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To solve the following problems, we assume all arguments in Chapter 1 and Chapter 2.

Problem III -4] = Excersise Chap. 3-2.

Let p be an odd prime, and set ζ = e2πi/p. Consider the field E = Q[ζ]. It is the splitting field of
f(X) = Xp−1 + Xp−2 + · · · + 1. So (by Thm. 3.10) E/Q is Galois.

(1) Show that G = Gal(E/Q) is isomorphic to (the cyclic group) (Z/(pZ))× ∼= Z/(p − 1)Z.

(2) Let H be the subgroup of quadratic residues in (Z/(pZ))×. Set α =
∑
i∈H

ζi, β =
∑

i∈G−H

ζi.

Show that
(a) α and β are invariant under the action of H.
(b) σα = β, σβ = α for any σ ∈ G − H.
(c) X2 + X + αβ ∈ Q[X].

(3) By calculating αβ, show that

EH =

{
Q[

√
p] p ≡ 1(mod 4)

Q[
√
−p] p ≡ 3(mod 4)

.
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