NAProject 2018.  Module 2.  Lecture 4. Wednesday, May 23 2018, 18 - 19:30

Concluded the proof of Proposition 2.7, in Milne:

Proposition 2.7(b) Let F be a field, let f € F[z] be a polynomial. If K and K’
are splitting fields of f over F, then there exists a field F-isomorphism ¢: K — K'.

Definition. Let F be a field. A polynomial f € F[z] is called separable if in a
splitting field of f the zeroes of f are distinct.

Examples:

(a) f(z) = x(x — 1) € Q[x] is separable;

(b) ( ) = (:E —1)2 € Q[z] is not separable;

(c) f(z) = 2% + 1 € R[z] is separable: the splitting field of f is Ry = C and there
f has distinct zeros +i.

(d) f(z) =22+ 1 = (x + 1)? € Z/2Z[z] is not separable.

Definition. Let F be a field. The derivative of a polynomial f(z) = ZZ=0 apx™ in
F[z] is defined as follows
d
= Z nanx™ "
n=1

(heren=1+4+...41, where le Fand nx =z + ...+ x).
Excercise. The derivative defined above is linear and satisfies the Leibnitz rule.

Proposition. (Prop.2.13, Milne) Let F be a field. A polynomial f € F[z] is
separable if and only if ged(f, ') = 1.



