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The Galois group of a polynomial

K afield, f € K]z] a separable monic polynomial, K; = K[a, ..., ay,] the splitting field of f, {c;}; zeros
of f, Gy := Gal(Ky/K) C S,, the Galois group of f.

Criterion. Assume char(K) # 2. Then Gy C A,, < Disc(f) is a square in K.

Consequence. f € K[z], separable monic polynomial of degree 3, irreducible over K. Then Gy = As, if
Disc(f) is a square in K, and Gy = S, if Disc(f) is not a square in K.

The degree 4 case.
f € K|[z], separable monic polynomial of degree 4.

(a) If f is divisible by a degree 1 factor, we are back in the degree 3 case.

(b) If f factors as the product of two irreducible polynomials g, h of degree 2, then either K, = K; = Ky
and Gy =2 Cy, or K, # K, , Ky = KjK, and Gy = Cy x Ch.

(c) If f is irreducible, then G is isomorphic to a transitive subgroup of Sy. These are Sy, A, Dy, Vi, Cy.
The group Sy and its transitive subgroups in detail.
The cubic resolvent g of f: its zeros «, §, v are fixed by Gy N V4, hence g € K|z].

Excercises. Computation of the Galois group of the following polynomials:

1. 2 —101;

2. 23 — 522 + 6;

3. 23 —bx —5;

4. 28 -3z +1;

5. 23 —1;

6. 23 —3;

7. 23 —22% 4+ 32 + 5;
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