Exercise sheet on complex tori
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Let A C C be a lattice, and let p be the Weierstrass function associated to A; let o’ be the
first derivative of p. Prove that:

(a) p is an elliptic function with respect to A;

(b) g is an even function;

(c) ¢’ is an elliptic function with respect to A;

(d) ¢’ is an odd function.

Find the zeros of ¢ on T'= C/A, with A = (w1, ws).

Let T1,T5 be two complex tori. Show that for any o € C, the map 1, : T1 — To , [2] — [z]
is an isogeny.

Let ¢: T7 — T5 be an isogeny of complex tori, with T; = C/A;, for i = 1,2.

(a) Show that there is a lift ¢: C — C of 4.

b) Show that ¢ is unique up to an additive constant ¢ € As.

¢) Show that there exists an « € C such that ¢: z — «az.

d) Show that OéAl Q AQ.

e) Conclude that there is a bijection between the set of isogenies T7 — T» and the set of
«a € C such that oAy C As.

Let ¢: 17 — T3 be a non-trivial isogeny of complex tori of degree k, and let ngS: Ty — T1 be
its dual. Prove that the composition of ¢ and ¢ (in any order) is the multiplication by k.

Show that End(C/Z[i]) = Z[i].
Let ¢ € C be a third root of unity. Show that End(C/Z[(]) = Z[(].



