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Module 3 — Problem Set 1 (MW)

a) Let t € Z. Check that the polynomial f(X) = X3 —tX?2 — (¢t + 3)X — 1 is irreducible in Z[X].

)
b) Let « be a root of f in a splitting field over Q. Check that %ﬁl is also a root of f in the field F = Q(«).

d) Find the third root of f in F.

(
(
(c) What is the order of the matrix (_11 _01> in the group GL2(Q) of regular 2 x 2 matrices with coefficients in Q7
(
(e) What is the group Aut(E/Q)?

2. Let F be a finite field. Let p be the characteristic of F' and ¢ = p” the number of elements in F.
(a) Check
X1-X=][xX-a).
acF
Deduce that F' is a splitting field of X? — X over the prime field F,,.

(b) Show that there exists an element « in F' such that F' = F,(«).
Hint. Recall that any finite subgroup of the multiplicative group of a field is cyclic.

(c) Let g € F,[X] and let v be a root of g in F. Check that «? is also a root of g. Deduce that for any j > 0, AP is a
root of g in F.

(d) Let « be a generator of the cyclic group F'* and let f be its irreducible polynomial over F,,. Check

r—1

Fx) =[x -a).

j=0
(e) Deduce that F is a Galois extension of F,, with a cyclic Galois group of order r, generated by the Frobenius
T — P,

(f) Give the list of the subfields of F; for each of them, give its Galois group over Fp,. .

3. Let E be the splitting field of the polynomial X* — 2 over Q.
(a) Compute the irreducible polynomials over Q of

i+v2, (1+i)V2, (1—i)v2.
What is the degree of E over Q? Show that E is also be the splitting field of the polynomial X* + 8 over Q.
(b) Show that the Galois group of E over Q can be written

{1, 0, 2,03 1,01, 0°T, 037}

with o of order 4 and 7 or order 2 and 70 = o37.

(¢) Check that G has

e One subgroup of order 1,

e 5 subgroups of order 2, generated respectively by o2, 7, o7, 0?1, 037,

e 3 subgroup of order 4, one of them is cyclic generated by o (or by ¢2), the two others are {1,02 07,027}, and
{1,0%, 1,07},

e One subgroup of order 8

and no other subgroup.

(d) Deduce the list of all subfields of E. For each of them, find an element v such that this field is Q(v). Is Q(v) a
Galois extension of Q7 If so, what is its Galois group?

(e) Let 81 and 32 be two roots of X* — 2 in E. Which one is the field Q(31, B2)?
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