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1 Introduction

In the field of arithmetical function, we sometimes come across an
interesting phenomenon, for example, the difference function of "the
sum of digits function for Reflected Binary Code (RBC)", {Srpc(n) —
Srpc(n — 1)}, coincides with the regular paper-folding sequence.
Here we talk about a generalization of this phenomenon and describe
about some relations among the sum of digits functions, automatic
sequences and some code systems. This is a survey of the papers [2]
and [3], and as for the proofs please refer to these references.

2 An example

2.1 Reflected Binary Code (RBC)
We set

e Sgrpc is the sum of digits function for RBC
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o A(n) = Sgpc(n) — Srpc(n — 1), for any positive integer n.

Then

n | Usual Binary Code | RBC | Sgrpc(n) | A(n)
0 0 0 0

1 1 1 1 +1
2 10 11 2 +1
3 11 10 1 -1
4 100 110 2 +1
5 101 111 3 +1
6 110 101 2 -1
7 111 100 1 -1
8 1000 | 1100 2 +1
9 1001 | 1101 3 +1
10 1010 | 1111 4 +1

We would like to point out that
©® RBC is a permutation of Binary Code (BC).
© RBC is a "Gray Code ": RBC for n + 1 and RBC for n differ by
exactly one digit. Thus

VneN, |A(n)| =1

2.2 Regular paper-folding sequence

We fold a paper to the same direction (counter-clockwise).Then we get
folds "V —type” or ”A—type” progressively. Mathematically, we start
from the simple sequence

bop={LLLIL--}

with b, = 1,Vn € N and then we construct the sequence Py, which we
call the regular paper-folding sequence as follows

Pbo = {1’ 1, _19 1’ 19 _15 _1’ 1}
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Thus one has

Theorem 1 ([2]).
Vn € N, A(n) = Py, (n).

More generally, if
b :={b1,by,b3,---} withby =1 and b; = =1 fori > 2
Then, as before, we get the generalized paper-folding sequence s
Py = {b1, b2, =b1,b3, b1, —b2, —br, by, - - - }
Thus it is natural to ask ourselves
Question 2. Is there a corresponding code C such that
(Sc(n) = Sc(n = DY, = Py, ?

The answer is given below.

3 Arithmetical function and sum of digits function

Let go back to the RBC and let define the function

&rpct Ry = N U {00}
X ) xan
0<n<x
where y4 is the Dirichlet character modulo 4:
0 ifn=0,2 mod 4
X4: NU{co} - Csuch that y4(n) =41 ifn=1 mod 4

-1 ifn=3 mod4
Then one has ([2])

=S e (2
Srpc(n) = kzzofRBc (2") :

This expression could be useful in the study of sum of digits functions.
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Remark 3. For the case of BC, setting

_]0 ifn=0
fn) = {(_l)nl #ns 1
And
Epc(x) = ). fn)
0<n<x
Then one has ([2])

Spe(n) = g;)fgc (Zlk)

From this expression, one can derive the excellent result on the
average of Spc due to H. Delange (1975).

In order to answer question 2, let give a structure of RBC

In RBC| 0110 |is the "unit" and this unit comes from &gpc(x).

lot10][0110] |o110][0110] [@]|[@] ---
[0011 1100] [0011 1100] [ 2@ | ---

(0000 1111 1111 0000 | 4@ |

We repeat @, , ,- -+ as above and then, reading vertically,

we get the code RBC(n).

Taking into account of the generalization of by to b, we can construct
by the same way a new code C, as follows:
It

b={by,by,b3,---} withb;y =1and b; = +1 fori > 2

Then C; is (reading vertically)
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[061510||0b1b,0] [0b15,0][0615,0| [@ @] -
(00620; b25200|  [00b2by byby00| |by x 2w | -
’0000 b3b3b3b3 b3b3b3b3 0000‘ ’ b3 X 4w ‘

Thus one can show that Cy is a Gray code.
Moreover we have:

Theorem 4 ([3]).

{Sc,(n) = Sg,(n = D)2 = {Pu(m)};2,-

We remark that {#,(n)} | is an example of automatic sequences.

4 Some properties of the code C;

In the case of BC:
BC(13) = 1(01)1

‘Which means
1-2°+0-2'+1-22+1-23=13

i.e.

BC(n) = B123- -~
(—)
if and only if
Z B2 =n
k=1

Moreover, this relation give a bijection between { BC(n)}° | and N.
We can prove a similar result for C,. For this purpose, let define the
function:

Dbi N->Z
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Such that if
G(n) = ajaas:---

(—)
Then .
Z)b(n) = Z akzk_l.
k=1
Thus we have the following result
Theorem 5 ([3]). Let K > 2 be an integer.

If b is K—periodic then the function Dy is a bijection between N U {0}
and Z.

Remark 6. [f K = 1 then b = by and in this case Dy, is a bijection from
N U {0} onto itself.

In 2, we remarked that:

0 ifn=0

Jfm= {(—1)"—1 ifn>1

~ &pc(x) ~ ki;och (Zik) = Spc(n)

n

Xa() ~> Erpe ()~ ) e (37
k=0

) = Srpc(n)

Then

Question 7. What is the arithmetical function g(n) which induces
g(n) ~> £g(x) ~> X2 £, (n/25) =S¢, (n)?

To this question, we have the answer which is as follows.
Letp > 2 and
A ={g: NU {0} - C with g(0) = 0} a set of arithmetical functions.

For g € A, we define the maps

(i Ry —>Cx Z g(n).

0<n<x
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And then, we define the maps ®, and ¥}, as follows: Y(g,n) € A XN,

O, (e)n) = Y & (%)
k=0 P

0 ifn=0
¥, (8)(n) = {g(m—g(n—1)— (g (&) -g (2-1)) ifn=pandn=0 mod p
gn)—gn—-1) otherwise

Then we have:

Theorem 8 (Kamiya-Murata [2]). @, and ¥), are bijections from A
onto itself and (D;,l =¥,

This implies in particular:

(05
f T SBC
2
D
X4 -
Y

SrRBC

And assuming b K—periodic then 4 f; € A such that
D,k
fb _ SC[‘

¥,k

Moreover, we can calculate f; as follows:

K
fum = 3 b (5)

Where
Folx) = {)(4()6) ifxeZ

0 otherwise
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The function f; is a 2X*!—periodic function.
The following diagram summarize this last case:

ﬂ
Gy (n)
a code induced by IJ sum of dlglts function
{Po(m)}” = {S¢,(n) =S¢, (n = D}
generalize paper-folding sequence corncide difference of the sum of digits function

Theorem 9. If'b, K, Cy(n) and Sc,(n) are as above then:

log N
_ZSCI‘( ) = ZbklogN+F(loggzK).

Where F is 1—periodic function, continuous, nowhere differentiable.
Moreover, F admits a Fourier expansion:

F(]C) — Z Dke27rikx

keZ

With

(% 1og2:<)L ©, fi) + = (02{3) ifk=0

Dk — 2nik
L(log 2K oh

( 2nik )
dmik| ———+1

ifk #0
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Where L(s, fy) is the Dirichlet series with coefficient fy(n).
This is a generalization of Delange’s result in [1].
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