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Motivation

The end of the proof of Serre’s theorem on the image of the Galois
representations attached to elliptic curves rests on the following result:

Let K be a number field, A a nonzero element of K, S a finite set of
places of K including the archimedean places and Og the ring of
S—integers in K. Then there are only finitely many U, V in Og satisfying
U3 —27V2 = A.

We start by reducing the proof to the finiteness of the S-unit equation
u+ v =1 with u, v units in the ring Og.
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Number Fields and Ring of Integers

A field K is an algebraic number field if is a finite extension of Q.

An element « in a number field will be called algebraic integer if
there exists a monic polynomial f(z) € Z[x] such that f(a) = 0.

We denote by Ok the ring of algebraic integers in the number field K.

Ok is a Dedekind domain.

* A fractional ideal of is a subset a of such that a # 0 and there is
« € K with aa is an ideal of Of.

the inverse of a fractional ideal a of O is defined by

a‘l::{aeK:aagOK}

Amalia Pizarro Madariaga (IMUV) Diophantine Approximation and Diophantine Universidad de Valparaiso 3/12



Fractional Ideals

Let P (Ok) be the collection of non-zero prime ideals of O

(i) The fractional ideals of O form an abelian group with product and
inverse as defined above, and with unit element Ox = (1).

(ii) Every fractional ideal a of O can be written in a unique way as a
product of powers of prime ideals

a= H pordp(a)’
pEP(Ok)

where the exponents ord,(a) are integers, at most finitely many of
which are non-zero.

(iii) A fractional ideal a of O is contained in Of if and only if
ord,(a) > 0 for every p € P (Ok).
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Discrete Valuation

For p € P (Og) we define
ordp(z) :=ordp((z)) ifx € K*, ordy(0):=o00

It gives a surjective map ord, : K — Z U {oo} such that for z,y € K:
® ordy(zy) = ordy(z) + ordy(y);
® ordy(z + y) > min (ord,(x), ordy(y)),
® ordy(z) = oo if and only if ,2 = 0.

Therefore, ord, defines a discrete valuation on K.
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|
Discrete Valuation
(i) Let a be a fractional ideal of Og. Then
z € a <= ordy(x) > ordy(a) for all p € P (Ok).
In particular,
z € O <= ordp(z) > 0 for all p € P (Ok)
(i) Let a be the fractional ideal of Ok generated by a set S. Then

ordy(a) = min {ordy(a) : « € S} for p € P (Ok)
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Discriminant and Class Group

® Ok is free of rank [K : Q]Z-module. Let {wy,...,wq} be a Z-basis
of Ok, we define the discriminant of K and o1, 0,, the embeddings,
we define the discriminant of K by

2
Dy = Dy (@i, wa) = (det (oiy), ;)

® Let I (Ok) the group of fractional ideals of O and P (Ok) the
subgroup of principal fractional ideals of Og. The quotient group

Cl(Ok) =1(0k) /P (Ok)

is called the class group of K.
The class group Cl(Ogk) is finite.
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Group of units

® Ifr=7r;+r2—1. Then

Ox 2 Wk xZ",
where W is the multiplicative group pf roots of unity in K. In fact,
there are €1,...,e, € OJ; such that every € € O} can be expressed
uniquely as

e=Cehr. e

where ( is a root of unity in K and by,...b, are integers. A set of
units {e1,...,e,} as above is called a fundamental system of units for
K.

® \We define the regulator of K by

Ry :=| det (ej log agj)

)i7j:17...,r
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N
Absolute Values

Let K be an infinite field.

¢ An absolute value on K is a function |- | : K — Rx>g such that:
® |xy| = |z|- |y| for all z,y € K;
® There is C' > 1 such that |z +y| < C' - max(|z|, |y|) for all z,y € K;
® |z| =0 if and only if x = 0.

® Two absolute values | - |1, |- |2 on K are called equivalent if there is
¢ > 0 such that |z|o = |z|{ for all x € K.

® An absolute value | - | on K is called non-archimedean if it satisfies
the ultrametric inequality

|z +y| < max(fz],|y]) forz,ye K

and archimedean if it does not satisfy this inequality.
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Valuations

¢ A valuation on K is a function v: K — RU {oco}
® ¢(0) = o0,
® y(z)eR foruz e K*,
® v(zy) =v(z)+v(y), forax,yec K.
® v(x+y)>min(v(x),v(y)) forz,ye K.
e A discrete valuation on K is a valuation v on K for which
v(K*) =2Z.

® (K,|-|) is complete if every Cauchy sequence of (K, |-|) converges.
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Absolute Values on a Number Field

® A real place of K is a set {o} where 0 : K < R is a real embedding
of K.

A complex place of K is a pair {o,5} of conjugate complex
embeddings K — C.

An infinite place is a real or complex place.

A finite place of K is a non-zero prime ideal of O.

Mpe: set of infinite places of K
MY set of finite places of K
® Mp: set of all places of K, i.e., My := M2 UMY
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Absolute Values on a number Field

For every place v € Mg we have an absolute value |- |, on K, given by:

lafy :=|o(a)] ifv={o} is real;
lal, == |o(a)]? = |o(a)* ifv=1{0,&}is complex;
lal, := Ng(p)~ %@ if v = p is a prime ideal of O,

Let K, be the completion of K with respect to |- |,. Then: K, =R ifvis
real, K, = C if v is complex, while K, is a finite extension of Q, if v =p
is a prime ideal of Og-.

Product Formula over K,

H laly, =1  fora e K*.
vEM g
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