
NAP 2018 Module-V: Applications of Galois theory Lecture 1: July 9, 2018 (Monday)

Definition 1. An extension E/F is said to be simple if E = F(α) for some α ∈ E. Such an element
is called a primitive element of E over F.

Example 2. (0) The extension Q(
√

2)/Q is clearly a simple extension.

(1) The extension Q(
√

2,
√

3)/Q is also simple.
(Why?) In fact, we claim that Q(

√
2,
√

3) = Q(
√

2+
√

3). Clearly, K := Q(
√

2+
√

3) ⊆ Q(
√

2,
√

3).
Note that (

√
2 +
√

3)2 ∈ K implies
√

6 ∈ K. Thus
√

6(
√

2 +
√

3) ∈ K or 2
√

3 + 3
√

2 ∈ K. Now
using the fact that

√
2 +
√

3 ∈ K we get that
√

2,
√

3 ∈ K. Therefore Q(
√

2,
√

3) = Q(
√

2 +
√

3).

(2) Let Fq denote the field with q element. Recall from Module 1 that F×q is cyclic, say generated
by α. Thus Fpn = Fp(α) and so Fpn /Fp has a primitive element.

(3) (An example of finite extension which is not simple) Let k be a field with p elements. Let
E := k(X, Y) and F := k(Xp, Yp). Then the extension E/F has no primitive element. Indeed, if
possible, assume that E = F(α) for some α ∈ E. By using Freshman’s dream it is easy to verify
that αp ∈ F. Thus [F(α) : F] ≤ p, whereas [E : F] = p2. So, E has no primitive element over F.

We proved the Primitive Element Theorem

Theorem 3 (Primitive Element Theorem). Let E = F[α1, α2, . . . , αr] be a finite extension of F. Assume
that α2, . . . , αr are seperable over F (but α1 need not be seperable). Then there is an element γ ∈ E such that
E = F[γ].

Remark 4. Suppose F is infinite and F[α1, α2, . . . , αr]/F is a finite Galois extension. Then the proof
of the above theorem shows that an element γ of the form

γ = α1 + c2α2 + · · ·+ crαr

is a primitive element provided it is moved by every nontrivial element of the Galois group.

Example 5. In example 1, we know that the Galois group of E/F is the Klein-4 group {id, σ, τ, στ}
where

σ(
√

2) =
√

2, σ(
√

3) = −
√

3

τ(
√

2) = −
√

2, τ(
√

3) =
√

3.

Since E/F is Galois in this example and for every nonzero c in Q the element
√

2 + c
√

3 is moved
by every nontrivial element in the Galois group, E = Q(

√
2 + c

√
3) for every nonzero c in Q.

Similarly, every element of the form b
√

2 + c
√

3 + d
√

6 is also a primitive element of Q(
√

2,
√

3)
over Q for every nonzero b, c ∈ Q.

Remark 6. The element
√

3 is a primitive element for the extension Q(
√

2,
√

3) over Q(
√

2) but
not for the extension Q(

√
2,
√

3) over Q.
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