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1 Introduction

Let k € Q, k # 0, d > 3 a positive integer and consider an irre-
ducible bivariate form F(X,Y) = Y% a;X%'Y! € Z[X,Y]. In 1908,
Axel Thue initiated the study of the Diophantine equations of the form
F(X,Y) = k; this is the reason why they are called Thue Equations.
Thue obtained one fundamental theorem:

Theorem 1 (Thue 1908) Let F € Z[X, Y] be a homogeneous irreduci-
ble form of degree d > 3:

FX,Y) =aoX? + a1 XY + - + ag1 XY + auv?.

Let k € Z, k # 0. Then there are only finitely many integer solutions
(X,Y) € Z X Z of the Diophantine equation F(X,Y) = k.

Since then, the above theorem has been improved by many math-
ematicians. In this exoposition, we concentrate on the family con-
structed by E.Thomas, and later generalized by C. Levesque and M.
Waldschmidt. One of the first result in diophantine approximation is:




Theorem 2 (Liouville’s inequality 1844) Let o be an algebraic num-
ber of degree d > 2. There exists c(a) > 0 such that, for any § €eQ
with g > 0,

o-2]> 22
q q
The inequality of Theorem 2 can be improved for algebraic numbers
a of degree d > 2. In fact the exponent d in the denominator is best
possible for d = 2 but it is not for d # 3. In 1909, Thue proved the
following theorem:

Theorem 3 (Thue 1909) Let a be an algebraic number of degree d >
2 and let k > (‘51) + 1. Then there exists c(a, k) > 0 such that, for any
f]—’ € Qwithq > 0,

|a_ P clek)
q q"

Later, the exponent « in the denominator above has been improved:
1921: C.L. Siegel, with x = 2Vd;

1947: F.J. Dyson and A.O. Gel’fond; with k = V2d

1955: K.F. Roth, with any « > 2.

There is a close relation between the finiteness of the number of so-
lutions of the Thue’s equation and approximation of rational numbers.
For example in [2] one can find the proof of the following:

Theorem 4 Let f € Z[X] be an irreducible polynomial of degree d
and let F(X,Y) = Y4 f(X/Y) be the associated homogeneous binary
form of degree d. Then the following two assertions are equivalent:

(i) For any k€Z*, F(X,Y) = k has only finitely many solutions in 7>
(ii) For any real number k > 0 and for any root a € C of f, there are
only finitely many rational numbers Ié such that

o255



Note that (i) can be rephrased as:
For any positive integer k # 0, the set of (X,Y) € Z? verifying

0<|F(X,Y)| L k.

is finite. Also, for any number field K, for any non-zero element k € K
and for any elements a4, ..., o, € K with Card{ay,...,a,} > 3, the
Thue equation

X—-—a1Y) - (X—ayY)=k.

has only a finite number of solutions (X,Y) € Z X Z.
Now, one will describe some approach which has been used to deal
with Thue equations and discuss a further results related on it.

Theorem 5 (Schmidt’s Subspace Theorem 1970) Let Lg,..., Ly
be m > 2 independent linear forms in m variables with algebraic
coefficients. Let € > 0. Then the set

{X =Xoy. .o, Xm-1) €Z™ 2 |Lo(X) - Lin—1 (X)| < |X]7}
is contained in the union of finitely many proper subspaces of Q™.
One can use the above theorem to prove the following celebrated result:

Theorem 6 (Thue, Siegel and Roth) For any real algebraic number
a, and for any € > 0, there are only finitely many 0% € Qwithg >0

such that |

q2+e

-5l <
q

In fact, the proof of Thue-Siegel-Roth Theorem can be used to produce
an upper bound of the number of solutions of a Diophantine equation
in the above family, but no upper bound for the sizes of solutions can
be derived. R. Baker and N. I. Fel’dman developed an effective method
introduced by A.O. Gel’fond, involving lower bounds for linear combi-
nations of logarithms of algebraic numbers with algebraic coefficients.



Since e — 1 ~ z for z — 0, determining lower bounds for the follow-
ing two non-vanishing numbers is equivalent:

at el -1 biloga) + - - + by log ay.
The first nontrivial lower bounds were obtained by A.O. Gel’fond. His
estimates were effective only for n = 2; for n > 3, he needed to use
estimates related to the Thue-Siegel-Roth Theorem.
In 1968, A. Baker succeeded to extend to any n > 2 the transcendence
method used by A.O. Gel’fond for n = 2. As a consequence, effective
upper bounds for the solutions of Thue’s equations have been derived.
In the same year, A. Schinzel computed explicitly the constants intro-
duced by A.O. Gel’fond in his lower bound for Io/l’laf}z’2 -1].
The approach for solving Thue equations, given by Gel’fond and
Baker, is based on the exploitation of Siegel’s unit equation: as-
sume a1, @y, a3 are algebraic integers and X, Y rational integer such
that:(X — a1Y)(X — aY)(X — a3Y) = 1. The elements u; = X —
a1Y ,up = X —a2Y ,u3 = X — a@3Y are units. By eliminating X and Y
in the three linear relations above, we obtain

ui(ar — a3) +uz(az — ay) +us(a; —az) =0.

We write it as a Siegel’s unit equation in the form

u(er —a3) . _uz(ar —ai)
ur (@) — @3) ur (@) — @3)
By identifying, the quantity a/ll" cee a/Z” in Gel’fond-Baker Diophantine
inequality with the quotient (@ - as) -, one can then apply the theory
ur (@) — as3)

of Siegel’s unit equations.

2 Families of Thue equations

There are several families of Thue equations which many mathemati-
cians tried to solve. The first family of Thue equation was given by
Thue himself:

(a+ DHX" —a¥Y"* =1.



For n prime and a sufficiently large in term of »n (for instance, n = 3
and for a > 386), the only one solution in positive integers X,Y is
X=Y=1.
E. Thomas considered the family of the Thue equations F,,(x, y) = +1
where F,,(X,Y) = X3 — (n — DX?Y — (n + 2)X — Y>. In 1990, he
proved in some effective way that the set of (X, Y,n) € Z3 such that
n > 0, max{|x|,|y|} = 2, and F,(x,y) = %1 is finite. In [4] he
completely solved the equation F,,(X,Y) = 1, for n > 1.365 - 10; the
only solutions are (0, —-1), (1,0) and (-1, 1).

D. Shanks introduced the simplest cubic fields Q(A1) by studying the
field Q(w) where w is a solution of

F,(X,)=X>-n-DX>-(n+2)X - 1. (1)

He proved that if A is one of the solutions of equation (1), then Q(A) is
a real Galois field.

In 1993, M. Mignotte [5] completed this result by solving this equa-
tion for each n. For n > 4 and for n = 2, the only solutions to
F.(X,Y)=1are (0,-1), (1,0) and (-1, 1).

M. Mignotte worked with A. Leth6é and F. Lemmermeyer. In 1996,
they studied, in [6], the family of Diophantine equations F,,(X,Y) = k,
for k # 0. They obtained the following theorem,

Theorem 7 (Mignotte, Petho and Lemmermeyer 1996) For n > 2,
when X, Y are rational integers verifying

0<|F,( X,k (keZ)

then
log|y|< c(logn)(logn + log k).

with an effectively computable absolute constante c.

When £ is a given positive integer, there exists an integer ng depend-
ing upon k such that |F,,(X,Y)|< k withn > 0 and |Y|> vk implies
n < ng. But, for 0 <|t|< Vm, (—t,t) and (¢, —t) are solutions, therefore



the condition |Y|> vk cannot be omitted.

Note that Theorem 7 gives an upper bound for max{|x|,|y|} which
depends on k and n while we would like a bound only depending on k.
We now come to the main goal of this work: presenting Claude
Levesque and Michel Waldschmidt’ s approach for solving families of
diophantine Thue equation. In 2010, C. Levesque proposed to consider
the following version Thomas’s family of cubic Thue equations:

Fo2(X,Y) = (X = 5, Y)(X - A1, Y)(X - 23, 7).

where A;, are units in the totally real cubic field Q(A¢,). The natural
question was: Does Thomas result hold?

Given any irreducible binary form F € Z[X,Y], a aroot of F(X, 1),
and € a unit in the field Q(a), consider the family of Diophantine
equations, F,(X,Y) = k, (a € Z), where F,(X,Y) is deduced from
F(X,Y) = ]_[l‘.l:1 (X — oi(@)Y), by twisting with €, assuming Q(«a) =
Q(ae®). Here F,(X, 1) is the irreducible polynomial of @e“ and

d
F,(X,Y) = l_[(x — oi(ae?)Y).
i=1

By using Schmidt’s subspace theorem, their first result was: Given « to
be an algebraic number of degree d > 3 and K=Q(«). Let € be a unit
of K such that ae has degree d, fc(X) be the irreducible polynomial of
ae and F¢(X,Y) be its homogeneous version. Then for all but finitely
many of these units, the Thue equation F¢(X,Y) = +1 has only the
trivial solution X,Y in Z where XY = 0. Now, let consider

Fra(X,Y) = (X = A2 Y)(X = A2 Y)(X - A%Y) € Z[X,Y].

with a new parameter a € Z.

Q 1 Arethere only finitely many (n, a, X, Y) satisfying F, (X, Y)=+1?



For the next result, we need the absolute logarithmic height h which is
defined by h(a) = 5 log M (@) where M is the Malher measure

M(@) =ay [ | max{llei(@)l)

1<i<d
and ag is the leading coeflicient of the irreducible polynomial of o over
Z

In 2013, C. Levesque and M. Waldschmidt stated the following con-
jecture in [3].

Conjecture 1 (Levesque and Waldschmidt 2013) There exists k >
0, constant depending only on a, such that, for any k > 2, all so-
lutions (X, Y, €) in Z X Z X Z: of the inequality

|Fo(X,Y)| < k, with XY # 0 and [Q(ae) : Q] = 3,

satisfy
max{|X|, |Y], e" @} < k¥.

One year later, they proved the following theorem which is one of the
main result presented here. The key point of the proof, is an approach
for finding the upper bound for the solution which does not depend on
n which we sketch below a complete proof can be found in [1].

Theorem 8 (Levesque and Waldschmidt 2014) There is an effective-
ly computable absolute constant ¢ > 0 such that, if (X,Y,n,a) are
nonzero rational integers with max{|X||Y|} > 2 and F, ,(x,y) = £1,
then max{|a| |n|, | X||X|} < c. Furthermore, for all n > 0, the trivial
solution with a < 2 are (0, 1), (1,0) and for a =2 is (1, 1).

Proof. Let us write A; for 4;, fori =0, 1,2. Then
F,(X,Y)=X>—(n-DX’Y - (n+2)XY>-Y2
can be written as F,(X,Y) = (X — 4oY)(X — 1Y) (X — 1,Y)

1 2
n +lz < Ay £ n +lz,
so we have: —ml < A4 < ml,



e One defines y; = X — /ll.aY, (i=012),s0 F,,X,Y) = %1
becomes yoy1y2 = 1. By writing y; to be y;,, we have the
bound |y;,| < % Also we have min{|y;, |, yi,|} > Y[
0
o By considering the group of units of Q(4yp), and taking Ay, A, as
a base, there exist 6 = +1 and rational integers A and B which

verify
logY
1A+ B| < k|22 4+ 4],
log 4¢
VO,a é/lélg’
_ AB  _ —A+B 1-A
where, § via = 5/1}‘/1% = 6/10_B+ 1;1_23,
Yoa = 04547 = 064574570,

o Transform the following Siegel unit equation,

Yiea(Ad = A8) + ¥ia(AL = A8) + Vi a(A% — 28) =0,

as
Via =) Yoaldf, = AL
YVina(Af =A%) Yira(Af, = A7)
we have the estimate
Yipa(A¢ — /l?)
e L R
yi2,a(/li1 - /li()) Y /lo

At the end we have to separate two cases, first, when n is large, the
completion of the proof is from the lower bound for a linear form in
logarithms of algebraic numbers (Baker’s method).

For n bounded, we have results which are valid for the family of Thue
equations of Thomas and the completion of the proof follows from the
following Lemma,

Lemma 1 Consider a monic irreducible cubic polynomial f(X) €
Z[X] with f(0) = £1 and write,

F(X,Y) =Y f(X/Y) = (X — V)X — e2Y)(X — €3Y).



Fora €Z, a #0, define
Fa(X,Y) = (X - €)X - €5Y)(X — €57Y).

Then there exists an effectively computable constant k > 0 depending
only on f, such that, for any k > 2, any (x,y, a) in the set

{(X.Y.a) e Z X Z| XYa # 0,max{|X|,|Y|} 2 2, Fa(X.Y) < k}

satisfies max{|X|, |Y|, elely < kX, ]

In 2015, further results were proved in [1]. The following is one of
those.

Theorem 9 (Levesque and Waldschmidt 2015) Let k > 1. There ex-
ists an absolute effectively computable constant k such that, if there
exists (n,a, k, X,Y) € 72 witha # 0 verifying 0 < |F,, o(X,Y)| < k,

o then
log{|X|, |Y]} < «pu.

. (log k + |a| log|n|)(log|n|)* loglog|n|  for |n| = 3,
with u =
log k + |a| for |n| < 2.
Note that if a = 1, this follows from Theorem 7.

o ifn>0,a>1and|y| > 2Vk, then a < ku’ with
, _ | (ogk +logn)(logn)loglogn for|n| >3,
1 +logk forn=0,1,2.

o if XY #0andn >0anda > 1, then

log k
a<k max{l, (1 +log|X|)loglog(n + 3),log|Y|, log?%Z)} .
n
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