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1 Artin Conjecture

Let a € Q* be a primitive element, i.e. such that a # b* for every
integer k > 1 and for every b € Q*.

Let consider P, the set the set of prime numbers for which a is a
primitive root, P, := {p prime : F,, = (a mod p)}, and define 6(a) as
his natural density. One can try to answer to these questions: is the set
P, infinite? When is 6(a) positive?

Artin, in 1927, made the following conjecture:

Conjecture 1 (Artin, 1927)
Let a be a square-free primitive element of Q*, then P, is infinite and

sw= ] (1_q(q1— 1))' M

q prime

Artin formulated the conjecture starting from this heuristic argument:
he observed that, for almost all p, a prime ¢ divides []F; : (a mod p)]
ifand only if p = 1 ( mod ¢) and a = b9 ( mod p) for some b. The last




two conditions, together, are equivalent to ask that the prime p splits
completely in the field L, := Q({,, a'/?) and so we have that

F, = {amod p) < for no prime ¢, p splits completely in L,,.

Knowing that the density of primes which split completely in L, is
[Lg Q]_l = (g(g — 1))"! one can expect (1) to be valid.

It’s interesting to observe that the right-hand side of (1) does not depend
from a and so it’s reasonable to think that the formula need a correction
to hold for any primitive element in Q. The fact is that the events "p
does not split completely in L," are not not necessarily independent as
p and g range through all primes.

A more general form of the conjecture was given by Lehmer and Artin
himself in 1953 and later in 1967 Hooley proved the following theorem:

Theorem 1 Let a € Q* a primitive element; then, under GRH, we have

6@ = ) Y @)
k=1

[Ly : Q]
where u is the Mobius function.

The the Mobius function solves the entanglement problem, i.e. the fact
that the field L, are not linearly disjoint over Q (e.g. L C L3). This
is essentially the reason why the densities of prime numbers which do
not split completely in L, can’t be considered independent from each
other.

2 Lang-Trotter Conjecture

Artin’s problem is pertinent to many generalizations and variations. A
natural generalization appears in the context of elliptic curves and was
formulated by S. Lang and H. Trotter in 1976.

Let E(Q) be an elliptic curve defined over Q and let A € E(Q) be a



primitive point, i.e. such that A # kB for every integer k > 1 and for
every B € E(Q). For a prime p of good reduction for E(Q), let E(F,)
be the reduction of E(Q) modulo p.

Conjecture 2 (Lang, Trotter, 1976)
For every elliptic curve E(Q) and every primitive A € E(Q) the set
{p prime : E(F,) = (A mod p)} has natural density 5g(A) > 0.

An important remark to do is that, in contrast with the classical situation,
when we require that E(F,) = (A mod p) we are making the implicit
assumption that E(F),) is cyclic.

In general, E(F),) is the product of two cyclic groups, therefore it is
natural to consider, at first, the question of finding the density of primes
p for which E(F,) is cyclic. Again we can use an heuristic approach:
denoting with E[m](F,) the set of m-torsion points and with Z, the
g-division field it can be showed that

E(F,) is cyclic & forno prime g, E[q](F,) # q°
& p does not split completely in any field Z,.

This leads to a conjecture similar to the one in (2), which was condi-
tionally proofed by Serre

Theorem 2 (Serre, 1993)
Let E(Q) be an elliptic curve as above and 6 be the density of the set
{p prime : E(Fp) is cyclic}. Then, under GRH,
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[Z : Q]

An unconditional proof was given by M.R Murty in 1988, but only for
elliptic curves with complex multiplication.



3 Primitivity on elliptic curves

Very little is known about the density 6z(A) and the results obtained
so far require at least to assume GRH and additional hypothesis on the
elliptic curve.

To better understand the difference between the classical and the elliptic
curve case we can analyse the problem from another point of view. We
begin with the classical case.

Consider V,, the 2-dimensional vector space over F, defined by

V, = (g a'y/(a).

We can define an action of G, = Gal(L,/Q) over V, identifying the
elements of G, with the matrices

a b "
{(0 1) ca€F,be Fq} C Aut(V,).

So, if we denote with ¢, € G the Frobenius map we get that, for almost
all p

g divides [IF;; : (a mod p)] & ¢, acts trivially on V,
V‘<1¢p> — Vq

In the elliptic case, instead, we consider the 3-dimensional space V),
defined as

Vg = (Elgl g~ A)/(A).
Analogously to the previous case we define an action G, = Gal(Z,/Q)
over V; identifying the elements of G, with the matrices

a
b |:a,beF, BeGL(F,;) C Aut(V,).
0 0|1

B

In this case it can be proved that for almost all p

g divides [E(}Fp) : (A mod p)] = dim(V6<1¢p>) > 2.



We note that, in the second situation, the condition Vy" ) 2 Vg is

sufficient, but non more necessary to expect non primitivity.
For a generic point of an elliptic curve we can say what follows:

Theorem 3 Let B(Q) be an elliptic curve and A any point of B(Q);
then q divides [E(Fp) = (A mod p)}] for almost all primes p if and
only if one of the following holds:

1. E[q](Q) = ¢*
2. q divides |E(Q)""| and A = gB € E(Q);

3. exists ¢|g : E(Q) — E'(Q) of degree q such that condition (2)
holds for E'(Q) and ¢(A).

Finally we remember a result by G. Meleleo who showed, in his Ph.D.
thesis that is possible to have a never-primitivity situation;

Theorem 4 (Meleleo,2015)
There exists elliptic curves E(Q) with g > 0 and primitive points
A € E(Q) such that E(F,) # (A mod p) for almost all primes p.
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