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1. Galois group of a family of cubic fields.
(a) Since fo(1) = —2a —3 # 0 and f,(—1) =1 #0, f is irreducible over Q .
(b) A direct computation gives

-1

f(o(2) = (e (2).

(c) The Galois group of f, is the group of Mobius transformations (linear fractional transformations) generated by o,

it is a cyclic group of order 3:

1
o2(2) = — jz o3(2) = =.

(d) It follows that the discriminant of f, is a square.

Remarks.
1. The polynomial f, has discriminant (a? + 3a + 9)2.
2. There is a similar example in degree 4, with the family of polynomials

ga(X) =X —aX3 - 6X?+aX +1

and the Mobius transformation

z—1
o(z) = oo
which generates a cyclic group of order 4:
1 1 -1
)= PG =1 = oo o=z

One checks that g, is irreducible and that if « is a root of g, then o(«) also. Hence the Galois group of g, over Q is
Cjy. Notice that X%g,(—1/X) = g,(X). This explains that, if  is a root of g,, then o?(a) = —1/a also.
3. There is a similar example in degree 6, with the family of polynomials

X6 —2aX5 —5(a+3)X* —20X3 + 50X +2(a+3)X +1
and the cyclic group of order 6 of Mobius transformations

_72—2
22417 o z Toz—1

z—1

Pt o?(z) = a3(2)

o(z) =

. Galois group of a polynomial of degree 4.
(a) The polynomial f is even: f(—X) = f(X), and reciprocal: X*f(1/X) = f(X). Hence if « is a root, then —«
also, and 1/« also. We choose an ordering for the roots, say

o =a, ag=-a, az=1/a, ag=-1/c.

From

we deduce b = o + 1/a?.
(b) The derivative of f is f/(X) = 2X(2X?2 —b). For 22 = b/2 we have f(z) = 1 — 22/4, which vanishes for z = +2.



Hence f is separable if and only if z # £2.

Since f(1) = f(—1) = b+ 2, the polynomial f has a root in Q if and only if b = —2. If b = —2, then f(X) =
(X —1)*(X +1)? splits completely in Q and is not separable.

From now on we assume b # —2. Hence f has no root in Q. Assume f is reducible over Q. Then it is a product of
two quadratic factors. Since the decomposition of f over C is unique, there are three cases:

1 1
(1) one factoris (X — a)(X 4+ «), the other is (X - > (X + ) ;
! !

1 1

(2) one factoris (X — ) (X - a) , the other is (X + «) (X + a) ;
. 1 . 1

(3) ome factor is (X — «) (X + a) , the otheris (X + «) (X - a) .

In the first case we have a? € Z. From b = o? + 1/a? we deduce that 1/a? € Z, hence a? = 1 and b = 2. In the case
b = 2 the polynomial splits as (X? + 1) and is not separable.
Assume now b # +2. Hence f is separable.
In the second, case we have
X 4 bX241=(X?—cX +1)(X?+cX +1)

with ¢ € Z, hence —2 — b = ¢2. The splitting field of f over Q is a quadratic extension of Q, the Galois group of f over
Q is the cyclic subgroup of order 2 of &, generated by the permutation (1,3)(2,4). It is a non transitive subgroup of
G4 (since f is reducible).
In the third case, we have

X4 4 bX?4+1=(X?—cX - 1)(X?+cX —1)

with ¢ € Z, hence 2 — b = 2. The splitting field of f over Q is a quadratic extension of Q, the Galois group of f over
Q is the cyclic subgroup of order 2 of &, generated by the permutation (1,4)(2,3). It is a non transitive subgroup of
S, (since f is reducible).

Assume now that —2 — b and 2 — b are not square. Then f is irreducible over Q, the Galois group of f over Q is

{1, (1,2)3,4), (1,3)(2,4), (1,4)(2,3)},

a transitive subgroup of &4 of order 4. It is the abelian non cyclic group of order 4, isomorphic to the product C5 x Co
of two cyclic groups of order 2.
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