
Excercises 1

1. Let L be a lattice in Rn with the usual inner product.
(a) Check that covolpLq does not depend on the choice of the basis used
to compute it.
(b) Compute the covolume of the lattice L “ spanZtw1,w2u in R2, where

w1 “

ˆ

1
0

˙

, w2 “

ˆ

´100
1

˙

.

Show that L “ Z2.

(c) Check that w1 “

ˆ

1
0

˙

,w2 “

ˆ

cos 2π
3

sin 2π
3

˙

is a basis of the hexagonal

lattice in R2. Compute its covolume.

2. Let

L “ t

¨

˝

x
y
z

˛

‚P Z3 : x` y ` z ” 0 mod 7u.

Show that L Ă R3 is a lattice and compute its covolume.

3. Let L be a lattice. Let A be an invertible nˆ n matrix.
(a) Show that ApLq is a lattice.
(b) Show that covolpApLqq “ | detpAq|covolpLq.
(c) Let m P Rą0. Show that covolpmLq “ mncovolpLq.

4. Consider

L “ t

¨

˚

˚

˝

x
y
z
w

˛

‹

‹

‚

P R4 : either x, y, z, w P Z or x, y, z, w P 1
2
` Zu.

paq Show that L is a lattice in R4, exhibit a Z-basis of L, and compute
the covolume of L.
pbq Show that the sum of the coordinates of any element of L is an integer.
Show that the elements whose sum of the coordinates is even is a sublattice
L1 of L. Compute the covolume of L1.

5. Check that the ball Bn
2 “ tpx1, . . . , xnq P Rn | x21` . . .`x

2
n ă 2u is convex

and symmetric with respect to the origin. How many non-zero vectors of
the lattice Zn does it contain?

6. Let L be a lattice of full rank in Rn, and let M Ă Rn be a set such that
volpMq ă covolpLq. Prove that there exists a point x P Rn such that the
intersection M X pL` xq is empty.
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7. Let L be the integer lattice Z2. Let Qε “ t

ˆ

x
y

˙

P R2 | |x| ă 1, |y| ă 1`εu,

with ε ě 0.
(a) Show that for ε “ 0, the square Q0 contains no non-zero lattice points;
(b) Show that there exists ε ą 0 such that Qε contains precisely 2 non-zero
lattice points.

8. Let L be the integer lattice Z2. Let Bε “ t

ˆ

x
y

˙

P R2 | x2` y2 ă p1` εq2u.

(a) Show that for ε “ 0, the disk B0 contains no non-zero lattice points;
(b) Show that there exists ε ą 0 such that Qε contains precisely 4 non-zero
lattice points.


