
NAProject 2018. Module 2. Lecture 3. Wednesday, May 23 2018, 18-19:30.

F field, F Ă E finite extension, F Ă L arbitrary extension.

HomFpE,Lq “ tφ : EÑ L, field homomorphisms such that φ|F :“ id|Fu

Goal: estimate the cardinality of HomFpE,Lq.
Started from special case E “ Fpαq, where α P E, with minimal polynomial f P
Frxs. In this case, an F-homomorphism φ is completely determined by φpαq.

Lemma. (Milne, Prop.2.1) HomFpFpαq,Lq is in 1-1 correspondence with the set
Zpfq X L “ tz P L | fpzq “ 0u. The correspondence is given by φ ÞÑ φpαq.

Corollary. #HomFpFpαq,Lq ď degpfq.

In general (Milne, Prop.2.7)

Proposition. #HomFpE,Lq ď rE : Fs.

Example. F “ Q, α “
?

2, L “ R.
Then #HomQpQp

?
2q,Rq “ 2.

There are 2 possibilities: φp
?

2q “ ˘
?

2.

Example. F “ Q, α “ 3
?

2, L “ R.
Then #HomQpQp

3
?

2q,Rq “ 1.

There is only 1 possibility: φp 3
?

2q “ 3
?

2.

Example. F “ Q, α “ 3
?

2, L “ C.
Then #HomQpQp

3
?

2q,Cq “ 3.

There are 3 possibilities: φp 3
?

2q “ 3
?

2, 3
?

2ω, 3
?

2ω2, where ω “ e2πi{3.
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