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1. Use Cauchy integral formulas to prove that every bounded entire function is constant. (An entire function is a
function holomorphic on all of C)

2. Prove that every complex non constant polynomials has a root in C.
3.Let f be meromorphic in Q, and a€f). prove that res,(f'/f) = ord,(f) if f is not constantly zero on €.

3. Compute the residue of the following function at the specified points
. f(z):iatz:l

222241
o f(z):i(zpile)atzzl
o f(2)= e’;’if) at z = 1.
of(z)—z%_m, at z =1

5. Let f be a meromorphic periodic function. Prove that one of the following holds:

e f is simply periodic, i.e. the periods of f are of the form nwgy, n€Z.
e f is doubly periodic i.e. the periods of are of the form niw; + nows, ni,No€Z, and wy; and wo linearly
independent over R.

6. Let A be a lattice in C. Prove that if feM(A) then f must have at least one pole.

7. Let A be a lattice in C and II a fundamental parallelogram for A. Prove that if f,geM(A) are such that
ord,(f) = ordg(g) for alla€ll, then f/g is constant.

8. Let f be an elliptic function with period lattices A. Prove the followings assertions

® > entesq(f) =0

b ZaEH ord,(f) =0
® > senorde(f)a =0 mod A

e An elliptic function cannot have only a simple pole in a fundamental domain.

9. Let A€C be a lattice. Prove that every f(z) can be written in the following form
f(z) = Ra(p,(2) + ¢, () Ra(p, (2))

where R; and R» rational functions.

10.
(a) Prove that if <LCL Z) = ~el'(1) is such that y(r1) = 7 for some 71, ,€F then ce{—1, 0, 1}.
(b) Prove that if (ClL Z) = ~€l'(1) is such that y(r1) = 7 for some 71, ,€F, then de{—1, 0, 1}.

(c) Prove that if Cll = ~eI'(1) is such that ~(m;) = 7 for some 71, 7€F, then b = —1 and ac{—1, 0, 1}.

b
0
Moreover, for each ae{—1, 0, 1}, described which are the possible 71 and 72 (note that 73 = 75 is admissible).

/!

11. Suppose that 7,72 belong to h and that (CCL Z) and <Z, b ) are such that:

/
d/
l=alecr +d), m=oalar +b), l=a '(dn+d), mn=a(dn+V)

/

/
for some a€C*. Prove that (i Z) and (CCL, Z,) are inverse of each other.



