ(P ) ∈ E2,
then κ−1

1 ◦ ϕ∗ ◦ κ2(Q) = [deg ϕ](P ) by 4.6.11(a). This gives us a hint to follow. Unfortunately, a
priori it is not clear that κ−1

1 ◦ ϕ∗ ◦ κ2 is an isogeny. In fact, it is not even clear that it is a rational
map, as if we start with Q ∈ E2, finding a point P ∈ E1 such that ϕ(P ) = Q involves taking roots
of polynomials. Indeed, the situation is a bit more subtle.

Lemma 6.3.3. Let K be a field with CharK = 0, E1, E2 two elliptic curves over K and ϕ : E1 → E2

an isogeny of degree m. Fix a Q ∈ E2. Then the following equality holds:∑
P∈ϕ−1(Q)

P −
∑

T∈kerϕ

T = mP ,

for any P ∈ ϕ−1(Q).

Proof. From 6.3.1(a) we know that kerϕ and ϕ−1(Q) both contain exactly m points, say

kerϕ = {T1 = O, T2, . . . , Tm} ,
ϕ−1(Q) = {P1, . . . , Pm} =

= {P1 + T1, . . . , P1 + Tm} .

First we prove that for every P, P ′ ∈ ϕ−1(Q) one has mP = mP ′. As kerϕ is a subgroup
of order m of E1 all its elements have order dividing m. Now consider P, P ′ ∈ ϕ−1(Q). Clearly
P − P ′ ∈ kerϕ and hence mP −mP ′ = O, that is, mP = mP ′.

Now we show that
∑
P∈ϕ−1(Q) P−

∑
T∈kerϕ T = mP for some P ∈ ϕ−1(Q). Using the descriptions

above, we can rewrite the sum as∑
P∈ϕ−1(Q)

P −
∑

T∈kerϕ

T =

m∑
i=1

Pi − Ti .

As Pi = P1 + Ti, the sum simplifies to mP1, proving the statement.

Theorem 6.3.4. Let K be a field with CharK = 0. Let E1, E2 be two elliptic curves over K and
ϕ : E1 → E2 a non-zero isogeny of degree m.

(a) There exists a unique isogeny ϕ̂ : E2 → E1 such that ϕ̂ ◦ ϕ = [m].

(b) The map ϕ̂ is given by the composition

E2 Div0E2 Div0E1 E1
κ2 ϕ∗ ∑

where

κ2 : E2 → Div0E2, Q 7→ (Q)− (O) ,
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ϕ∗ : Div0E2 → Div0E1, (Q)− (O) 7→ ϕ∗(Q)− ϕ∗(O)∑
: Div0E1 → E1,

∑
nP (P ) 7→

∑
[nP ]P .

Proof. (a) First we show the uniqueness. Assume there exist ϕ̂ and ϕ̂′ such that

ϕ̂ ◦ ϕ = [m] = ϕ̂′ ◦ ϕ .

Then (ϕ̂′ − ϕ̂) ◦ ϕ = 0. As ϕ is non-constant, we deduce that ϕ̂′ − ϕ̂ = 0, i.e., ϕ̂′ = ϕ̂, as desired.

As ϕ has degree m, we know that #kerϕ = m by 6.3.1, and all the points in it are distinct. This
means that the order of each of them divides m ad hence kerϕ ⊆ ker[m]. By Corollary 6.3.2 we
then conclude that there exists an isogeny ϕ̂ : E2 → E1 such that ˆphi ◦ ϕ = [m].

(b) Let Q ∈ E2 and denote the composition in the statement by ϕ′. Notice that ϕ′ clearly is an
isogeny. As we are working in characteristic 0, we know that ϕ−1(Q) contains exactly m distinct
points, 6.3.1(a); the same holds also for kerϕ. Then ϕ∗(Q−O) =

∑
P∈ϕ−1(Q) P −

∑
T∈kerϕ T by

the definition of ϕ∗, see 4.6.9 and 4.6.10. But then, from Lemma 6.3.3, we obtain
∑

(ϕ∗(Q−O)) =
[m]P , that is, ϕ′(Q) = [m]P . This means that ϕ satisfies the condition ϕ′ ◦ ϕ = [m], and by the
previous point we know that there is a unique isogeny with such a property, namely ϕ̂, hence
ϕ′ = ϕ̂.

Definition 6.3.5. If ϕ : E1 → E2 is a non-constant isogeny, we define the dual isogeny ϕ̂ : E2 → E1

to be the one defined in Theorem 6.3.4.
If ϕ = O2, then we define ϕ̂ = O1

Corollary 6.3.6. Let EK denote the set of all elliptic curves over a field K. Then being isogenous
defines an equivalence relation on EK .

Proof. The statement is true over any field, but here we prove it only in characteristic 0, using
previous result.

As the identity is an isogeny, every elliptic curve is isogenous to itself, proving reflexivity.
Let E1, E2, E3 be three elliptic curves and assume there are isogenies ϕ : E1 → E2 and ψ : E2 →

E3. Then clearly ψ ◦ ϕ : E1 → E3 is an isogeny, proving transitivity.
Finally, the existence of the dual isogeny proves the reflexivity.

Finally, we study some properties of the dual isogeny.

Proposition 6.3.7. Let ϕ : E1 → E2 be an isogeny of degree m.

(a) Then ϕ ◦ ϕ̂ = [m] on E2 and ϕ̂ ◦ ϕ = [m] on E1.

(b) Let λ : E2 → E3 be another isogeny. Then ’λ ◦ ϕ = ϕ̂ ◦ λ̂.

(c) Let ψ : E1 → E2 be another isogeny. Then ’ϕ+ ψ = ϕ̂+ ψ̂.

(d) For all n ∈ Z it holds [̂n] = [n] and deg[n] = n2.

(e) deg ϕ̂ = deg ϕ.
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(f) ˆ̂
ϕ = ϕ.

Proof. [9, Theorem III.6.2].

Corollary 6.3.8. Let E1, E2 be two elliptic curves. The degree map

deg : Hom(E1, E2) → Z

is a positive definite quadratic form.

Before proceeding with the proof we recall the following definitions.

Definition 6.3.9. If A is an abelian group, a function

d : A→ R

is a quadratic form if

• d(a) = d(−a) for every a ∈ A and

• the pairing A×A→ R defined by (a, b) 7→ d(a+ b)− d(a)− d(b) is bilinear.

A quadratic form d : A→ R is positive definite if d(a) ≥ 0 for every a ∈ A and d(a) = 0 if and
only if a = 0.

Proof of Corollary 6.3.8. We only need to prove that the induced pairing is bilinear. Consider
α, β ∈ Hom(E1, E2) and set b(α, β) := deg(α + β) − deg(α) − deg(β) ∈ Z. Using the injection
[ ] : Z → End(E1), we can consider the multiplication [b(α, β)] ∈ End(E1). Using Proposition 6.3.7
we get the following equalities,

[b(α, β)] = [deg(α+ β)]− [deg(α)]− [deg(β)]

= (α+ β) ◦ ◊�(α+ β)− α ◦ α̂− β ◦ β̂

= α ◦ β̂ + α̂ ◦ β .

From this it follows that [b(mα, β)] = m(α ◦ β̂ + α̂ ◦ β) = [mb(α, β)]. As the map [ ] is injective, we
conclude that b(mα, β) = mb(α, β). The linearity for the second argument is analogous. This shows
that b is bilinear, concluding the proof.

6.4 The endomorphism ring
In this subsection we characterize the ring of endomorphisms of an elliptic curve. Let E = (C,O) be
an elliptic curve over a field K.

Definition 6.4.1. We denote by End(E) the set of endomorphisms of E, that is, the set of isogenies
ϕ : E → E.

Lemma 6.4.2. The set End(E), endowed with the pointwise addition and the composition has the
structure of a ring, (End(E),+, ◦, O = [0], [1]).

Proof. Exercise.
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Remark 6.4.3. Notice that, in End(E), the addition is commutative but the multiplication does
not need to be so.

Proposition 6.4.4. The ring End(E) has characteristic 0 and no zero-divisors.

Proof. Proposition 6.2.7 tells us that Z embedds into End(E), therefore End(E) has characteristic 0.
To show that there are no zero-divisors, consider ϕ, ψ ∈ End(E) \ {0}. From Lemma 6.2.3 we know
that deg(ϕ · ψ) = deg(ϕ ◦ ψ) = deg(ϕ) deg(ψ). If ϕ · ψ = O then deg(ϕ · ψ) = 0 and hence either
degψ = 0 or deg ϕ = 0, hence either ψ = O or ϕ = O, contradicting the initial hypothesis.

Then recall that we have seen that if ϕ is an isogeny of E, then there exists another isogeny ϕ̂,
the dual isogeny, such that ϕ ◦ ϕ̂ = [deg ϕ] and ˆ̂

ϕ = ϕ.

Definition 6.4.5. We define the anti-involution

:̂ End(E) → End(E) , ϕ 7→ ϕ̂ .

Remark 6.4.6. The dual mapˆdefined anti-involution because ‘f · g = ĝ · f̂ . Moreover, and if
ϕ ̸= O, then ϕ · ϕ̂ = [d], where d = deg ϕ ≥ 0, see Proposition 6.3.7(a).

The endomorphism ring is very well studied, and the following result gives a very good grasp of
its structure.

Lemma 6.4.7. Let E1, E2 be two elliptic curves. Then Hom(E1, E2) is a free Z-module of rank at
most 4.

Proof. [9, Corollary III.7.5].

Theorem 6.4.8. The endomorphism ring End(E) of an elliptic curve E over a field K is a free
Z-module of rank at most 4. More precisely, it is one of the following types of rings:

(a) Z,

(b) an order in an imaginary quadratic extension of Q,

(c) an order in a quaternion algebra over Q.

If CharK = 0, then End(E) can only be of type (a) or (b); if CharK > 0, then End(E) can
only be of type (b) or (c).

Proof. The first statements are [9, Corollary III.9.4]. For the last statement, just notice that the
Frobenius is always an isogeny for an elliptic curve over a field with positive characteristic.

The theorem above gives the motivation for the following definition.

Definition 6.4.9. Let E be an elliptic curve over a field K.
If CharK = 0 and

• End ∼= Z, then E is called ordinary ;

• End(E) has rank 2, then E is called singular.

If CharK > 0 and

• End(E) has rank 2, then E is called ordinary ;

• End(E) has rank 4, then E is called supersingular.
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6.5 Automorphisms of elliptic curves
Let E = (C,O) be an elliptic curve over a field K, and consider the endomorphism ring End(E).

Definition 6.5.1. We define an automorphism of E to be an invertible element of End(E).
We denote by Aut(E) ⊆ End(E) the subset of automorphisms.

Lemma 6.5.2. The subset Aut(E) ⊆ End(E), endowed with the composition, is a subgroup.

Proof. Trivial.

The following theorem gives us a complete description of the structure of Aut(E) when CharK > 3
in terms of the j-invariant of E. Analogous statements hold in the remaining cases of characteristic
2 and 3.

Theorem 6.5.3. Let E be an elliptic curve over a field K, with CharK ̸= 2, 3. The following
statement holds.

AutE ∼=


Z/2Z if j(E) ̸= 0, 1728;

Z/4Z if j(E) = 1728;

Z/6Z if j(E) = 0.

Proof. As CharK ≠ 2, 3, the curve E can be brought into very short Weierstrass form, Proposi-
tion 5.1.4. Proposition 5.3.1 tells us that the only isomorphisms of elliptic curves preserving the
Weierstrass form are of the form

x′ = u2x , y′ = u3y

for some invertible element u ∈ K
×
, sending the elliptic curve with coefficients a, b to the elliptic

curve with coefficients u4a, u6b. Let ψ be such an isomorphism. In order for ψ to be an automorphism
of E, we must have that u4a = a and u6b = b.

If j(E) ̸= 0, 1728, then a, b ̸= 0 and therefore u must be at the same time a fourth and a sixth
root of unity, hence u = ±1.

If j(E) = 1728, then b = 0 and u must be a fourth root of unity. Hence we have four possible
automorphism. It is easy to see that the set of these four automorphisms with composition forms a
group isomorphic to Z/4Z.

If j(E) = 0, then a = 0 and u must be a sixth root of unity. Hence we have six possible
automorphism. It is easy to see that the set of these six automorphisms with composition forms a
group isomorphic to Z/6Z.

6.6 Velu’s formulas
Let E1, E2 be two elliptic curves over an algebraically closed field K = K and ϕ : E1 → E2 an
isogeny between them. Let G := kerϕ denote the kernel of ϕ. Then G is a subgroup of E(K).

Lemma 6.6.1. The following sequence is exact.

0 kerϕ E1(K) E2(K) 0
ϕ (6.1)

In other words, E2
∼= E1/(kerϕ).
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Proof. The kernel of ϕ is a subgroup of E1(K). Any non-trivial isogeny is surjective

The above arguments shows that if two elliptic curves are isomorphic, then one is isomorphic
to a quotient of the other. In fact, also the opposite is true: if E2 = E1/G for some subgroup G
of E1(K), then it is possible to construct an isogeny E1 → E2 whose kernel is exactly G. The
argument is due to Velu, and in reporting it we will follow [14, Section 12.3].

Let K be any field and fix an algebraic closure K. Let E be an elliptic curve over K, given by
the Weierstrass form (5.2):

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 (6.2)

with a1, a2, a3, a4, a6 ∈ K. Set f := x3 + a2x
2 + a4x+ a6 − (y2 + a1xy+ a3y), so that E : f = 0. Let

G ⊆ E(K) be a finite subgroup of E(K).
Let Q = (xQ, yQ) ∈ G ⊆ E(K) be a point inside the subgroup G, and assume Q ≠ O = (0 : 1 : 0).

Define the following quantities:

fx(Q) :=
∂f

∂x
(Q) = 3x2Q + 2a2xQ + a4− a1yQ ,

fy(Q) :=
∂f

∂y
(Q) = −2yQ − a1xQ − a3 ,

v(Q) :=

®
fx(Q) if 2Q = O

2fx(Q)− a1fy(Q) if 2Q ̸= O
,

u(Q) := (fy(Q))2 .

Let G2 := (G ∩ E(K)[2]) \ {O} the set of non-trivial points of order 2 inside G, and choose
R ⊂ G such that

G := {O} ∪G2 ∪R ∪ −R

is a disjoint union. In other words, for every pair P,−P of non 2-torsion points of G, put exactly
one of them in R. Set S := R ∪G2 and define

v :=
∑
Q∈S

v(Q) , and w :=
∑
Q∈S

(fx(Q)v(Q) + u(Q)) .

Definition 6.6.2. Define the curve E′ over K as

E′ : y2 +A1xy +A3y = x3 +A2x
2 +A4x+A6

with

A1 := a1 , A2 := a2 , A3 := a3 ,

A4 := a4 − 5v , A6 := a6 − (a21 + 4a2)v − 7w .

Lemma 6.6.3. The curve E′ is an elliptic curve.

Proof. It is enough to prove that E′ is smooth. See [14, Lemma 12.17].
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Proposition 6.6.4. The map σ : E → E′ defined by (x, y) 7→ (X,Y ) with

X := x+
∑
Q∈S

Å
v(Q)

x− xQ
+

u(Q)

(x− xQ)2

ã
,

Y := y −
∑
Q∈S

Å
u(Q)

2y + a1x+ a3
(x− xQ)3

+ v(Q)
a1(x− xQ) + y − yQ

(x− xQ)2
+
a1u(Q)− fx(Q)fy(Q)

(x− xQ)2

ã
,

is an isogeny. Moreover, kerσ = G.

Proof. This result is due to Vélu [13]. For a proof in a more modern language (and in english), see
[14, Theorem 12.16].

Corollary 6.6.5. Let E1, E2 be two elliptic curves over K. Then E1 and E2 are isogenous if and
only if one is isomorphic (over K) to a quotient of the other.

Proof. It follows immediately from Lemma 6.6.1 and Proposition 6.6.4. Any isogeny is surjective,
see Remark 6.2.2.

6.7 Exercises
The exercises marked with * are harder; those marked with ! are important.

Exercise 6.7.1.

Show that every elliptic curve E of the form y2 = x3 + a, a ̸= 0 has complex multiplication. Write
down all the automorphisms of E.
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Chapter 7

Elliptic curves over the complex, real,
and rational fields

In this chapter, we will focus on elliptic curves over the main fields with characteristic 0, namely
C,R, and Q.

We will first study elliptic curves over C and compare them to complex tori. In chapter 1 we
have seen that a complex tori is isomorphic to a cubic curve (in very short Weierstrass form). The
main result of §7.1 consists in showing that complex tori and elliptic curves over C are the same
thing.

It might happen that a complex elliptic curve can be actually defined by an equation with real
coefficients, that is, it is an elliptic curve. As R is not algebraically closed, the study of the set E(R)
becomes more interesting and it will be the main topic of §7.2.

The statements above hold also if we substitute R with Q. In particular, as Q is also not complete
with respect the Euclidean metric, the group E(Q) becomes even more interesting, also because of
its connection to diophantine problems. The structure of E(Q) will be the main object of §7.3.

7.1 Elliptic curves over the complex field

Let T be a complex tori. Then, by definition, T is the quotient C/Λ for some lattice Λ ⊂ C.
Theorem 1.5.15 tells us that T is isomorphic to the cubic curve

E(Λ): y2 = x3 − 4g2x− 16g3

and Lemma 1.5.14 tells us that E(Λ) is smooth. Note that E(Λ) is already given in very short
Weierstrass form, and hence its projective closure contains the point O = (0 : 1 : 0). Hence E(Λ) is
an elliptic curve. So now on E(Λ) we have two group structures:

• the one coming from the elliptic curve structure (§5.4),

• and the one inherited by T using the bijection ϕ in Theorem 1.5.15.

Miraculously, these two group structures coincide.

73
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Theorem 7.1.1. Let Λ = ⟨ω1, ω2⟩ ⊂ C be a lattice of C with generators ω1, ω2, and let E(Λ) be the
curve associated to Λ. Then the map

ϕ : C/Λ → E(Λ)

z 7→ (℘(z) : ℘′(z)/2 : 1)

0 7→ (0 : 1 : 0) = O

is a group isomorphism.

Proof. [9, Proposition VI.3.6(b)].

The above theorem shows that every complex torus is isomorphic to an elliptic curve, as Riemann
surfaces and also as groups (hence, as Lie groups). The next natural question then is whether every
elliptic curve is isomorphic to a complex torus.

Let E = (C,O) be an elliptic curve over C. Since C has characteristic 0, the curve E can be put
into a very short Weierstrass form (Proposition 5.1.4), hence write

E : y2 = x3 + ax+ b

with a, b ∈ C such that a3 − 27b2 ̸= 0.

Theorem 7.1.2 (Uniformization theorem). Let a, b ∈ C such that a3 − 27b2 ≠ 0. Then, up to
homotheties, there exists a unique lattice Λ ⊂ C such that g2(Λ) = a and g3(Λ) = b.

Proof. By Proposition 2.4.10 we know that, up to homotheties, there exists a unique lattice Λ such
that j(Λ) = a3

a3−27b2 . Then, by definition of the j-function, it follows that

g2(Λ)
3

g2(Λ)3 − 27g3(Λ)2
=

a3

a3 − 27b2

and hence there is a u ∈ C∗ such that g2(Λ) = u−4a and g3(Λ) = u−6b (see the proof of Lemma 2.4.3
for the complete arguement). Then the lattice 1

uΛ is the one required in the statement.

Corollary 7.1.3. Let E be an elliptic curve over C. Then there exists a complex torus T isomorphic
(as group and as Riemann surface) to E.

Proof. As E is defined over C, it can be put in a very short Weierstrass form E : y2 = x3 + ax+ b
with a, b ∈ C such that 4a3 + 27b2 ̸= 0. Define α := −a/4 , β := −b/16 and we obtain that

−44(α3 − 27β2) = 4a3 + 27b2 ̸= 0 ,

hence α3 − 27β2 ̸= 0. Then, from Theorem 7.1.2, it follows that there exists a lattice Λ (uniquely
determined up to homotheties), such that g2(Λ) = α and g3(Λ) = β. Let T be the torus C/Λ. Then
Theorem 1.5.8(b) and Theorem 7.1.1 tell us that C/Λ is isomorphic to E(Λ) : y2 = 4x3 − αx− β as
Riemann surface and as group. By definition of α, β, we know that E(Λ) is isomorphic to E, simply
using the change of variable used in (1.5.11).

The content of this section, together with that of §1.5 and §2.1, tells us that complex lattices,
complex tori and complex elliptic curves are essentially the same thing. This statement is made
clearer by the following result.
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Theorem 7.1.4. The following categories are equivalent:

(i) (Elliptic curves over C; Isogenies of elliptic curves);

(ii) (Complex tori; Isogenies of complex tori);

(iii) (Lattices up to homotheties; {α ∈ C : αΛ1 ⊆ Λ2}).

Remark 7.1.5. The results in this section also shows that we can apply all the theory developed
for complex tori in chapters 1 and 2 to elliptic curves over C.

The results above tell us that every complex elliptic curve comes from a complex torus C/Λ,
but the proofs are not constructive. Then one might naturally ask, given a complex elliptic curve
E/C, is it possible to explicitly describe the lattice Λ such that E ∼= C/Λ? The answer is positive,
as shown below.

Let E/C be a complex elliptic curve inside the affine plane A2(x, y). As E is isomorphic to a
complex torus, its fundamental group is π1(E) ∼= π1(T ) ∼= Z × Z. Let α, β ∈ π1(E) denote two
generators.

Definition 7.1.6 (Periods of an elliptic curve). We define the periods of E to be the quantities

ω1 :=

∫
α

dx

y
and ω2 :=

∫
β

dx

y
.

Theorem 7.1.7. Let E/C be a complex elliptic curve and let ω1, ω2 be its periods. Then ω1, ω2 ∈ C
are linearly independent over R.

Let Λ := ⟨ω1, ω2⟩ ⊂ C be the lattice they generate. Then C/Λ is isomorphic to E, and the
isomorphism is the one given in Theorem 1.5.15(b).

Proof. [9, Proposition VI.5.2].

7.2 Elliptic curves over the real field

In this section, we will always assume E to be an elliptic curve defined over R, that is, E : y2 =
x3 + ax+ b with a, b ∈ R such that 4a3 + 27b2 ̸= 0. As we are working over R, it also possible to
draw a picture of the set of rational points E(R). As the picture suggests, the number of connected
components of E(R) depends on the discriminant of the curve.

Lemma 7.2.1. Let E be an elliptic curve over R with discriminant ∆. Let c be denote the number
of connected components of E(R). Then

c =

®
1 if ∆ < 0

2 if ∆ > 0
.

Moreover, the number of 2-torsion points of E(R) is

#E(R)[2] =
®
2 if ∆ < 0

4 if ∆ > 0
.
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Figure 7.1: An elliptic curve with ∆ > 0. Figure 7.2: An elliptic curve with ∆ < 0.

Proof. Recall that as E is an elliptic curve, it is smooth, and hence its determinant is non-zero,
∆ ̸= 0. Without loss of generality, we may and do assume that E is given in a a very short Weierstrass
form. Therefore, it is symmetric with respect the x-axis. Then the first statement follows from
Proposition 3.2.8.

To prove the second statement, recall that the non-trivial 2-torsion points are those whose
y-coordinate equal to 0. Then, again, the statement follows from Proposition 3.2.8.

As R ⊂ C, we can nevertheless view E as a complex elliptic curve and, therefore, as a complex
torus. Let ψ be the automorphism as in Theorem 1.5.15. Normalize ΛE to the lattice Λ = Z+ τZ
with τ ∈ H, see Lemma 2.4.4. Let F denote the fundamental domain of Λ spanned by {1, τ}.

Definition 7.2.2. Let γ1 denote the edge of F going from 0 to 1 and γ2 the segment going from
τ/2 to τ/2 + 1.

Remark 7.2.3. Notice that γ1 and γ2 are two homotopic loops in C/Λ.

The connected components of E are related to the loops γ1, γ2.

Lemma 7.2.4. Let E,ψ, F, τ, γ1, γ2 be defined as above. Then

ψ(E(R)) =
®
γ1 if ∆ < 0 ,

γ1 ∪ γ2 if ∆ > 0 .

Moreover, if ∆ > 0, one has τ ∈ iR>0.

Proof. Notice that E(R) is the set of points fixed by the Galois action of G = Gal(C/R) on E viewed
as a complex elliptic curve. As the ℘ function is defined over R, the pre-image ϕ−1(E(R)) = ψ(E(R))
is also G-invariant. Moreover, as it is a continuous function, it preserves the number of connected
components. If z ∈ F is in ψ(E(R)), then its conjugate satisfies z̄ ≡ z mod Λ = ⟨1, τ⟩. This
trivially implies that γ1 ⊂ Λ is G-invariant, so γ1 ⊆ ψ(E(R)). If we write z = x + yτ ∈ F with
x, y ∈ [0, 1[ then z̄ = x+ yτ̄ and hence z ≡ z̄ mod Λ if and only if y(τ − τ̄) ∈ Λ. Write τ = a+ bi
with a, b ∈ R, b > 0, then it yields that 2ybi ∈ Λ = Z+ τZ and hence either y = 0 or y = 1/2 and
τ = bi. If y = 0 we recover γ1; if y = 1/2 we recover γ2.
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If ∆ < 0, then #E(R)[2] = 2 and E(R) has only one connected component, hence ψ(E(R)) = γ1,
also meaning that τ is not a multiple of i. If ∆ > 0, then #E(R)[2] = 4 and E(R) has two connected
components. Then the computations above show that they are exactly γ1 and γ2, and also that
τ = bi, concluding the proof.

Remark 7.2.5. Recall Definition 7.1.6 of the periods ω1, ω2 of E. The loop γ1 ⊂ C/Λ defined in
Definition 7.2.2 can be taken to be an element of the basis, say α. As γ2 ∼ γ1, from Lemma 7.2.4 it
follows that ∫

E(R)

dx

y
=

®
ω1 if ∆ < 0 ,

2ω1 if ∆ > 0 .

7.3 Elliptic curves over the rationals
In this section, let E be an elliptic curve defined over Q, that is, E : y2 = x3 + ax+ b with a, b ∈ Q
such that 4a3 + 27b2 ̸= 0. We are interested in understanding the group structure of E(Q). The
first thing to notice is that and elliptic curve over Q always admits a very short Weierstrass form
with coefficients in Z.

Lemma 7.3.1. Let E/Q be an elliptic curve defined by E : y2 = x3 + ax+ b with a, b ∈ Q such that
4a3 + 27b2 ̸= 0. Then there exist a′, b′ ∈ Z such that E′ : y2 = x3 + a′x+ b′ is isomorphic to E.

Proof. We can write a, b as rational numbers with the same denominator, say

a =
p

q
and b =

r

q
,

with p, r, q ∈ Z. Then E : y2 = x3 + p
qx+

r
q . Multiply both sides of the equation defining E by q6,

obtaining
q6y2 = q6x3 + q5px+ q6r .

Then the substitution ®
x′ = q2x

y′ = q3y

shows that E is isomorphic to E′ : y2 = x3 + q2px+ q6r. Also notice that ∆(E′) = u6∆(E) ̸= 0,
hence E′ is an elliptic curve.

In studying E(Q), we start with the torsion points.

Definition 7.3.2. We denote by E(Q)tors the subgroup E(Q) formed by torsion elements:

E(Q)tors := {P ∈ E(Q) | ∃m ∈ Z : mP = O}.

An element of E(Q)tors is called a (rational) torsion point of E.

The torsion part is very well understood, as the following result by Mazur shows.

Theorem 7.3.3 (Mazur). Let E/Q be an elliptic curve. Then the torsion subgroup Etors(Q) is one
of the following fifteen groups:

Z/NZ 1 ≤ N ≤ 10 or N = 12;

Z/2Z× Z/2NZ 1 ≤ N ≤ 4.

Further, each of these groups does occur as an E(Q)tors.
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Its study is also aided by the following theorem.

Theorem 7.3.4 (Lutz–Nagell). Let E be an elliptic curve over Q having Weierstrass equation

E : y2 = x3 + ax+ b

with a, b ∈ Z and such that no 12-th power of a prime divides ∆(E). Let P = (xP , yP ) be a torsion
point of E of order m > 1. Then

1. xP , yP ∈ Z,

2. if m = 2 then yP = 0,

3. if m > 2 then y2P divides 4a3 + 27b2 = ∆(E).

Remark 7.3.5. The condition on ∆(E) not to be divisble by any 12-th power will be explained in
§9.1.

These results, together with the reduction modulo a prime presented in Proposition 9.3.5, allow
practical computations of the torsion part of E(Q). In particular, the reduction modulo a prime is
very useful and it is also needed to prove Theorem 7.3.4. Ror this reason, the proof of the theorem
is postponed to §9.3.

Studying the points of infinite order is definitely more complicated, and here we will only state
the Mordell–Weil theorem. The proof of this theorem is not very complicated, but pretty long and
requiring some background.

Theorem 7.3.6 (Mordell–Weil). Let E/Q be an elliptic curve. Then the group E(Q) is finitely
generated.

Proof. See [9, VIII.4].

We will not focus on the proof of this theorem, but rather on an immediate consequence. From
Theorem 7.3 it immediately follows that

E(Q) ∼= Zr ⊕ E(Q)tors,

for some integer r ≥ 0.

Definition 7.3.7. We define r to be the rank of E/Q.

At the moment of writing, there is no known algorithm to compute the rank of a given elliptic
curve. If E admits a 2-torsion point on Q, then the rank can be computed using a procedure called
2-descent. An important conjecture, due to Birch and Swinnerton–Dyer, states that the rank of
E(Q) equals the order of the L-function associated with E at 1; for the definition of the L-function
of E and the Birch–Swinnerton-Dyer conjecture, see chapter 10.
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7.4 Exercises
The exercises marked with * are harder; those marked with ! are important.

Exercise 7.4.1. Prove 5.4.5.ii), iv), and v). [Extra: do not use Proposition 5.4.7.]

Exercise 7.4.2. Let C be an elliptic curve given in Weierstrass form and let P be a point of C.
Prove the formula for the coordinates of 2P = P + P (cf. Corollary 5.4.9). Give a characterization
of the 2-torsion points.

Exercise 7.4.3. Consider the cubic curve C over Q given by

y2 = x3 + 17.

The points P1 = (−2, 3) and P2 = (−1, 4) are on the curve. Compute P1+P2. Find all the Q-torsion
points of C.

Exercise 7.4.4. Find all the Q-torsion points of the elliptic curve C : y2 = x3 − x.

Exercise 7.4.5. * Find more Q-rational solutions of the following equation:

x

y + z
+

y

x+ z
+

z

x+ y
= 4

(cf. Exercise 5.6.3).
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Chapter 8

Elliptic curves over finite fields

In this section we focus on elliptic curves over finite fields. We will briefly recall the basic theory
of finite fields. The main goal of the section is to state and prove the Weil conjectures for elliptic
curves.

8.1 Finite fields

For an account on this subject you might read [6, Section V.5] or [3, Chapter 12].
A finite field is simply a field with finitely many elements.

Example 8.1.1. Let p be a prime number, and define Fp as the ring obtained by taking Z/pZ with
the usual sum and multiplication. One can easily verify that Fp is a field.

Example 8.1.2. Let p be a prime number and let Fp be the finite field with p elements. Set q = pn

be a power of p and consider an irreducible polynomial f ∈ Fp[X] of degree n. Then the field with
q = pn elements, denoted by Fq, can be defined as the quotient Fp[X]/(f) or, equivalently, as the
field Fp(α) with α a root of f .

Let K be a field (not necessarily finite). We define the characteristic of K, denoted by CharK,
to be the smallest non-negative integer n such that n · 1 = 0 in K.

Example 8.1.3. The fields Q, R, and C all contain the ring Z and therefore they all have
characteristic 0.

Example 8.1.4. The fields Fp and Fq (cf. 8.1.1 and 8.1.2), have characteristic p.

The following result completely classifies the finite fields.

Theorem 8.1.5 (Moore, 1893). Let K be a finite field. Then K is of the form Fq for some prime p
and some integer n such that q = pn.

For every prime power q there is a unique finite field of order q up to isomoprhisms.
In Fq every element satisfies the equation

Xq = X. (8.1)

81



82 CHAPTER 8. ELLIPTIC CURVES OVER FINITE FIELDS

Proof. For a proof, see [3, Theorem 12.1] or [6, Theorem V.5.2].

Corollary 8.1.6. The field Fq contains the field Fq′ if and only if q = pn, q′ = pm, and m ≤ n.

Let K be a finite field of characteristic p. We define the Frobenius automorphism of K as the
automorphism given by

Φ: x 7→ xp.

Theorem 8.1.7. Let K be a finite field of characteristic p Let K be an algebraic closure of K. Then
the Frobenius map Φ of K defines an automorphism of K. Furthermore, Φ topologically generates
the Galois group Gal(K/K). For every integer n, the set of elements of K fixed by Φn is a subfield
isomorphic to Fpn .

Proof. See [3, Section 12.5].

Remark 8.1.8. Let K be a finite field of characteristic p, and let K be an algebraic closure of K.
Then K is an infinite field of characteristic p.

8.2 Isogenies over finite fields

Let q = pr be a prime power and consider the finite field Fq. Then the Frobenius map Frobq : x 7→ xq

acts as the identity on Fq. Let K = Fq be a fixed algebraic closure of Fq and let E be an elliptic
curve defined over K.

Definition 8.2.1. The Frobenius endomorphism of E is the isogeny defined by

Frobq : E(K) → E(K)

(x, y) 7→ (xq, yq) .

Clearly, the map acts as the identity on the points in E(Fq), but not on the others. In fact,
it is easy to see that these are exactly the points fixed by the Frobenius endomorphism, i.e.,
E(Fq) = E(K)Frobq . This property is useful in order to count the number of points in E(Fq).

Remark 8.2.2. The degree of Frobp is p. To see this, one can use the definition of degree of a map
as the degree of the field extension it induces at the level of function fields.

The next natural question one might ask is how to determine whether two elliptic curves are
isogenous.

Theorem 8.2.3. Let E1, E2 be two elliptic curves over a finite field K. Then E1 and E2 are
isogenous over K if and only if they have the same number of K-rational points.

Proof. The first implication is a direct consequence of [12, Theorem 1]. The reverse implication is [9,
Exercise V.5.4(b)].
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8.3 The Hasse bound
Let K be a finite field with q = pn elements, and let E be a cubic curve over K. As K is finite, we
know that the set E(K) of rational points is also finite. Then the next question is: can we estimate
the size of E(K), that is, the number of K-rational points of E. If E has a singular point, then the
answer only depends on the type of singularity, as shown by the following result.

Proposition 8.3.1. Let E/K be a cubic with a singularity in the point P ∈ E(K). Let Ens(K) ⊂
E(K) be the set of nonsingular points of E.

1. If P is a node and the slopes of the tangent lines to E at P are not defined over K, then
#Ens(K) = q − 1.

2. If P is a node and the slopes of the tangent lines to E at P are defined over K, then
#Ens(K) = q + 1.

3. If P is a cusp, then #Ens(K) = q.

Proof. Let Λ denote the set of lines defined over K passing through P . Then Λ ∼= P1
K and hence

#Λ = q + 1. As P is a singular point, it has multiplicity 2; as E is a cubic, any other point
Q ∈ Ens(K) corresponds to a line in Λ not tangent to E at P . Hence #Ens(K) = #Λ0, where
Λ0 ⊆ Λ is the set of lines defined over K passing through P and not tangent to E.

If P is a node and the slopes of the tangent lines to E at P are not defined over K, then Λ0 = Λ
and hence #Ens(K) = q + 1. If P is a node and the slopes of the tangent lines are defined over K,
then #Λ0 = q + 1− 2 = q − 1. If P is a cusp, then P admits only one tangent line and it is defined
over K, hence #Λ0 = q + 1− 1 = q, concluding the proof.

The answer for elliptic curves is not as easy and it depends on the elliptic curve itself. Here we
give a bound on the possible values.

Lemma 8.3.2. Let A be an abelian group and d : A→ Z a positive definite quadratic form. Then
for all a, b ∈ A,

|d(a− b)− d(a)− d(b)| ≤ 2
»
d(a)d(b).

Proof. For a, b ∈ A, let
L(a, b) := d(a− b)− d(a)− d(b).

As d is quadratic, L is bilinear. As d is positive definite, then for m,n ∈ Z

0 ≤ d(ma− nb) = m2d(a) +mnL(a, b) + n2d(b).

Then for m = −L(a, b) and n = 2d(a) we have

0 ≤ d(a)[4d(a)d(b)− L(a, b)2]

If a ̸= 0, as d is positive definite, d(a) > 0 and so 0 ≤ 4d(a)d(b) − L(a, b)2, leading to the
statement.

If a = 0, then d(a) = 0 and the statement is trivially true.

Theorem 8.3.3 (Hasse bound). Let E be defined as above. Then

|#E(Fq)− q − 1| ≤ 2
√
q
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Proof. Choose a Weierstrass equation for E with coefficients in Fq and consider the Frobenius map

Frobq : (x, y) 7→ (xq, yq).

Notice that the map above is the n-th power of the Frobenius morphism. Recall that K is an algebraic
closure of Fq and let P ∈ E(K). Then, using Theorem 8.1.7, P ∈ E(Fq) if and only if Frobq(P ) = P .
Therefore E(Fq) = ker(1− Frobq) and so #E(Fq) = #ker(1− Frobq) = deg(1− Frobq).

The degree is a quadratic form on End(E) (see Corollary 6.3.8) and the degree of ϕ is q (see
Remark 8.2.2), then the result follows from Lemma 8.3.2.

8.4 The Weil conjectures for elliptic curves
In this subsection we introduce the Weil conjectures for elliptic curves. The whole topic could be
trated in greater generality, concerning varieties of any dimension on finite fields, but that would go
beyond the scope of these notes.

Let q = pr be a prime power and Fq the finite field with q elements. Let E/Fq be an elliptic
curve and recall that for any n > 0 one can consider the points of E defined over the extension Fqn ,
that is, E(Fqn).

Example 8.4.1. Consider E/F5 : y
2 = x3 + x+ 1. Then #E(F5) = 9 and #E(F25) = 27.

Definition 8.4.2. If F (T ) ∈ Q[[T ]] is a power series with no constant term, we define

exp(F (T )) :=

∞∑
k=0

F (T )k

k!
.

Then we define the zeta function of E/Fq as the power series

Z(E, T ) := exp

( ∞∑
n=1

#E(Fqn)
Tn

n

)
.

In 1949, Weil conjectured some important properties of this function: these are known as Weil
conjectures. Weil himself proved them for the case of curves and abelian varieties, hence for elliptic
curves in particular.

Theorem 8.4.3 (Weil conjectures for elliptic curves). Let E/Fq be an elliptic curve. Then the
following statements hold.

1. Rationality:
Z(E, T ) ∈ Q(T ) .

2. Factorization:
Z(E, T ) =

P1(T )

P0(T )P2(T )

with
P0(T ) = 1− T and P2(T ) = 1− qT

and P1(T ) ∈ Z[T ].
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3. Riemann hypothesis: The polynomial P1(T ) ∈ Z[T ] factors over C as

P1(T ) =
∏
j=1

(1− αjT )

with |aj | =
√
q.

4. Functional equation:

Z

Å
E,

1

qT

ã
= ±Z(E, T ) .

In fact, for elliptic curves we know even more.

Definition 8.4.4. We define the trace of the Frobenius of E to be the integer

aq := q + 1−#E(Fq) .

The name ‘trace’ is justified by the following result.

Theorem 8.4.5. The following statements hold.

1. The Frobenius enodmorphism satisfies the following relation in End(E):

Frob2q −aFrobq +q = 0 .

2. The factor P2 of Z(E, T ) is

P2(T ) = 1− aqT + qT 2 =: (1− α1T )(1− α2T ) .

3. For every n ≥ 1 we have
#E(Fqn) = qn + 1− αn1 − αn2 .

Proof. See [8, §V.2].

Remark 8.4.6. From Theorem 8.4.3 we know that α1, α2 are complex conjugate and have norm√
q.

Remark 8.4.7. Notice that the trace of Frobq on E is exactly the quantity interested by the Hasse
bound, see Theorem 8.3.3.

8.5 Exercises
The exercises marked with * are harder; those marked with ! are important.

Exercise 8.5.1. ! Let n be a non-prime integer. Prove that the ring Z/nZ is not a field.

Exercise 8.5.2. Let E be the elliptic curve defined by y2 = x3 + x − 1 over F5. Compute the
number of points of E over F5 and check that the Hasse bound holds. Do the same over F25.
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Chapter 9

L-function of an elliptic curve

In this section, we focus on elliptic curves defined over the rationals. We will study their reduction
modulo a prime and define their L-function.

9.1 Minimal Weierstrass model
Fix a prime p. Then one can consider the valuation induced by p:

v := vp : Z → N ∪ {∞}
0 7→ ∞
n 7→ e

where e is the greatest power of p dividing n, i.e., n = pe · n′ with gcd(p, n′) = 1. Clearly, the
valuation is multiplicative, i.e., vp(n · m) = vp(n) + vp(m), and so, by setting vp(1/p) = −1, it
extends to a valuation

v := vp : Q → Z ∪ {∞}.

Example 9.1.1. Set p = 5. Then v5(5) = 1, v5(7) = 0, v5(7/25) = −2.

Let E/Q be an elliptic curve over Q. In chapter 5 we have seen that then E can be written as
the zero set of the polynomial

y2 = x3 + ax+ b

for some a, b ∈ Q and that the only changes of variables preserving this form and the field of
definition are tu : (x, y) 7→ (u−2x, u−3y), for some u ∈ Q∗.

Lemma 9.1.2. Let E/Q be defined by y2 = x3 + ax+ b and let E′ : y2 = x3 + a′x+ b′ be the image
of E under the substitution tu. Then a′ = u4a, b′ = u6b,∆′ = u12∆.

Proof. By direct computations.

So we see that if we vary among the short Weierstrass equations of an elliptic curve, the
discriminant of the curve get scaled by the twelfth power of the parameter. This motivates the
following definition.
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Definition 9.1.3. A short Weierstrass equation for E/Q is called minimal at vp if vp(a), vp(b) ≥ 0
and vp(∆) ≥ 0 is minimal.

Corollary 9.1.4. Let E/Q be the elliptic curve given by y2 = x3 + ax + b with vp(a), vp(b) ≥ 0.
Then the following are equivalent:

1. The equation y2 = x3 + ax+ b is the minimal short Weierstrass equation of E at vp;

2. vp(∆) < 12;

3. vp(a) < 4;

4. vp(b) < 6.

Proof. It follows immediately from Lemma 9.1.2 and the hypothesis that vp(a), vp(b) ≥ 0. In
particular, the latter implies that vp(∆) ≥ 0.

Proposition 9.1.5. Let p be a fixed prime. Then every elliptic curve E/Q admits a minimal short
Weierstrass equation. Moreover, the minimal equation is unique up to change of coordinates tu with
u ∈ Z such that vp(u) = 0.

Proof. Let y2 = x3 + ax+ b with a, b ∈ Q not both zero. If any of the two has negative valuation,
we can substitute the variables by tp until both a, b have positive valuation, cf. Lemma 9.1.2. By
stopping as soon as they have positive valuation, we obtain the minimal equation, cf. Corollary 9.1.4.

The second statement follows immediately from Lemma 9.1.2.

9.2 Reduction mod p

As before, fix a prime p ≥ 5 and let E/Q be an elliptic curve. Fix a minimal short Weierstrass
equation for E, say

E : y2 = x3 + ax+ b.

As the equation is minimal, vp(a), vp(b) ≥ 0. In particular, using Proposition 9.1.5, we may assume
that a, b ∈ Z. Then we can consider the reduction modulo p:

Z → Z/(p) ∼= Fp
n 7→ n := n mod p

Definition 9.2.1. We define the reduction of E mod p to be the curve Ep/Fp defined by

Ep : y
2 = x3 + ax+ b.

The reduction modulo p also induces a map on the sets of rational points:

E(Q) → Ep(Fp)
(x : y : z) 7→ (x : y : z) .

Notice that the map is well defined as the point (x : y : z) can be taken with integer coordinates
and with at least one of them not divisible by p.

The main problem with the reduction modulo a prime is that the reduction of an elliptic curve
does not need to be an elliptic curve: indeed it can be singular. This motivates the following
definition.
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Definition 9.2.2. Let E/Q be an elliptic curve with a given minimal Weierstrass equation at vp.
We say that the reduction Ep is

(a) good if it is smooth (and hence Ep is an elliptic curve over Fp),

(b) multiplicative if Ep has a node,

(c) additive if Ep has a cusp.

If E has multiplicative reduction, then the reduction is said to be split if the slopes of the tangent
lines at the node are in Fp, otherwise it is called nonsplit.

If E has not good reduction, we say that p is a prime bad reduction for E with that given
equation; we often shorten it by saying that p is a bad prime for E.

Example 9.2.3. Consider p = 5 and the elliptic curve E : y2 = x3 + 5. Then the reduction
E5 : y

2 = x3 has a cusp, hence it is not an elliptic curve.

Example 9.2.4. Consider p = 31 and the elliptic curve E : y2 = x3 + x+ 1. The reduction E31 has
a node at (14, 0). As 14 is a square mod 31, the prime p is a split prime.

Proposition 9.2.5. Let p ≥ 5 be a prime and E/Q be an elliptic curve with minimal short
Weierstrass equation y2 = x3 + ax+ b with a, b ∈ Z. Then

1. E has good reduction if and only if vp(∆) = 0;

2. E has multiplicative reduction if and only if vp(∆) > 0 and vp(a) = 0;

3. E has additive reduction if and only if vp(a) > 0.

Proof. Notice that the reduction Ep/Fp is a cubic curve with discriminant equal to ∆ = ∆ mod p. As
a cubic curve is singular if and only if it has discriminant equal to 0, the first statement immediately
follows.

Now assume vp(∆) > 0. As a, b are supposed to be integers, we know that vp(a), vp(b) ≥ 0. If
vp(a) > 0 it means that E reduces to the curve y2 = x3 + b̄ with discriminant ∆̄ = −16 ∗ 27 ∗ b̄2 ∼= 0
mod p. As p ≥ 5 it follows that b̄ ∼= 0 mod p and hence Ē : y2 = x3, the cuspidal cubic. On the
other hand, it is immediate to see that if Ē is the cuspidal cubic then vp(a) > 0. As a singular cubic
can only have a cusp or a node, this concludes the proof.

Remark 9.2.6. Proposition 9.2.5 holds also for p = 2, 3 if we write E : y2 = x3 + 27ax+ 54b. This
is not so interesting at this stage, as the reduction of a short Weierstrass form modulo p = 2, 3 is
always singular.

9.3 Reduction and torsion points: elliptic curves over the
p-adics.

Surprisingly, the reduction modulo p gives us information about the torsion points of E/Q. In fact,
if p is of good reduction for E and m is an integer coprime with p, we will see there is an embedding
of abelian groups

E(Q)[m] ↪→ Ep(Fp).
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Let E/Q be an elliptic curve with a model over Z and let p be a prime. Denote by Ē the
reduction of E modulo p. We denote by Qp the completion of Q with respect the p-adic norm, as
Q ↪→ Qp, one can naturally consider the set of points E(Qp) ⊃ E(Q).

Definition 9.3.1. We define the following subgroups of Ē(Fp) and E(Q):

Ēns(Fp) := {non-singular points of Ē(Fp) },
E0(Qp) := {P ∈ E(Qp) : P̄ ∈ Ēns(Fp) },
E1(Qp) := {P ∈ E(Qp) : P̄ = Ō }.

Remark 9.3.2. Clearly, if p is a prime of good reduction for E then E0(Qp) = E(Qp).

Proposition 9.3.3. There is an exact sequence of abelian groups

0 → E1(Qp) → E0(Qp) → Ēns(Fp) → 0 (9.1)

where the maps are the inclusion and the reduction modulo p.

Proof. We sketch the steps of the proof; for more details see [9, Proposition VII.2.1].

• First notice that E1(Qp) ⊂ E0(Qp), as the point at infinity is always a non-singular point for
the reduction of a cubic in Weierstrass form.

• The group law on E(Q) naturally induces a group structure on the sets in the statement.

• The point above also implies that thereduction modulo p is a group homomorphism.

• Let ι denote the inclusion E1(Qp) ↪→ E0(Qp) and π the reduction E0(Qp) → Ēns(Fp). From
the first point we know that ι is injective. Also, by definition E1(Qp) = kerπ.

• The surjectivity of π follows from the completeness of Qp and Hensel’s lemma.

It turns out that E1(Qp) is deeply related to the p-torsion points of E.

Proposition 9.3.4. Any finite order element of E1(Qp) has order a power of p. In particular, if
m ∈ N is coprime with p, then there are no elements of order m in E1(Qp).

Proof. We only give a sketch of the strategy of the proof as in [9]. The group E1(Qp) is isomorphic
to the formal group associated with E over pZp: see [9, Proposition VII.2.2] for a proof of this fact
and [9, §§IV.2–3] for the definition of the formal group associated with E over pZp. Then the proof
of the statement reduces to [9, Proposition IV.3.2].

We are now ready to prove that the reduction modulo a prime gives information about the
torsion points.

Proposition 9.3.5. Let m ∈ N be coprime with p and assume Ẽ/Fp is non-singular, then the
reduction map

E(Qp)[m] → Ẽ(Fp)

is injective.
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Proof. As p is a prime of good reduction for E, the exact sequence in (9.1) becomes

0 → E1(Qp) → E(Qp) → Ē(Fp) → 0 .

Let P be an m-torsion point in E(Qp). Proposition 9.3.4 tells us that P is not E1(Qp) and hence it
is not in the kernel of the reduction map π. Hence, π induces the desired injection.

Corollary 9.3.6. Let m ∈ N be coprime with p and assume Ẽ/Fp is non-singular, then the reduction
map

E(Q)[m] → Ẽ(Fp)

is injective.

Proof. Just notice that E(Q) ⊂ E(Qp) and hence E(Q)[m] ⊆ E(Qp)[m].

The p-valuation also allows us to to prove another important result about torsion points: the
Lutz–Nagell theorem.

Lemma 9.3.7. Let p be a prime and E and elliptic curve over Q having short Weierstrass equation

E : y2 = x3 + ax+ b

with a, b ∈ Z. Let P = (xP , yP ) ∈ E(Qp) be a torsion point of order m ≥ 2. Then xP , yP ∈ Zp.

We will only prove this result for m not a power of p. For a more general statement and the
proof also of the case m = pn, see [9, Theorem VII.3.4].

Proof. Recall that vp denotes the p-adic valuation. If vp(xP ) and vp(yP ) are both non-negative then
there is nothing to prove.

If v(xp) ≥ 0 then

2vp(yP ) = vp(y
2
P ) = vp(x

3
P + axP + b) ≥ min{3vp(xP ), vp(a) + vp(xP ), vp(b)} ≥ 0

as a, b, xP ∈ Zp, as desired.
So assume vp(xP ) < 0. Then it follows that

2vp(yP ) = vp(y
2
P ) = vp(x

3
P + axP + b) ≥ min{3vp(xP ), vp(a) + vp(xP ), vp(b)} .

As vp(xP ) < 0 while vp(a), vp(b) ≥ 0, then min{3vp(xP ), vp(a) + vp(xP ), vp(b)} = 3vp(xP ) and the
inequality above is in fact an equality, hence

2vp(yP ) = 3vp(xP ) = −6s < 0 .

This means that vp(xP ), vp(yP ) < 0 and hence P̄ = Ō, yielding P ∈ E1(Qp). If m is not a power of
p, then the statement follows from Proposition 9.3.4. For m = pn, see [9, Theorem VII.3.4(b)].

We are now ready to prove Theorem 7.3.4. For the reader’s convenience we recall the statement
here, using the terminology introduced in thic chapter.

Theorem 9.3.8 (Lutz–Nagell). Let p be a prime and E and elliptic curve over Q having minimal
Weierstrass equation

E : y2 = x3 + ax+ b

with a, b ∈ Z. Let P = (xP , yP ) be a torsion point of E of order m > 1. Then
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1. xP , yP ∈ Z,

2. if m = 2 then yP = 0,

3. if m > 2 then y2P divides 4a3 + 27b2 = −∆(E)/16.

Proof. (2) This is just the classification of 2-torsion points of elliptic curves given in short Weier-
strass form, see Corollary 5.4.9.

(1) We prove that xP , yP ∈ Z. First assume m = 2. Then yP = 0 from point (2). This implies
that xP is the rational solution of a monic polynomial with integral coefficients and hence it
is an integer (Gauss’ lemma). Assume then m > 2. For every prime p one can view P as an
element of E(Qp)[m]. Then Lemma 9.3.7 tells us that xP , yP ∈ Zp. As this is true for every
prime, it follows that xP , yP ∈ Z, proving the statement.

(3) By assumption m ̸= 2 and hence yP ≠ 0 and 2P = (x2P , y2P ) ̸= O is a non-trivial torsion
point. From point (1) we then have xP , yP , x2P ∈ Z. The duplication formula Corollary 5.4.9
tells us that

x2P =
ϕ(xP )

4ψ(xP )

with
ϕ(x) = x4 − 2ax2 − 8bx+ a2 and ψ(x) = x3 + ax+ b .

Set f(x) := 3x2 + 4a and g(x) = 3x3 − 5ax− 27b. Then the following equality holds:

4a3 + 27b2 = f(x)ϕ(x)− g(x)ψ(x) .

Substituting x with xP and recalling that y2P = ψ(xP ) and x2P = ϕ(xP )
4ψ(xP ) we obtain

4a3 + 27b2 = y2P (4x2P f(xP )− g(xP )) .

As all the quantities involved are integers, the statement follows.

9.4 The L-series
Let E/Q be an elliptic curve, and assume p is a prime of good reduction. Then the reduction Ep of
E modulo p is also an elliptic curve and we can consider its zeta function. Thanks to theorems 8.4.3
and 8.4.5 we can write it explicitly:

Z(Ep, T ) =
Lp(T )

(1− T )(1− pT )
,

where
Lp(T ) = 1− apT + pT 2

and
ap = p+ 1−#Ep(Fp).

We can extend the definition of Lp as follows.
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Definition 9.4.1. Let E/Q be an elliptic curve and p ∈ Z a prime of bad reduction for E, then

Lp(T ) :=


1− T if E has split multiplicative reduction at p,
1 + T if E has nonsplit multiplicative reduction at p,
1 if E has additive reduction at p.

These definitions are motivated by Proposition 8.3.1. Indeed, we have the following result.

Corollary 9.4.2. Let E/Q be an elliptic curve and p any prime. Then

Lp(1/p) = #Ep,ns(Fp)/p .

Proof. First assume that p is of good reduction. Then Ep is smooth and #Ep,ns(Fp) = #Ep(Fp).
This yields:

Lp(1/p) = 1− ap
p

+
1

p
=

#Ep(Fp)
p

.

If p is of bad reduction, then Ep is either split multiplicative, nonsplit multiplicative, or additive.
The result then follows from Proposition 8.3.1.

Definition 9.4.3. We define the L-series of E/Q as the product

LE(s) :=
∏
p

1

Lp(p−s)
.

Theorem 9.4.4. The L-series converges and gives an analytic function to the whole complex plane.

Proof. It is possible to prove that the L-series converges and gives an analytic function for ℜ(s) > 3/2,
by using that |ap| ≤ 2

√
p.

The full statement was first proven by Deuring and Weil for elliptic curves with complex
multiplication.

Eichler and Shimura proved it for modular K3 surfaces. Hence, in light of the modularity theorem
by Wiles, it followed that the result holds for all elliptic curves.

Lemma 9.4.5. Let E be an elliptic curve over Q, then its L-function has the following series
expansion:

LE(s) =
∞∑
n=1

an(E)

ns

with a1(E) = 1, ap(E) = ap for every prime of good reduction p, and ap(E) = ±1 for every prime
of bad reduction. The other coefficients an(E) are determined by the coefficients ap for p prime
dividing n.

Proof. By definition, LE(s) :=
∏
p

1
Lp(p−s) . Let p be a prime of good reduction, then the factor

Lp(p
−s) equals 1− apT + pT 2 with T = p−s, again by definition. We write the Taylor expansion of

1/Lp(T ) at 0:
1

1− apT + pT 2
= 1 + apT + (a2p − p)T 2 + . . . =

∞∑
r=0

apr (E)

prs
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with ap(E) = ap. Analogously, if p is a prime of multiplicative reduction one can consider the Taylor
series of 1/(1± T ) at 0, with T = p−s, getting

1/Lp(T ) = 1∓ T + T 2 +∓T 3 + . . . =

∞∑
r=0

(∓1)r

prs
.

Then we can write

LE(s) =

Ñ ∏
p good reduction

∞∑
r=0

apr (E)

prs

éÑ ∏
p bad reduction

∞∑
r=0

(∓1)r

prs

é
.

As every integer n ∈ N can be factored n = pei1 · · · pemm in a unique way, the statement follows.

9.5 The modularity theorem
The L-series of an elliptic curve plays a crucial role in relating elliptic curves and modular forms.

Definition 9.5.1. Let E/Q be an elliptic curve. We define the conductor of E to be the integer

N :=
∏
p

pfp

where

fp :=


0 if E has good reduction at p,
1 if E has multiplicative reduction at p,
2 + δp if E has additive reduction at p.

For p ̸= 2, 3 we have δp = 0. For p = 2, 3 the quantity δp can be determined using the Ogg–Saito
formula.

Theorem 9.5.2 (Ogg–Saito formula). Let E/Q be an elliptic curve and p a prime. Choose a
minimal model of E at p and let ∆p denote its discriminant. Then

fp := vp(∆p) + 1−mp ,

where mp is the number of irreducible components of the desingularization Ẽp of the reduction Ep.

Remark 9.5.3. The quantity mp basically keeps track of the blow-ups needed to resolve the
singularity of Ep in case p = 2, 3 is of multiplicative reduction. This number can be determined by
computing discriminant and j-invariant of E, see [8, Table 15.1].

Theorem 9.5.4 (Modularity). Let E/Q be an elliptic curve. Then there exists a cusp form
f ∈ S2(Γ0(N))

f(q) =

∞∑
k=1

bkq
k , q = e2πiz ,

where N is the conductor of E, such that

bp = ap

for every prime p of good reduction for E.
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9.6 Exercises
The exercises marked with * are harder; those marked with ! are important.

Exercise 9.6.1. Show that any elliptic curve E/Q admits a minimal short Weierstrass equation
defined over Z.

Exercise 9.6.2. Rewrite Proposition 9.2.5 using the Legendre equation of E.

Exercise 9.6.3. Show that the subsets defined in Definition 9.3.1 are indeed subgroups.
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Chapter 10

The Birch–Swinnerton-Dyer
conjecture

In §9.4 we have introduced the L-function of an elliptic curve defined over Q. It is conjectured, and
partially proven, that the L-function of an elliptic curve is related to the rank of the curve. The
conjecture was first stated by Birch and Swinnerton-Dyer, the mathematicians it is named after.
This conjecture is in the list of the seven Millennium Problems by the Clay institute.

10.1 The statement

The original statement (over Q) is very easy to state.

Conjecture 10.1.1 (Birch–Swinnerton-Dyer (BSD)). Let E be an elliptic curve over Q and let r
denote the rank of E(Q). Let LE(s) denote the L-function of E. Then LE(s) has a zero of order r
at s = 1.

The conjecture has been checked numerically for many elliptic curves. It has also been proven
that

• if E has complex multiplication and r > 0, then LE(1) = 0;

• if LE(s) ̸= 1 then r = 0;

• if LE(1) = 0 and L′
E(1) ̸= 0 then r = 1.

There is also a stronger version of the BSD conjecture, relating the value of LE at s = 1 and
some other important values of E.

10.2 The invariant differential and the real period

Let E be an elliptic curve over Q described by the minimal short Weierstrass equation y2 = x3+ax+b
(see §9.1).

97
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Definition 10.2.1. We define the invariant differential of E to be the 1-differential form

ωE :=
dx

2y

Lemma 10.2.2. Let E and ωE be defined as above. Then

ωE =
dy

3x2 + a

Proof. As y2 = x3 + ax+ b it follows that

3x2 + a =
d(x3 + ax+ b)

dx
=
y2

dx
=
d(y2)

dy

dy

dx
= 2y

dy

dx

hence
dy

3x2 + a
=
dx

2y
= ωE .

Remark 10.2.3. The adjective ‘invariant’ is earned as the differential is invariant under translation
by an element of E.

Proposition 10.2.4. Let E and ωE be defined as above. Then ωE is holomorphic and non-vanishing,
i.e., div(ωE) = 0.

Proof. By direct computations. Show that if P ∈ E \ {O} then it cannot be a pole nor a zero for
ωE . Then do the same for O using an affine chart containing it.

Now consider the real points of E, that is E(R). We can then integrate ωE over E(R), getting
the following quantity

ΩE :=

∫
E(R)

|ωE | . (10.1)

Let eE(R) denote the number of connected components of E(R): then

eE(R) =
®
1 if ∆(E) < 0 ,

2 if ∆(E) > 0 .

If the equation defining E is minimal, then 2ΩE/eE(R) is the real period of E.

Remark 10.2.5. If we view E as an elliptic curve over C, then E corresponds to a complex torus
C/Λ, where Λ ⊂ C is a lattice, see chapter 1. The real period of E is then defined as the smallest
positive element τ1 in Λ ∩ R. In fact, one can write Λ = τ1Z + τ2Z for some τ2 ∈ C such that
ℑ(τ1/τ2) > 0. So, in particular, ΩE = eE(R)τ1/2. The real period can be effectively computed in
practice. For more information about the periods of an elliptic curve see §1.5.
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10.3 The Shafarevich–Tate group
Let E be an elliptic curve over Q and let ϕ ∈ End(E) be an isogeny. Denote the kernel of ϕ by
E[ϕ] := kerϕ. As non-constant maps between curves are surjective over algebraically closed fields,
we have the following short exact sequence.

0 E[ϕ] E E 0
ϕ

Let G = Gal(Q̄/Q) be the absolute Galois group of Q. Then, by taking the G-invariant part of the
above short exact sequence and then considering the Galois cohomology, we get the following exact
sequence.

0 E(Q)[ϕ] E(Q) E(Q)

H1(G,E[ϕ]) H1(G,E) H1(G,E)

ϕ

δ

ϕ

(10.2)

Let p be a prime or p = ∞ and consider the completion Qp and its algebraic closure Q̄p. Let
Gp := Gal(Q̄p/Qp) the absolute Galois group of Qp. We can then consider E over Q̄p and proceed
with the Galois cohomology, obtaining a short exact sequence analogous to (10.2). In this way we
define H1(Gp, E).

As for every p the group Gp can be embedded into G, considering also the natural embedding
Q ↪→ Qp, we get a map

H1(G,E) →
∏
p

H1(Gp, E) . (10.3)

Definition 10.3.1. We define the Shafarevich–Tate group of E over Q, denoted by X(E/Q), as
the kernel of (10.3).

Remark 10.3.2. Equivalently, X(E/Q) can be defined as the intersection⋂
p

ker
{
H1(G,E) → H1(Gp, E)

}
.

Remark 10.3.3. Given an elliptic curve E over Q, the group X(E/Q) is very difficult to compute.
In general, it is not even known, only conjectured, that it is finite.

10.4 Heights and the regulator
Let E be an elliptic curve over Q. In this subsection we will construct a pairing for the points of
E(Q̄).

First consider an embedding of E inside P2. Let P = (xP : yP : zP ) ∈ E(Q) ⊂ P2 be a point
with integer coordinates xP , yP , zP ∈ Z.

Definition 10.4.1. We define the height of P to be

H(P ) := max{|xP |, |yP |, |zP |} .

We define its logarithmic height to be

h(P ) := logH(P ) .
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Remark 10.4.2. As xP , yP , zP are integers not all equal to 0, it follows that h(P ) ≥ 0 for all
P ∈ E(Q).

An analogous construction of h works on projective spaces of any dimension and it can be
generalized to any algebraic extension of Q.

Let f ∈ K̄(E) be a function of E, i.e., f defines a map f : E → P1 sending a point P to (1 : 0) if
P is a pole and to (f(P ) : 1) otherwise.

Definition 10.4.3. We define the height on E relative to f to be

hf : E(Q) → R, hf (P ) := h(f(P )) .

Let f ∈ K(E) be a nonconstant even function on E and, for P ∈ E(Q̄) and N ∈ N consider the
quantity

4−Nhf (2
NP ) .

This quantity clearly depends on f , but letting N run to infinity it becomes independent of it.

Lemma 10.4.4. The limit
1

deg f
lim
N→∞

4−Nhf (2
NP )

exists and it is independent of f .

Proof. [9, Proposition VIII.9.1].

Definition 10.4.5. Let f ∈ K(E) be a nonconstant even function. We define the canonical (or
Néron–Tate) height on E/Q, denoted by ĥ, to be the function

ĥ : E(Q̄) → R , P 7→ 1

deg f
lim
N→∞

4−Nhf (2
NP ) .

Consider then the pairing,

⟨ · , · ⟩ : E(Q̄)× E(Q̄) → R , ⟨P,Q⟩ := ĥ(P +Q)− ĥ(P )− ĥ(Q) . (10.4)

Theorem 10.4.6. The canonical height ĥ is quadratic and the pairing in (10.4) is bilinear. Moreover,
it extends to a positive definite quadratic form on the real vector space E(Q)× R ∼= Rr.

Proof. See [9, Theorem VIII.9.3] and [9, Proposition VIII.9.6].

Mordell–Weil theorem tells us that E(Q) is finitely generated and hence E(Q)/Etors(Q) is
a free abelian group, that is, it is isomorphic to Zr for some r. Let P1, . . . Pr be generators of
E(Q)/Etors(Q).

Definition 10.4.7. We define the ellliptic regulator of E/Q, denoted by RE/Q to be

RE/Q := det (⟨Pi, Pj⟩)1≤i,j≤r .

We set RE/Q := 1 if r = 0.

Remark 10.4.8. Notice that RE/Q does not depend on the choice of the generators of E(Q)/Etors(Q).
Moreover, Theorem 10.4.6 implies that RE/Q > 0.
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10.5 The fudge factors
Let E be an elliptic curve over Q and let p be a prime. In §9.3 we defined the following subgroups
of E(Q):

Ēns(Fp) := {non-singular points of Ē(Fp) },
E0(Qp) := {P ∈ E(Qp) : P̄ ∈ Ēns(Fp) },
E1(Qp) := {P ∈ E(Qp) : P̄ = Ō }.

One can then consider the quotient E(Qp)/E0(Qp). A very deep result by Kodaira and Néron
implies that E(Qp)/E0(Qp) is finite. In fact more is true.

Corollary 10.5.1. The quotient E(Qp)/E0(Qp) is finite.
If E has split multiplicative reduction at p, then E(Qp)/E0(Qp) is cyclic of order − ordp(j(E)).
In all the other cases it has order at most 4.

Proof. See [9, Corollary C15.2.1].

Definition 10.5.2. We define the fudge factor of E/Q at p as the order

cp := #
E(Qp)
E0(Qp)

.

10.6 The strong BSD
We now have all the elements to state the strong version of the Birch–Swinnerton-Dyer conjecture.

Conjecture 10.6.1 (Strong BSD). Let E be an elliptic curve over Q with rank r. Then the following
equality holds:

lim
s→1

LE(s)

(s− 1)r
=

2rΩ#X(E/Q)R(E/Q)
∏
p cp

#Etors(Q)2
.

Remark 10.6.2. As the number of points is invariant under isogenies, also the L-series is invariant
under isogenies and hence so is lims→1

LE(s)
(s−1)r . This implies that also the quantity

2rΩ#X(E/Q)R(E/Q)
∏
p cp

#Etors(Q)2

is invariant under isogenies, although none of the elements involved is invariant. The invariance was
proved by Cassels.
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Chapter 11

The 2-Selmer group

In this section we will define the Selmer group of an elliptic curve E over Q, we will see its properties
and how to use it to get information about the rank of E(Q).

11.1 Definition using Galois cohomology
Let E be an elliptic curve over Q and let [2] ∈ End(E) be the isogeny given by the multiplication by
2. As non-constant maps between curves are surjective over algebraically closed fields, we have the
following short exact sequence.

0 E[2] E E 02

Let G := Gal(Q̄/Q) be the absolute Galois group. As in §10.3 we consider the long exact sequence
involving the Galois cohomology groups.

0 E(Q)[2] E(Q) E(Q)

H1(G,E[2]) H1(G,E) H1(G,E)

2

δ

2

(11.1)

From the above sequence we obtain the following short exact sequence.

0 E(Q)/2E(Q) H1(G,E[2]) H1(G,E)[2] 0δ

As in the case for the Shafarevich group, for every place p (finite or infinite) we consider the
p-adic completion Qp and the absolute Galois group Gp := Gal(Q̄p/Qp) ↪→ G. Then we can repeat
the whole argument over Qp as above, getting the following morphism of short exact sequences.

0 E(Q)/2E(Q) H1(G,E[2]) H1(G,E)[2] 0

0
∏
pE(Qp)/2E(Qp)

∏
pH

1(Gp, E[2])
∏
pH

1(Gp, E)[2] 0

δ

δ

103
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Definition 11.1.1. We define the 2-Selmer group of E/Q to be the kernel S(2)(E/Q) of the map

H1(G,E[2]) →
∏
p

H1(Gp, E)[2] .

Theorem 11.1.2. Let E be an elliptic curve over Q. The 2-Selmer group S(2)(E/Q) is a finite
elementary abelian 2-group and it sits in the following short exact sequence.

0 E(Q)/2E(Q) S(2)(E/Q) X(E/Q)[2] 0 (11.2)

Proof. See [9, Theorem X.4.2].

Remark 11.1.3. As opposed to the Tate–Shafarevich group, the 2-Selmer group is actually
computable in practice. Theorem 11.1.2 tells us that S(2)(E/Q) is isomorphic to (Z/2Z)s, for some
s ∈ N, and that E(Q)/2E(Q) ↪→ S(2)(E/Q). As E(Q) ∼= Etors(Q)⊕ Zr, Mazur’s theorem yields

E(Q)/2E(Q) ∼= (Z/2Z)r+d,

where d is the number of non-trivial 2-torsion elements in E(Q)[2], hence d = 0, 1, 3. Then it follows
r + d ≤ s. As d is easy to compute, we get the following upper bound for the rank of E:

r ≤ s− d . (11.3)

In the next subsections, we will try to give an idea of how to compute it.

11.2 Homogeneous spaces
The first approach to compute the 2-Selmer group is geometric. Let E be an elliptic curve over Q.

Definition 11.2.1. An homogeneous space for E/Q is a smooth curve C/Q with a morphism

µ : C × E → C

such that

(i) µ(p,O) = O for every p ∈ C,

(ii) µ(µ(p, P ), Q) = µ(p, P +Q) for every p ∈ C and P,Q ∈ E,

(iii) for every p, q ∈ C there exists a unique P ∈ E such that µ(p, P ) = q.

The properties above motivate the notation p+ P := µ(p, P ) ∈ C.

Remark 11.2.2. In other words, C is a smooth curve endowed with a simply transitive group
action of E. From this, it immediately follows that C is isomorphic to E as curve, i.e., C is a genus
1 curve. Given a point p0 ∈ C, then we have an isomorphism

E → C, P 7→ p0 + P

which is defined over Q(p0), meaning the field extension of Q obtained adjoining the coordinates
of p0. In particular, C/Q is a twist of E/Q, i.e., C is isomorphic to E over Q̄. Recall that,
by Proposition 6.2.14, every twist of an elliptic curve is the composition of an isogeny with a
translation.
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Remark 11.2.3. Using the last property, one can define a ‘subtraction’ between points of C, which
takes value in E. In this way we get that using the + and − notation provides the right intuition.

Let HS(E) denote the set of all homogeneous spaces of E.

Definition 11.2.4. Let (C/Q, µ), (C ′/Q, µ′) be two homogeneous spaces of E/Q. We say that they
are equivalent, denoted by (C/Q, µ) ∼ (C ′/Q, µ′) if there is an isomorphism θ : C → C ′ compatible
with the E-group action, that is, for every p ∈ C,P ∈ E

θ(p+ P ) = θ(p) + P .

Notice that E ∈ HS(E).

Definition 11.2.5. We call the Weil–Châtelet group for E/Q the quotient HS(E/Q)/ ∼, denoted
by WC(E/Q). Given a homogeneous space C ∈ HS(E/Q), we denote by {C} its class in WC(E/Q).

It is possible to define an operation on WC(E).

Lemma 11.2.6. Let C1, C2 ∈ HS(E) be two homogeneous spaces. Then, up to ∼, there is a uniquely
determined C3 ∈ HS(E) and a morphism ϕ : C1 × C2 → C3 such that

ϕ(p1 + P1, p2 + P2) = ϕ(p1, p2) + P1 + P2 .

Proof. [9, Exercise 10.2(a),(b)].

Using Lemma 11.2.6 we can then define an operation in WC(E).

Definition 11.2.7. Let C1, C2, C3 be as in Lemma 11.2.6. We define the sum {C1}+ {C2} to be
{C3}.

Proposition 11.2.8. The set WC(E/Q) with the sum defined in Definition 11.2.7 is a group with
{E} as the neutral element. Moreover, it is isomorphic to H1(G,E) via the map sending the class
{C} to the cocycle {σ 7→ pσ0 − p0}, where p0 is any point of C.

Proof. [9, Theorem X.3.6] and [9, Exercise 10.2(c)].

Corollary 11.2.9. {C} = {E} ⇐⇒ C(Q) ̸= ∅.

The two results above allow us to view S(2)(E/Q) as the kernel of the map

H1(G,E[2]) →
∏
p

WC(E/Qp)[2] .

From here, we start to see that the non-trivial elements of S(2)(E/Q) are related to covers of E that
have points everywhere locally but not over Q. From Equation 11.2 it also follows that X(E/Q)[2]

is isomorphic to the quotient S(2)(E/Q)
E(Q)/2E(Q) and so we can see how the non-trivial 2-torsion elements of

X(E/Q) correspond to the covers of E for which the local-global principle fails.
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11.3 Covering spaces
In this subsection we re-introduce the homogeneous spaces in the case as 2-covering spaces. Let
E/Q be an elliptic curve and consider the isogeny [2] : E → E given by the multiplication by 2. Let
C/Q be a twist of E, that is, C is isomorphic to E over Q̄. Let θ : C → E be the isomorphism over
Q̄.

Definition 11.3.1. We say that C/Q is a 2-covering of E/Q if there is a map ν over Q such that
for every p ∈ C one has ν(p) = 2θ(p). In other words, the following diagram commutes.

C

E E

θ
ν

2

Definition 11.3.2. Let (C1, θ1, ν1), (C2, θ2, ν2) be two 2-coverings of E. We say that C1 and C2

are equivalent if there is a birational map ϕ : C1 → C2 over Q such that the following diagram
commutes:

C1 C2

E E

θ1

ϕ

θ2

τT

where τT : P 7→ P + T is the translation by a 2-torsion point T ∈ E[2].

Lemma 11.3.3. A 2-covering of E/Q correspond to an element of HS(E/Q). Its class in WC(E/Q)
has order 2. The converse also holds.

Proof. See [1] or exercise.

From this it follows that the set of 2-coverings of E forms a group, namely WC(E/Q)[2].

Lemma 11.3.4. Every non-trivial element of WC(E/Q)[2] can be written as the class of

C : y2 = ax4 + bx3 + cx2 + dx+ e

with a, b, c, d, e ∈ Q.

Definition 11.3.5. Let C/Q be a curve given by C : y2 = ax4 + bx3 + cx2 + dx+ e. We define the
following quantities for C:

I := 12ae− 3bd+ c2 ,

J := 72ace+ 9bcd− 27ad2 − 27eb2 − 2c3 .

Lemma 11.3.6. Let C/Q be a curve given by C : y2 = ax4 + bx3 + cx2 + dx + e. Then C is a
2-covering of E : y2 = x3 − 27Ix− 27J .

Let C ′ be another 2-covering of E. Then C ∼ C ′ if and only if I ′ = λ4I and J ′ = λ6J for some
λ ∈ Q∗.

Given these results, in order to compute S2(E/Q) for an elliptic curve E : y2 = x3 +Ax+B we
have to perform the following steps:
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1. find all the degree-4 polynomials g(x) ∈ Q[x] such that I = A and J = B; for each such g(x),
consider the 2-covering of E given by C : y2 = g(x);

2. reduce the list by taking only one C for equivalence class;

3. discard the coverings C for which there is place p such that C(Qp) = ∅;

4. from the remaining coverings, discard those who have a point over Q (as they again yield the
trivial covering)

See [1, Theorem 1]. For an implementation see [2, Section III.6].
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Chapter 12

Double covers of the line

In this section we present elliptic curves as double covers of the projective line ramified above four
points. This approach has the advantage of introducing the Legendre equation and the j-invariant
of an Elliptic curve in a more natural way.

12.1 The cross-ratio

In this subsection we will mostly follow [7, §2.3]. Let z1, z2, z3, z4 ∈ C be pairwise distinct points.

Definition 12.1.1. We define the cross-ratio of the 4-tuple (z1, z2, z3, z4) ∈ C4 of pairiwse distinct
points as the quantity

(z1, z2; z3, z4) :=
z1 − z3
z1 − z4

:
z2 − z3
z2 − z4

=
(z1 − z3)(z2 − z4)

(z1 − z4)(z2 − z3)
.

Using the embedding C ↪→ P1
C, z 7→ (1 : z), one can extend the definition of the cross-ratio to

four pairwise distinct points zi = (ai : bi) ∈ P1
C.

Definition 12.1.2. We define the cross-ratio of the 4-tuple (z1, z2, z3, z4) ∈ (P1
C)

4 as the quantity

(z1, z2; z3, z4) :=
[13][24]

[14][23]
∈ P1

C,

where

[ij] := det

Å
ai aj
bi bj

ã
.

Remark 12.1.3. Notice that if z1 = ∞ = (0 : 1), then

(z1, z2; z3, z4) = ((0 : 1), (1 : b2); (1 : b3), (1 : b4)) =
b2 − b4
b2 − b3

.

From this we deduce that the cross-ratio of three pairwise distinct points in C ⊂ P1
C and ∞ ∈ P1

C is
just the ratio obtained from Definition 12.1.1 deleting the terms in which ∞ appears.

109
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Example 12.1.4. The cross-ratio of the points 1, 2, 3, 4 ∈ P1 is

−2

−3
:
−1

−2
=

4

3
.

The cross-ratio of the points 1, 2, 3,∞ ∈ P1 is

−2

−1
= 2.

One can further extend the definition of the cross-ratio for 4-tuple of points in P1
C such that no

three of them are equal.

Definition 12.1.5. Let U ⊂ (P1
C)

4 be the set of 4-tuples of points such that no three of the points
are equal. Then we define the cross-ratio as above.

(−;−) : U → P1
C

Lemma 12.1.6. The cross-ratio (−;−) : U → P1
C is surjective.

Proof. For every z ∈ P1
C \ {0, 1,∞} we have that (0,∞; z, 1) = z.

Moreover

(a, a; z3, z4) = (a, a; b, b) = (z1, z2; b, b) = 1

(a, z2; a, z4) = (a, b; a, b) = (z1, b; z3, b) = 0

(a, z2; z3, a) = (a, b; b, a) = (z1, b; b, z4) = ∞.

The group PGL2 acts on P1: let g =
Å
α β
γ δ

ã
be an element in PGL2, then it sends the point

z = (a : b) ∈ P1 to the point

z′ = g · z :=
Å
α β
γ δ

ãÅ
a
b

ã
= (αa+ βb : γa+ δb).

Remark 12.1.7. An element of PGL2(C) viewed as an automorphism of P1
C is also called a Möbius

transformation.

Proposition 12.1.8. The group PGL2(C) acts sharply 3-transitively on P1
C, i.e., for any triple of

pairwise distinct points z1, z2, z3 ∈ P1
C and x1, x2, x3 ∈ P1

C there is exactly one element g ∈ PGL2(C)
such that g · xi = zi for i = 1, 2, 3.

Proof. Notice that it is enough to consider (x1, x2, x3) = (0,∞, 1). Let v1, v2, v3 ∈ C2 be three
vectors representing z1, z2, z3, respectively. As the points z1, z2, z3 are pairwise distinct, the vectors
v1, v2, v3 are pairwise linearly independent so we can write v3 = λv1 + µv2 for some λ, µ ∈ C∗. We
can then define an automorphism of C2 by sending the standard basis (e1, e2) = ((1, 0), (0, 1)) to
(λv1, µv2). Denote this automorphism by γ ∈ GL2(C) and notice that γ · (e1 + e2) = v3. Let g := [γ]
its image in PGL2(C) and notice that

g · x1 = g · 0 = [λv1] = z1,
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g · x2 = g · ∞ = [µv2] = z2,

g · x3 = g · 1 = [λv1 + µv2] = z3,

proving the statement.

The action of PGL2 on P1 diagonally induces an action on (P1)
4. One might then wonder how

is the cross-ratio affected by this action. It turns out that the cross-ratio is invariant, as shown by
the following result.

Proposition 12.1.9. The cross-ratio (−;−) : U → P1
C is invariant under the action of PGL2(C)

on U ⊂ (P1
C)

4.

Proof. For i = 1, 2, 3, 4, consider the point zi = (ai : bi) ∈ P1 and take g ∈ PGL2. Let z′i = (a′i : b
′
i)

denote g · zi. Then

det

Å
a′i a′j
b′i b′j

ã
= det

Å
g ·
Å
ai aj
bi bj

ãã
= det g · det

Å
ai aj
bi bj

ã
.

From this it immediately follows that

(z1, z2; z3, z4) = (z′1, z
′
2; z

′
3, z

′
4).

In Proposition 12.1.8 we have seen that PGL2 acts 3-transitively on P1. The cross ratio is useful
to see when two 4-tuples of pairwise distinct points lie in the same orbit in (P1)4.

Proposition 12.1.10. Let x1, x2, x3, x4 and z1, z2, z3, z4 be two 4-tuples of pairwise distinct points
in P1

C. Then there is a Möbius transformation g ∈ PGL2(C) sending zi to xi for i = 1, 2, 3, 4 if and
only if

(x1, x2;x3, x4) = (z1, z2; z3, z4).

If this is the case, then g is unique.

Proof. As before, it is enough to consider (x1, x2, x3, x4) = (x1, 1, 0,∞), with x1 ∈ C. Then,
by Proposition 12.1.8, there is a unique transformation g ∈ PGL2(C) sending zi to xi for i = 2, 3, 4.
It is easy to see that g is the transformation defined by:

g : z 7→ z − z3
z − z4

z2 − z4
z2 − z3

.

Then
g(z1) =

z1 − z3
z1 − z4

z2 − z4
z2 − z3

= (z1, z2; z3, z4)

and x1 = (x1, 1, 0,∞) = (x1, x2, x3, x4), proving the statement.

Corollary 12.1.11. Let (z1, z2, z3, z4) be a 4-tuple of pairwise distinct points and let λ denote its
cross-ratio. Then there exists an element of PGL2 sending (z1, z2, z3, z4) to (λ, 1, 0,∞).

Proof. Notice that (z1, z2; z3, z4) = (λ, 1; 0,∞). Then the statement follows directly from Proposi-
tion 12.1.10.



112 CHAPTER 12. DOUBLE COVERS OF THE LINE

Let z1, z2, z3, z4 be four pairwise distinct points of P1. Then the permutation group S4 acts on
them by changing the order and one might ask how this action affects their cross-ratio.

Proposition 12.1.12. Let z1, z2, z3, z4 be four pairwise distinct points of P1 and let S4 act on them
by permutation. Let λ := (z1, z2; z3, z4) ∈ P1 denote their cross-ratio. Then:

• the cycles 1, (12)(34), (13)(24), (14)(23) act trivially on λ;

• the cycles (12) and (34) send λ to 1
λ ;

• the cycles (14) and (23) send λ to 1− λ;

• the cycles (13), (24), and (1234) send λ to λ
λ−1 ;

• the cycle (123) sends λ to λ−1
λ ;

• the cycle (132) sends λ to 1
1−λ .

The orbit of λ under the action of S4 isß
λ,

1

λ
, 1− λ,

λ

λ− 1
,

1

1− λ
,
λ− 1

λ

™
.

Proof. By direct computations.

Notice that the stabilizer of λ is the group given by 1, (12)(34), (13)(24), (14)(23), i.e., the Klein
group V4.

Proposition 12.1.12 means that there is an action of S4 on P1, that is, a group homomorphism

χ : S4 → PGL2(C). (12.1)

Moreover, the kernel of χ is the group given by 1, (12)(34), (13)(24), (14)(23), i.e., the Klein
group V4.

Remark 12.1.13. As the quotient S4/V4 is isomorphic to S3, the map χ induces an action of S3

on PGL4. Moreover, the group S3 is given the classes of the elements

{1, (12), (23), (13), (123), (132)}.

Alternatively, one can write S3 as the following subgroup of GL2(Z):ßÅ
1 0
0 1

ã
,

Å
0 1
1 0

ã
,

Å
−1 1
0 1

ã
,

Å
1 0
1 −1

ã
,

Å
0 1
−1 1

ã
,

Å
1 −1
1 0

ã™
.

Let P1/S4 denote the quotient of P1 modulo the action of S4 given by χ, then we have the
following corollary.

Corollary 12.1.14. The map

(−,−) : (P1)4 ⊃ U → P1/S4 ,

given by composing the cross-ratio with the projection P1 → P1/S4, is invariant under the action of
PGL2 ×S4 on (P1)4.
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12.2 The j-function
In §12.1 we have seen that the permutations of four elements induce an action of S3

∼= S4/V4 on P1

via the cross-ratio. Generically, we have seen that the orbit of λ has length six:ß
λ,

1

λ
, 1− λ,

λ

λ− 1
,

1

1− λ
,
λ− 1

λ

™
.

Nevertheless, some (non-trivial) elements of S3 admit fixed points, making the orbits of these points
shorter.

Lemma 12.2.1. The non-trivial permutations in S3
∼= S4/V4 have the following fixed points:

(12) : 1 , −1 ;

(23) : ∞ ,
1

2
;

(13) : 0 , 2 ;

(123), (132) : ζ6 , ζ56 = ζ̄6 = ζ−1
6 ;

where ζ6 = 1+i
√
3

2 is the primitive sixth root of unity.
These eight points are grouped into three orbits:

{0, 1,∞}, {−1, 1/2, 2}, {ζ6, ζ56}.

Proof. By direct computations using Proposition 12.1.12. For example, we compute the fixed points
of (12). We know that (12) sends λ to 1/λ, hence its fixed points are the solutions to the equation

λ = 1/λ,

i.e., λ = ±1. All the other statements are proven in a similar way.

The action of S3 on P1 induces an action of S3 on C(λ), by simply sending an element f(λ)
to f(g(λ)), for g ∈ S3. Then it is interesting to find out what are the elements of C(λ) that are
invariant under this action, that is, we want to compute C(λ)S3 . Clearly the polynomial

(x− λ) ·
Å
x− 1

λ

ã
· (x− (1− λ)) ·

Å
x− λ

λ− 1

ã
·
Å
x− 1

1− λ

ã
·
Å
x− λ− 1

λ

ã
(12.2)

is invariant under S3. It is easy to show that this polynomial is equal to the palyndromic polynomial

x6 − 3x5 −Ax4 +Bx3 −Ax2 − 3x+ 1,

with

A =
(λ2 − λ+ 1)3

λ2(λ− 1)2
− 6 and B = 2 · (λ

2 − λ+ 1)3

λ2(λ− 1)2
− 7.

This motivates the following definition.

Definition 12.2.2 (Klein). The j-function is the function j : P1 → P1 defined by sending λ to

j(λ) := 28 · (λ
2 − λ+ 1)3

λ2(λ− 1)2
.
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Theorem 12.2.3. C(λ)S3 = C(j).

Proof. By construction, we know that j(λ) is S3-invariant, hence

C(j) ⊆ C(λ)S3 ⊆ C(λ).

We are left to show that the reverse inclusion holds.
On the one hand, C(λ)/C(λ)S3 is a Galois extension of degree 6 and with Galois group S3; on

the other hand, λ satisfies the following algebraic relation of degree 6 over C(j):

28 · (λ2 − λ+ 1)3 − j · λ2(λ− 1)2.

Because of the inclusion chain above, the statement follows.

One can finally consider the composition of the cross-ratio with the j-function.

Theorem 12.2.4. The map

(P1)4 ⊃ U → P1, (z1, z2, z3, z4) 7→ j((z1, z2; z3, z4))

is invariant under the action of PGL2 ×S4 on U .
The fiber above t ̸= ∞ consists of exactly one orbit.
The fiber above ∞ consists of two orbits: the orbit of (0, 0, 1,∞) and the orbit of (0, 0,∞,∞).

Proof. By Proposition 12.1.9, the cross-ratio is invariant under the action PGL2 on U ; by Theo-
rem 12.2.3 the j-function is invariant under the action of S4, recalling that S3 = S4/V4 and V4 acts
as the identity on the cross-ratio, cf. Proposition 12.1.12. This proves the first statement.

Let (z1, z2, z3, z4), (x1, x2, x3, x4) ∈ U be two 4-tuples sent to t ̸= ∞. If t ̸= ∞, then j−1(t) ∈
P1\{0, 1,∞}. This means that (x1, x2;x3, x4), (z1, z2; z3, z4) ∈ P1\{0, 1,∞} and so, the two 4-tuples
are of pairwise distinct points (cf. Exercise 1). As they are sent to the same j-invariant, their
cross-ratios are in the same S3-orbit. This means that, up to the action of S3, we may assume that

(x1, x2;x3, x4) = (z1, z2; z3, z4).

By Proposition 12.1.10 we know that two 4-tuples of pairwise distinct points have the same cross-ratio
if and only if they are in the same PGL2-orbit, proving the second statement.

Finally, consider a 4-tuple (z1, z2, z3, z4) sent to ∞. As j−1(∞) = {0, 1,∞}, we know that
(z1, z2; z3, z4) ∈ {0, 1,∞}. This implies that at least on point is repeated. If only one point is
repeated, using the action of PGL2 ×S4 we may assume that the 4-tuple is (0, 0, 1,∞) and let O
denote its orbit. If two points are repeated, then we may assume that the 4-tuple is (0, 0,∞,∞)
and let O′ denote its orbit. Hence the fiber over ∞ is the union F = O ∪O′.

12.3 Elliptic curves as double covers of the projective line
In this subsection, we introduce the elliptic curves as covers of the projective line P1 ramified above
four distinct points.

Definition 12.3.1. We define an elliptic curve to be the double cover of P1 ramified above four
pairwise distinct points.

Let E,E′ be the elliptic curves given as double covers of P1 ramified above the points z1, z2, z3, z4
and z′1, z′2, z′3, z′4 respectively. We say that E and E′ are isomorphic if (z1, z2, z3, z4) and (z′1, z

′
2, z

′
3, z

′
4)

are in the same PGL2 ×S4-orbit.
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Proposition 12.3.2. Every elliptic curve is isomorphic to the projective closure of the plane curve
defined by

y2 = x(x− 1)(x− λ)

for some λ ∈ C \ {0, 1}.
In particular, if E is the double cover of P1 ramified above z1, z2, z3, z4, then λ = (z1, z2; z3, z4).

Proof. Let E be an elliptic curve as defined in Definition 12.3.1. Then E is the double cover of P1

ramified above four points, say z1, z2, z3, z4 ∈ P1. By Corollary 12.1.11, there is an element of PGL2

sending z1, z2, z3, z4 to λ, 1, 0,∞, with λ = (z1, z2; z3, z4). As the four points are pairwise distinct,
λ ∈ C \ {0, 1}. The double cover of P1 ramified above λ, 1, 0,∞ can be written as the projective
curve

E : Y 2Z = X(X − Z)(X − λZ),

and the projection

π : E → P1

(x : y : 1) 7→ (x : 1) = x

(0 : 1 : 0) 7→ (1 : 0) = ∞.

As the point (0 : 1 : 0) is the only point with Z = 0, the map is well defined. It is easy to see that
the map is generically 2-to-1 except above the points λ, 1, 0,∞, proving the statement.

Remark 12.3.3. The equation y2 = x(x− 1)(x− λ) is called the Legendre equation of the elliptic
curve E. See also Remark 5.2.4.

Using the j-function defined in §12.2, we can define the j-invariant of an elliptic curve. Indeed,
if E is an elliptic curve, then E can be written as E : y2 = x(x− 1)(x− λ).

Definition 12.3.4. We define the j-invariant of E : y2 = x(x− 1)(x− λ) as the quantity

j(E) := 28 · (λ
2 − λ+ 1)3

λ2(λ− 1)2
.

Remark 12.3.5. We can also define the discriminant of E as

∆(E) = 16λ2(λ− 1)2.

Theorem 12.3.6. Two elliptic curves are isomorphic if and only if they have the same j-invariant.

Proof. Let E and E′ be the elliptic curves given as double covers of P1 ramified above the points
z1, z2, z3, z4 and z′1, z′2, z′3, z′4 respectively. This means that we can write

E : y2 = x(x− 1)(x− λ) and E′ : y2 = x(x− 1)(x− λ′)

where λ and λ′ are the cross-ratios of z1, z2, z3, z4 and z′1, z′2, z′3, z′4 respectively.
Assume that E and E′ are isomorphic, i.e., there is an element of PGL2 ×S4 sending z1, z2, z3, z4

to z′1, z′2, z′3, z′4. This means that

λ′ ∈
ß
λ,

1

λ
, 1− λ,

λ

λ− 1
,

1

1− λ
,
λ− 1

λ

™
,

i.e., λ′ is in the S4-orbit of λ. As the j-function is S4-invariant, it follows that j(E) = j(E′).
Now assume j(E) = j′(E). As the the four points are pairwise distinct, j(E) = j′(E) = t ̸= ∞,

and hence the two 4-tuples are in the same orbit of PGL2 ×S4, cf. Theorem 12.2.4.
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12.4 From the Legendre to the Weierstrass equation
Let E be an elliptic curve given as the double cover of P1 ramified above four pairwise distinct
points z1, z2, z3, z4 ∈ P1. Above we have seen that we can always assume that the four points are
the points λ, 1, 0,∞, with λ = (z1, z2; z3, z4). Then E can be expressed as the curve defined by the
equation

E : y2 = x(x− 1)(x− λ),

called the Legendre equation of E (cf. Remark 12.3.3). Nevertheless, in §5.1 we have seen that every
elliptic curve can be also written as the curve defined by a cubic equation in Weiertrass form. In this
subsection we see how to pass from the Legendre equation to the Weierstrass one, and vice-versa.

Proposition 12.4.1. Consider the elliptic curve E : y2 = x(x−1)(x−λ). Then E has the following
Weierstrass equation:

y2 = x3 + ax+ b,

where

a = −λ
2 − λ+ 1

3
and b = −2λ3 − 3λ2 − 3λ+ 2

27
.

Conversely, if E is given by the Weierstrass equation y2 = x3 + ax + b, then it admits the
following Legendre equation:

y2 = x(x− 1)(x− λ),

where λ = (α1, α2;α3,∞) and α1, α2, α3 are the complex roots of x3 + ax+ b = 0.

Example 12.4.2. To pass from the Legendre form to the Weierstrass one, just consider the
transformation ®

y′ = y

x′ = x− λ+1
3

,

then the statement follows.
Conversely, just notice that the E : y2 = x3 + ax+ b = (x− α1)(x− α2)(x− α3) is the double

cover of P1 ramified above α1, α2, α3,∞. Then the statement follows from Proposition 12.3.2.

Remark 12.4.3. It is easy to see that the definition of ∆(E) and j(E) for the Weierstrass equation
and the Legendre equation match if we pass from one to another.

12.5 Exercises
1. Show that if (z1, z2, z3, z4) ∈ (P1

C)
4 are pairwise distinct, then the cross-ratio (z1, z2; z3, z4) ∈ P1

C
is different from 0, 1,∞.

2. Show that the points A,B,C,D and A′, B′, C ′, D′ in Figure 12.1 have the same cross-ratio.

3. Compute the Legendre form of the double cover of P1 ramified above the points {1, 2, 3, 4} ⊂ P1.

4. Compute the following values of the j-function as defined in Definition 12.2.2: j(0), j(1), j(−1), j(∞), j(ζ6).

5. Give an example of two isomorphic elliptic curves with different Legendre form.

6. Given an elliptic curve in its Legendre form, transform it into a short Weierstrass form.
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Figure 12.1
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