LECTURE 3: CODE CONSTRUCTIONS AND BOUNDS ON CODES

ELISA LORENZO GARCIA
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1. CoDE CONSTRUCTIONS

1.1. Puncturing (or restricted to {1,...,n}/P). deleting one or more fixed coordi-
nates P C {1,...,n}.

Cp is an [n — p, ky, dp]-code with d —p < dp < dand k —p < k, < k. If p < d then
k, = k.
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Example 1.1. G = [1 1 1 0] is a [4,3,1]-code over Fo. We take P = {4}, then
0011
1 1 0).
G= (1 1 1) is a [3,2, 1]-code.

1.2. Extended code. Let us start with C' an [n, k, d]-code and v € Fj. Then C¢(v) C
IFZ“ where ¢,11 = — > v;c;. We get an [n+ 1, k,d.]-code with d < d, < d+ 1.

1.3. Shortened code. C, [n,k,d], S C {1,...,n}. C(S) = {ce€ Cle; =0Vi € S} and we
define by puncturing C*¥ = (C(S5))s. Parameters [n — s, kg, ds] with k — s < kg < k and
d < d,.
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1.4. Augmentation code. C, [n,k,d] and v € F}.
C'(v):={av+c|aeF,ceC}

If v ¢ C and w = w(v), then min{d — w,w} < d(C*(v)) < min{d,w}. In particular
d(C*(v)) =wif w < d/2

Proposition 1.2. If we have a code with parameters [n,k,d] with k > 2 and n > d > 2
then there exist codes with [n+ 1,k,d], [n — 1,k —1,d], [n — 1,k,d — 1], [n,k — 1,d] and
n, k,d—1].

1.5. Direct Sum. Ol D 02 with [n1 -+ Nno, k?l + k’g, d] with d = mm{dl, dg}
1.6. Juxtaposition. G = (G | G2) with the same k and [ny + no, k,d > dy + da).

1.7. Plotkin or (u | u+v). {(u | u+v) | u € Cy,v € Cy} with same n and [2n, k1+kq, d =
min{2d;, ds}].

1.8. The product code. C; ® Cy with [nyng, kiko, dyds]

1.9. Binary Reed-Muller RM;(r,m) with 0 < r < m. RM5(0,m) is the repetition
code of length 2™ and parameters [2, 1,2™].
RMsy(m,m) = Fy* with [m,m, 1].
RMsy(r+1,m+1) is the (u | u 4 v) construction with RMs(r + 1,m) and RMs(r, m).
RMs(r,m)hasn =2m k=3 (") and d = 2™ " and the dual is RMy(m—r—1,m).
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2. BoOuUNDS

See the websites: http://www.codetables.de/ and http://codes.se/bounds/.
The smallest case we don’t know: binary linear code with n = 32, k = 14, we have one
with d = 8, is there anyone with d = 97 this would be the maximun.

2.1. Singleton bound.
d<n—k+1
Proof. rkH <n—kandrkH >d—1. O

s=n+1—k—dis called the Singleton defect or the genus of the code. If s = 0, then
C' is called a maximum distance separable code (MDS). Or almost MDS if genus= 1.

Definition 2.1. Let g be a fixed power of a prime. C = {C;}3°, a sequence of F,-linear
codes with parameters [n;, k;, d;] is called asymptotic, if lim; ,,on; = oo and R(C) =
lim; oo % and §(C) = lim;_, %”_ exist. It’s good if both are positive.

Asymptotic bound: R(C)+4d(C) <1

2.2. Griesmer Bound.
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Proof. See exercise [3.3] O
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http://www.codetables.de/
http://codes.se/bounds/

2.3. Plotkin. C' is an [n,M,d] code over F, such that gd > (¢ — 1)n. Then M <
d
le=ta—mm -
Equality holds iff C' is equidistant code of minimum distance d with M (¢ — 1)dn =

(M —1)q.

Proof. We count in two different ways:

M(M-1)d<S= ZZdch <n

zeC yel

-1
M?.

Last inequality a bit more difficult. U

Asymptotic If 6(C) < q%ql then R(C) + 40(C) < 1.
2.4. Hamming bound. A,(n,d) = max#C/F, with fixed n and d. By(n, d) same thing

but linear. Then

q
B,(n,d) < A (n,d) < AT

with t = |452] and Vy(n,1) = #Bi(x) = Ty (})(a — 1.
Asymptotic bound: R(C) <1 — H,(6(C)/2) with Hy(x) = logqu(q*”z

2.5. Gilbert bound. a,(n,d) = log,A,(n,d) > n —log,Vy(n,d — 1)
Proof. Again, looking at the balls the result follows. O
2.6. Varshamov bound. b,(n,d) = log,B,(n,d) > n — [log,V,(n,d — 1)]

Proof. Again, looking at the balls the result follows. O

Asymptotic: There exists a good C such that R(C) =1 — H,(6(C)).

Example 2.2. Let us take G = (1) } é :1)) 411 over 5. We have ¢q =5, n =5, k = 2,

d=4,A =1 A =A,=A3=0, A, =20 and A; = 4.
Slngleton bound. 4 <5—2+41 then genus 0 and MDS.
Griesmer bound: 5> [1] + [3 } =5
Plotkin bound: M = 5% < Lm Condition not hold!

Hamming bound: 5% < Bj(5,4) < A5(5,4) < V(51 where V5(5,1) =1+5-4.

Gilbert bound: 2 < a5(5,4) > 5—1ogsV5(5,3) = 5—logs(1+5-4+10-42+10-43) = 1, ...
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3. EXERCISES

Exercise 3.1. Compute the parameters of the following codes:

(1) Puncturing (or restricted to {1,...,n}/P) deleting one or more fixed coordinates
P C{1,..,n}. Cpisan [n—p, ky,d,|-code withd—p < dp < dand k—p < k, < k.
If p < d then k, = k.

(2) Extended code Let C be an [n, k, d]-code and v € F'. Then C¢(v) C F;*' where
Cni1 = — »_vic;. We get an [n+ 1, k,d.]-code with d < d, < d+ 1.

(3) Direct Sum Cy & Cy with [nq + ng, ki + ko, d] and d = min{dy, ds}.

(4) Juxtaposition G = (G | Gg) with the same k and [ny + no, k,d > dy + ds).

ex:vandermonde
Exercise 3.2. Let n < ¢q. Let a = (ay, .., a,) be an n-tuple of mutually distinct elements
of F,. Let k be an integer 0 < k < n. Define

1 1
Gila)= | 70
alf_l aﬁfl

The code with generator matrix Gy (a) is a MDS code.
ex:Griesmer

Exercise 3.3. Prove the Griesmer bound by induction on k& and by considering the
puntured code Cp with P = supp(c) for a ¢ € C' with w(c) = d.
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