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1. Galois group of a family of cubic polynomials.
For a ∈ Z, consider the polynomial

fa(X) = X3 − aX2 − (a+ 3)X − 1 ∈ Z[X].

Further, define σ : C \ {−1} → C \ {0} by

σ : z 7→ − 1

1 + z

(a) Is f is irreducible over Q?
(b) Let α be a complex root of fa. Check that σ(α) is also a root of fa.
(c) What is the Galois group of fa over Q?
(d) Is the discriminant of fa a square in Q?

2. Galois group of a polynomial of degree 4.
Let b be an integer. Define f(X) = X4 + bX2 + 1 ∈ Z[X].
(a) Let α be a root of f in C. Write the 4 roots α1, α2, α3, α4 of f in terms of α.
Deduce

b = α2 +
1

α2
·

(b) For which values of b is the polynomial f separable?
For these values, what is the Galois group of f over Q.
Hint. One may consider 5 cases:
• b = −2;
• b = 2;
• −b− 2 is a nonzero square;
• b− 2 is a nonzero square;
• otherwise.
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