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1 Lecture 1

1.1 Number fields and ring of integers

Algebraic number theory studies the arithmetic aspects of the number fields. Such
fields are involved in the solution of many rational problems, as the following diophan-
tine problems.

Pell Equation: Find integer numbers z,y such that 2 — dy? — 1 =0, with d > 1
squarefree.
Note that 22 — dy? = (z — Vdy)(x + V/dy), if we consider the ring Z[v/d] = {a + bV/d :
a,b € Z}. So, to solve this diophantine equation is equivalent to look into Z[\/Zi]*

Pythagorean triples: Find integers numbers without common factors x, y, z such
that 22 + y? = 22.
2?2 +y? = (z + yi)(x — dy) in Z[i]. We have Z[i] in a unique factorization domain
(exercise), so each element in Z[i] can be written in a unique way (unless order an
multiplication by units) as the product of irreducible elements. By using this fact, it
is possible to prove that x + iy = ua?, with a,u € Z[i] and u a unit (i.e u € {£1}.
(exercise).
If « = m + ni, with m,n € Z, then z + iy = +(m + ni)? = £(m? + 2mni — n?), i.e.,
r = £(m? — n?),y = £2mn. Therefore, 22 = (m? +n?)? and z = +(m? + n?). m and
n must be relatively primes and not both odd.

Is it possible to apply this idea to solve the general case ™ + ¢y = 2", n > 27
Fermat ' conjectured that there is no integer solution non zero for n > 2. In order to
study this problem, it is enough to consider the case n = p, with p an odd prime.
Suppose that for some odd prime p there is a solution z,y, z € Z—{0} with no common
factors. Let us consider the following cases:

(a) p does not divide any x,y, z.

Now it is known as the Last Fermat Theorem and was proved by Andrew Wiles in 94



(b) p divides exactly one of them.

We will only see the case (a).

e p=23.
If x,y, z are not multiples of 3, then 23 y3, 2% = +1 (mod 9) and 23 + 3> # 23
(mod 9), so it cannot have non trivial solution.

e p>3.

Py =(x+y) @+ Gy +Gy) - (2 +Ey) = 2P,

where ¢, = 2™/? in Z[¢,] = {ap_2CE 2 + ... a1(, + ao} (exercise).

Kummer asserted that this ring was a unique factorization domain and from here
he obtained a proof of the Fermat Theorem. However, only is valid if p < 23. Idea: If
we assume that Z[(p] is a UFD, it is possible to prove that = + (,y = ua?, for some
a € Z[(p) and u € Z[(p]* and also that if x,y are not divisible by p, then z = y (mod)
p. Putting aP + (—2)? = (—y)P, we obtain that x = —z (mod) p. This implies

20Px = 2P +yP = 2Pz = (—x)P (mod) p,

so p | 3zP, but p # 3 and p does not divide x, which is a contradiction and then
there is no solutions of the case (a).

More general case: Dedekind discovered that although the elements of Z[(,] may not
factor in a unique way in irreducibles, the ideals of this ring always factors in product
of prime ideals. From here, it is possible to prove that the principal ideal generated by
x + (py may be written as (z + (py) = IP, for some [ ideal.

There are certain primes p (regular primes) for which I may be a principal ideal I = («),
then

(4 Gy) = 1" = ()" = (),

and again (z + (py) = ua?, for u a unit. Then z = y (mod) p, which is a contradiction.

1.2 Number Fields

Definition 1. A field K is an algebraic number field if is a finite extension of Q.
Their elements will be called algebraic numbers, that is, they are roots of nonzero
polynomials with rational coefficients. The monic polynomial P, (x) of lowest degree of
which a € K is a root is called de minimal polynomszal of «.

If a is root of g(x) € Q[z] , then P, (x)|g(x).

Example 1. Quadratic fields.

Quadratic fields are extension K of Q of degree 2 Q(\/d), where d is squarefree. If
d < 0 we say that Q(\/&) is an imaginary quadratic field and of d > 0 a real quadratic
field.



Example 2. Cyclotomic fields.

Let n > 1 and let {, be a primitive n-th root of unity in C. The n-th cyclotomic
field is the field Q((y). The degree of this field over Q is ¢(n), where ¢ is the Euler’s
phi function.

The minimal polynomial of ¢, over Q is called the cyclotomic polynomial ®,(z) and it
verifies the following:

(i) Let U, be the group of n-th roots of unity in C and let U, = {¢* : 0 < a <
n, gcd(a,n) =1}. Then

o) = [ (= -0

¢eu’

(ii) ®,(x) is a monic polynomial with integer coefficients and irreducible over Q. Its
degree is ¢p(n).

(ii) Ty ®ale) = 2" — 1.

1.3 Algebraic Integers

Definition 2. An element « in a number field will be called algebraic integer if there
exists a monic polynomial f(x) € Z[z] such that f(a) = 0.

Example 3. /2,v/2+2 are algebraic integers. % 1s algebraic, but it is no an algebraic
nteger.

Theorem 1.1. Let o be an algebraic integer. Then, the minimal polynomial of o has
integer coefficients.

Proof. Let P,(z) € Q[z] the minimal polynomial of o and g(x) € Z[z] with g(a) = 0.
Then g = Pyh, for some h(z) € Q[z]. If Py(x) ¢ Z[z], then there is a prime p dividing
the denominator of some coefficient of P,. Let p’ the biggest power of p with this
property and p’ the biggest power dividing the coefficients of h. Then:

p g = (p'P,)(p’h) =0 (mod) p.
As Zp[z] is an integral domain, p' P, or p/ h are zero mod p, which is a contradiction. [

From now, we will denote by O the set of algebraic integers in the number field
K.

Corollary 1. Og = Z.



1.4 Characterization of Algebraic Integers
Theorem 1.2. The following assertions are equivalents:
(i) « is algebraic integer.
(i1) Zla] = {f(«) : f(z) € Z[z]} is a finitely generated Z-module.
(iii) There exists a finitely generated Z-module M such that oM C M and vM # {0}
for all v € Z[o] — {0}.

Proof. i) = i) Let f(z) =2" + a1z +...a9 € Z[z] and f(a) = 0. Let us consider the
following Z-module: M = Z+Za+...Za" . It is clear that M C Z[a]. By induction:
suppose that o € M, then:

an-l—k _ OékOén

= ak[—(an_la”_l + ...+ ag
(—aFa,_1)a™ 1+ ...+ (—aFap).
Because —a’a; € Z[a] for i = 0,1,...,n — 1, we have that a"** € M, therefore
M = Z]a).
i1) = iii). We take M = Z]a]. As « € M, then aM C M and vy =~ -1 € vM.
i1i) = 1). Let {x1,z2...x,} be a generators of M. By hypothesis az; € M, then there

exists a set of integers numbers ¢;; such that ax; = Z;Zl cijrj, foralli=1,...,r. Let
C= (Cij>ij7 then

1 I x1
C- . =« . @(C—a[d) . = 0.

s Ty Ly

There is at least one z; non zero, so det(C — aly) = 0 and then det(C — zl;) €
Zx]. O

Theorem 1.3. Let K be a number field. Then Ok is a ring.

Proof. If «, 8 are algebraic integers, then Z[a] and Z[f] are a finitely generated as Z-
modules. From here, we have that M = Z[«, ] also is a finitely generated Z-module.
Moreover, (o £+ )M C M and (af)M C M, and then o £+ 3 and a3 belong to the set
of algebraic integers. d

1.5 Discriminant of Number Fields

Let K be a number field with [K : Q] = n and let o1, . .., 0, be the complex embeddings
of K. For aq,...,a, € K we define the discriminant of aq,...,«a, by

Di(aa, ..., ay) = det(oi(ay))?. (1.1)

4



Theorem 1.4.
Dig(aq,. .. o) = det(Tk (oo ).

Lemma 1. Ifv; =377 cijoy, with ¢;j € Q, then
Dg(1,-- s 7m) = det(cij)*Dic(a, .. ).

n
Proof. ykym = Zm‘:1 CkiCmj Qi Q. =

Theorem 1.5. Dg(ai,...,an) # 0 if and only if the set {ai,...,an} is linearly
independent over Q.

Proof. If {aq,...,a,} is linearly dependent over QQ then the columns if the matrix
(0i(j)) are linearly dependent, so D (v, ..., ap) = 0. Reciprocally, if Di (a1,...,0,) =
0 then the columns of (Tx(o;«;))i; are 1.d. Let us suppose that aq,...,ap, is Li.. We
fix rational numbers (not all zero) such that a1Ry + ... + a,R, = 0, where R; are
the columns of (Tx(ajc))i; and let @ = ajoq + ... + apoy, # 0. Looking the j-th
coordinate of each row, we see that Tj(aa;) = 0 for all j. Note that {a1,as,..., a5}
is in fact, a basis for K over Q and then {aa;,aqs,...,aa,} is a also a basis, then
Tk (B) =0 for all B € K, which is a contradiction.

O

Theorem 1.6. Let K = Q(«), and aq,a, ...,y the conjugated of a over Q. Then

Di(la,0? 0" ) = [ (or —a)* = £Nk(f'(a),
1<r<s<n

where f s the irreducible monic polynomial of a over Q and the signe is + if and only

ifn=0 or 1 (mod 4).

Proof. Tt is not difficult to prove that

1 a; o ! 2
1 an a2 - a7t
Dr(l,a,0?,...,a" )y =det | . . S 2 = H (o — ag)?
: : e : : 1<r<s<n
1 ap, ao? an—1
By using that Ng (f'(«)) = [[;—, 0i(f'(«v)), we prove the second equality. O

1.6 Integral basis

By using discriminant, we can prove that the ring of integers Ok of a number field K
with [K : Q] = n is a free abelian group of rank n, that is, is the direct product of
n subgroups, each of which is isomorphic to Z. It is known that if A and B are free
abelian groups of rank n, and A C B C C, then so is C. If o € K, then there exists an
integer m € Z such that ma is an algebraic integer. Following this, we can find a basis
of K over Q, say {ai,...,a,}, contained in Ok. So, the free abelian group of rank n
A=Zao1+ ...+ Zay, is contained in O



Theorem 1.7. Let {a1,...,a,} be a basis for K over Q consisting entirely of algebraic
integers, and set D = D (aq,...,a,). Then, every a € O can be expressed in the
form

1
E(mlal + ...+ mpay)

with mj € Z and m? are divisible by D.

Qn

It follows that Of is containdes in the free abelian group B = ZF + ... + %, so
we have the following corollary

Corollary 2. Ok is a free abelian group of rank n.

It means that there exits 5q,...,08, in Ok such that every o € Ok has unique
representation
miB1 + ...+ myu By,

where m; € Z. The set {f1,...,[0,} is called integral basis for Og.
Although ring of integers has many integral basis, their discriminants are the same.

Theorem 1.8. Let {f1,...,0n} and {au,...,a,} be two integral bases for Ok . Then

DK(ﬁla e 7611) = DK(Oq, .. .,an).

Proof. Tt is enough to apply lemma(1). O

Definition 3. Let K be a number field of degree n over Q. We define the disciminant
of K by
DK = DK(ala R an)7

where aq, ..., ay 18 a integral basis of O .

1.7 Some explicit computations I
1.8 Ring of Integers of Quadratic Number Fields

Let us consider a quadratic number field K = Q(v/d) with d square free. Let o =
a+bVd € O, then its conjugate o = a—bv/d is also in Ox. We have that a+a’ € Ok,
/

a
but 2a € Q, so 2a is in fact an integer so a = EX € Z. Looking the equation of a over

Q

0=(z—0a)(z—d)=2>—(a+a)z+ad,
it follows that aa’ € Z (because aa/ € Ok N Q), that is,
/

2
ad = a® — b2d = (;) —VdeZ.

Then, (a')? — 4b%d € 4Z. Because o’ € Z, 4b*d € 7 and so 4b*> € Z due to d is square
/

b
free. Now it follows that 2b € Z and so b = X with ¥/ € Z. Now, we can see that «

has the following representation:



Also, because aa’ € Z,
a\? v\ 2
) (2 Z.
(3) -(3) =
Note that d # 0 (mod 4), so d = 1,2,3 (mod 4) and
(a)? = (b)%d (mod) 4.
Therefore, a’ and b’ have the same parity. Let us see the two cases:
e If ¢’ and ¥ are even, then a = a + bv/d, with @ and b € Z.
e If ¢/ and b are odd, then (a’)? = (b')? =1 (mod) 4, so d = 1 (mod 4).
Finally, we have the following proposition:

Proposition 1. If Q(v/d) with d squarefree, then

Z[V4d), ifd = 2,3 (mod 4)
Or = Z{HQ‘/&}, ifd=1(mod 4)

From the proposition it is clear that an integral basis, depending on d, is the fol-
lowing:

{{L¢@7 if d = 2,3 (mod 4)

{1,154} if d = 1 (mod 4)

1.9 Discriminant of Quadratic Number Fields

The complex embeddings of Q(v/d) are a(a—i—b\/g) = a+bvd and 7(a+bVd) = a—bV/d.
So, Ti(a 4+ bv/d) = 2a. Let {1,a} be a integral basis of O. Then,

Te(1) Ti(a) 2 2a
Dk (1,a) = det < T;]z(a) T;f(oﬂ) > = det < 2a 2(a? + b2d) ) = 4b2d.

Finally, we have:

Dy — 4d, if d = 2,3 (mod 4)
K= d, d=1(mod 4)

Moreover, this discriminant satisfies the following:

Dk =0,1(mod 4), Stickelgerger’s criterion



1.10 Ring of Integers and Discriminant of Cyclotomic Number Fields

Proposition 2. Let n = p! with p a prime number and ¢ a primitive n-th root of unity
in C. Then {1,(,... ,§¢(”)_1} is a Q- basis of K = Q(¢) and

Dr(1,¢, ..., ¢8I = £45 where s = p~H(lp — 1 — 1).
Proof. The main steps are the following:

!
P —1 - -
.(I)N(x):F:l’pl 1(l71)+...+x2p11+1.

e From (1.6), Dx(1,¢,... ,Cd’(")*l) = +Ng(4'(C)).

(v

] plfl
o Ni(d(0)) = WS

Nk (¢m/P) — Ng(¢/r)

) _ PINE()

O]

Proposition 3. Let n = p, with p a prime number and let { be a n-th primitive root
of unity. If K = Q(¢), then {1,¢,(2,..., (P2} is and integral basis for Of.
Proof. The main steps are the following:

P —1

o O,(z) = p— =2P+.. . +x+ 1L

p—1
From (1.6), Dg(1,¢,...,¢P %) = £ [ [(¢'(¢").
=1

.
o O = Cfg_zl.
PN = O S .
o Dg(1,¢,...,¢P ):inci—l :i@p(l) = +pP2 £ 0.
i=1
e (' are algebraic integers, so if {a1,...,q, 2} is an integral basis, then from (1),

DK(LCv 7<p72) = C2DK(a17~- . 7ap—2)7

p—2

where c is the determinant of the matrix C' = (c;;) where ' = Z cijoy. it verifies
j=1

that ¢ = 1. Let us considere the following result:



Let a1,...,a, € Ok linearly independent over Q. Let N = Zai + ... + Za, and
m = [Of : N|. Prove that Di(a1,...,a,) = m?>Dg.

If we fix N =7-1+7¢*...+Z¢P !, then [Ok : N] =1, 50 1,(,...,(P"2 is an

integral basis.
O

Theorem 1.9. Let ¢ be a n-th primitive root of unity. If K = Q(C), then {1,¢,¢?, ..., ¢}
is and integral basis for Ok, i.e. O = Z[(]. In particular, the discriminant of K 1is
(—1)900)/2p ()

Dy = .
Hp‘np(ﬁ(n)/p_l

1.11 Exercises

1. (i) Let K be a number field with [K : Q] =n and 8 € Og. Prove that g € O}
if and only if Ng(5) = 1.

(ii) Prove that Z[v2]* = {£(1+v2)* : k € Z} and Z[V2]* = {£1}
2. If K is a number field, prove that its discriminant Dy is an integer.

3. Let ay,...,a, € Ok linearly independent over Q. Let N = Zay + ... + Za, and
m = [Og : N]. Prove that Dg(a1,...,a,) = m*Dg. (Hint: Use the following
result: Let M = Zoq + ... + Zay,, and N be a submodule. Then there exists
B,y B € N with m > n such that N = Z51+ ...+ BmZ and 5; = ZjZipijaj
with 1 < i <m and p;; € Z)

4. Prove the Stickelgerger’s criterion.

5 Let f(z) = 2" + ap_12" ' + ... + @17 + a9 € Z[z] the minimal polynomial
of §. Let K = Q(f). If for each prime p such that p?|Dg(0) we have f(x)
Eisensteinian (that is, f(z) satisfies the Eisenstein’s criterion for irreducibility for
p) with respect to p. show that Ox = Z[f]. (Hint: Use the problem 3)

6. If the minimal polynomial of a is f(z) = 2™ + ax + b, show that for K = Q(«),
Dic(a) = (=D " 4+ an(1 —n)" ).

7. Determine an integral basis for K = Q(6), where 6% + 20 + 1 = 0.



