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Translator’s introduction

LE JUGE Accusé, soyez Adéls 3 la ¢ri &
L ACCUSE “Mais je <uis coupable d avuic commis b~ oo e

Professor Samuel has written a beautiful book and, in doing so, he has made an out-
standing contribution to the teaching of mathematics The reader of this book necds to
know little beyond the content of a first course in abstract algebia He will find herc a
very clear account of classical algebraic number theorv, including sufficient
examples, applications, and exercises This book will whet the reader’s appetite for
and provide him with the background he needs to enjoy the lengthier treatises listed in
the bibliography.

The translator wishes to acknowledge, with gratitude. support and assistance he has
received while translating this book from the following sources: Bowdoin College, thc
Nauonal Science Foundation (grants GP-7139 and GP-9388), and especially Mrs jean
Hughes who typed the manuscript.

He also wishes to thank various readers of the earlier French edition, especially
Mrs. Germaine Revuz and Mr. Alain Bouvier, who have communicated lists of
errata, These rnistakes have been corrected in the present English edition.

ALLAN J. SILBERGER
Brunswick, Mainc, May 1, 1969



Introduction

The theory of numbers, or arithmetic, is often called ‘‘thc queen of mathematics'™.
The simplicity of its subject matter (the ordinary integers and their generalizauons),
the elegance and diversity of its methodology, its numerous unsolved problems stionglv
attract mathematicians of all classes, whether they be beginners, professional rumber
theorists, or specialists in other branches of mathematics. 1t should not greatly surprise
the reader of this book to learn that its author is an algebraic geometer, who has pub-
lished no research in what may properly be called arithmetic.

Thus, the reader should not expect an especially profound or comprehensive treat-
ment of number theory. Morcover, he will mect only one of many pomts-of-view fiom
which one may approach number theory, namely the algebraic point-of-view Aside
from an elementary result of Minkowski concerning lattices in R". the beautful and
fertile technique of analytic number theory is entirely omitted from this book

Emphasis upon the algebraic point-of-view seems to me justifiable for several reasons
First of all, the algebraic point-of-view establishes the context in which nuniber theo-
retic problems have their most natural formulation. This is true of even those problems
which concern only the natural numbers For example, the problem of finding all
integer solutions of the Pell-Fermat equaton X2 — dY2 = +1 (d: a square-frec integer)

involves in an essential way the study of the quadratic field Q{V/d]. For the “‘great”
equation of Fermat X" + Y* = Z" the ficld of nth roots of unity plays an analogous
role. In order to represent an integer as the sum of two (respectively, four) squares, it
is advantageous to work in the ring of Gaussian integers (respectively, in a suitably
chosen quaternion algebra). The law of quadratic reciprocity involves both quadratic
fields and roots of unity. Fields more general than the rational numbers and rings more
general than the ordinary integers arise quite naturally when one discusses any of the
above problems.

Secondly, although the algebraic approach does not lead to a solution of all number
theoretic problems, it does, as the reader will see, nonctheless quickly lead to sub-
stantial results. Continuing in the direction of this book, onc would reach the decp
theorems of class field theory.

Thirdly, even those who prefer analytic number theory will agree that thie {full
generality and power of the analytic approach reveals itself only in the context of
number ficlds and simple algebras, not in investigations involving the rational

numbers alone. For example, the Dedekind zeta function of a nuniber ficld posscsses
l‘
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properties quite analogous to those of the ordinary Riemann zeta function and it is
not much more difficult to establish these propertics 1n conmiplete generality. A similar
statement holds for the various L-series.

Finally, algebraic number theory provides the student with numerous illustrative
examples of notions he has encountered in his algebra courses: groups, rings, fields,
ideals, quoucnt rings and quouent ficlds, homomorphisms and isomorphisms, modules
and vector spaces. A further benefit to the student lies in the fact that, in studying
algebraic number theory. he will mect many new algebraic notions, notions which are
fundamental not only for arithmetic but for other branches of mathematics as well, in
particular algebraic geometry Here are some examples: integrality, field extensions,
Galois theory, modules over principal ideal rings, Noetherian rings and modules,
Dedekind rings, and rings of fractions.

The preceding describes implicitly what the reader will find in this book and what
he will not. I have assuned that the reader knows basic algebra—elementary facts
concerning groups, rings, polynomial rings, and vector spaces—the basic facts con-
cerming subobjects, quotient objects, and product objects in these categories—how to pass
to the quotient by an ideal or submodule—the various different notions of homo-
morphism and isomorphism. The reader will find all this (and much more than he
needs) in ‘‘modern’ algebra textbooks, for example the excellent books by R. Godement
(Houghton-Mifllin) and S. Lang (Addison-Wesley). This book uses throughout the
language and results of “modern™ algebra. For the convenience of the reader I have
included discussions of the folloning notions: integrality, algebraic extensions of fields,
Galois theory, Noetherian rings and modules, and rings of fractions. I have tried to give
short and clear accounts of these topics but without unnccessary sophistication.

This book exists as a consequence of a course in “Higher Mathematics™ taught at
the University of Paris in 1965 and repeated in 1966. Course notes taken by Alfred
Vidal-Madjar, a student at the Ecole Normale Supérieure, to whom I wish gratefully
to acknowledge my appreciation, have served as a first draft. Certain parts have come
from courses taught at the Ecole Normale Supérieure de Jeuncs Filles and at the Uni-
versity of Clermont-sur-Tiretaine. Finally the influence and advice of several mathe-
maticians have been valuable to me. Among them I want particularly to thank the
master of my generation, N. Bourbaki, who has had the kindness to show me his un-
published manuscripts, also my friends Emil Grosswald, Georges Poitou, Jcan-Pierre
Serre, and John Tate.

Bourg-la-Reine, November 1966

A NICOLE

qui a su créer quiour de mos
une atmosphere favorable & ce livre



Notations, definitions, and prerequisites

We employ the usual notations from set theory: €, <, U, N. The complement of a subset
B of a set A is denoted A — B ¢ denotes the empty set. The cardinality (or power, or
number of elements) of a set A is written card(A); if A is a group, we speak of the order
of A.

We assume that the reader is acquainted with the notions of group, ring, ficld and
vector space, as well as with the elementary theory of vector spaces (also called *‘linear
algebra’). In this book, with the exception of Chapter V, § 7, “ring” (respectively,
“field’’) means commutative ring (respectively, field) with unit element.

Given a finite group G and a subgroup H of G, we recall that card(H) divides
card(G). The quotient card(G)/card(H) is called the index of H in G and is denoted

G: H).
( Gi\)ren two subsets A and B of an additive group G, we write A + B for the set of
sumsa + b,acA, beB.

Given a ring A, we write A[X] or A[Y] (capital letter) for the ring of polynomials
in one variable over A; we write A[X,, .. ., X,] for the polynomials in n variables and
A[[X]] for the ring of formal power series.

By convention, a subring A of a ring B contains the unit element of B. Given a ring
B, a subring A of B, and an element x € B, we write A[x] for the subring of B generated
by A and x, i.e. for the intersection of all subrings of B which contain A and x; it is the
set of all sums of the form ay + a,x + - - + a,x"(a, € A). We write Ax,, ., x,] for
the subring of B generated by A and a finite set (x,, . .., x,) of elements of B.

A ring A is called an integral domain if A contains more than one element and if the
preduct of any two non-zero elements of A is not zero.

An ideal b of a ring A is a subgroup of the additive group of A such that x € b and
2 € A implies ax € b. The whole ring and the set consisting of the element 0 alone (and
denoted (0)) are ideals, sometimes called “trivial” ideals. A field has no non-trivial
ideals and this fact distinguishes fields from other rings. Given a set of elements (4,)
from a ring A, the intersection of all ideals of A containing the 4s is an ideal of A, called

the ideal generated by the 4,’s; it is the set of all elements of the form 2 a4, with a, € A.

f
An ideal generated by a single element & is called principal; notation: Ab or (4).
Let A bearing and banideal of A. The equivalence classes a + b(2 € A) form a ring,
called the quotient ring of A by b and denoted A/b. The ideals of A/b are of the form
b'/b where b’ runs through the set of ideals of A which contain 6. In order that Afb be
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a field it is necessary and sufficient that & be maximal among the ideals of A distinct from
A. We say then that b is a maximal ideal. An ideal p is called prime if Afp is an integral
domaun.

Let A and A’ be rings with unit elements ¢ and ¢’. A homomorphism f: A— A’ isa
mapping f of A to A’ such that:

fa + ) = fla) + f(b),f(ab) = f(a)f(}), and f(¢) = ¢'.

Let A be a ring. An A-algebra is a pair consisting of a ring B and a homomorphism
@:A—B. If A is a field, ¢ is 1njective, and we often identify A with its image @(A)
(which is a subring of B).

Given a field L and a subfield K of L, we call L an extension of K.

Usually the unit element of a ring A will be denoted by 1.

The notion of module over a ring A (or A-module) is the direct generalization of the
noton of vector space over a field. An A-module M is an abelian group (the operation
is addiuon) provided with a mapping A x M — M (written as muluplication) such
that a{x + y) = ax + ay, (a + b)x = ax + bx, a(bx) = (ab)x, lx = x(a, beA, x,
y € M) Therc are notions of submodule and of quotient module. Given two A-modules,
M and M’, a homomorplism (or A-linear mapping) of M to M’ is a mapping
f-M — M’ such that

fx +y) =f(x) + f(y) and f(ex) = af(x)(a€ A, x,y e M).

Given a homomorphism f: X — X’ (of groups, rings, or modules), we call the kernel
of fand write ker( f) for the inverse image under f of the zero or identity element of X'’
It is a normal subgroup (or an ideal, or a submodule) of X. In order that f be injective
it is necessory and sufficient that ker(f) consist of only the zero or identity element of X.
We call the image of f the subset f(X) of X’; it is a subgroup (or subring, or submodule)
of X'.

Let X and X' be sets. A mapping f of X to X' is frequently denoted f: X — X',
When a mapping f: X — X' is described by the value it takes at an arbitrary element
x € X, we use the notation x> f(x). Thus the sine function, sin : R — R, can be defined
by

x2n+ 1

> 2 (D
We shall employ the usual notations for the following mathematical objects:

N: set of natural numbers (0, 1,2, ..., n, ...)
(N for “numbers”).
Z: ring of rational integers (natural numbers and their negatives)
(Z for “Zahlen”).
: field of rational numbers (quotients of elements of Z)
(Q for “‘quotients”).
field of real numbers
(R for “‘reals”).
field of complex numbers
(C for ““complexes™).
: finite field with ¢ elements
(F for “finite” or “field”)

a 7 g
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Chapter 1

Princ;ipal ideal rings

1.1 Divisibility in principal ideal rings

Let A be an integral domain, K its field of fractions, x and y elements of K. We shall
say that x divides y if there exists a € A such that y = ax. Equivalently, we say x is a
divisor of y, y is a muluple of x; notation x | y. This relation between the elements of K
depends in an essential manner on the ring A; if there is any confusion possible, we
speak of divisibility in K with respect to A.

Given x € K we write Ax for the set of muluples of x. Thus we may write y € Ax in
place of x |y, or Ay < Ax. The set Ax is called a principal {ractional ideal of K with
respect to A; if x € A, Ax is the (ordinary) principal ideal of A generated by x As the
relation of divisibility, x | y, is equivalent to the order relatton Ay © Ax, divisibility pos-
sesses the following two properties associated with order relations.

(1) x|x;ifx|yandy |z, then x| z.

On the other hand, if x [y and ¥ | x, onc cannot in general conclude that x = y, onc
has only that Ax = Ay, which (if ¥ # 0) means that the quotient xy~! is an invertible
element of A; in this case x and y are called associates; they are indistinguishable from
the point of view of divisibility.

Example. The clements of K which are associates of 1 are the elements invertible in A;
they are often called the units in A; they form a group under multiplication, and we
shall denote this group A*. The determination of the units in a ring A is an interesting
problem which we shall treat in the case where A is the ring of integers in a number
field (see Chapter IV). Here are some simple examples:

(a) If Ais a field, A* = A — (0).

(b) IfA = Z A* = {41, —1}.

(c) The units in the ring of polynomials B = A[X,, ..., X,], A an integral do-
main, are the invertible constants; in other words B* = A*.

(d) The units in the ring of formal power series A[X,, ..., X,] are the formal
power series whose constant term is inveruble,

Definition 1. A ring A is called a principal ideal ring if it is an integral domain and if every vdeal
of A is principal.
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We know that the ring Z of rational integers is a principal ideal ring. (Recall that
any ideal a # (0) of Z contains a least integer & > 0. Dividing x € a by & and using the
fact that Z is Euclidean, one sees that x is a muluple of 4.) If K is a field we know that
the ring K[X] of polynormals in one variable over K is a principal ideal ring (same
method of proof: take a non-zero polynomial #(X) of lowest degree in the given ideal
a # (0) and make use of the fact that K[X] is a Euclidean ring, i.e. the remainder under
division of an arbitrary element of a by 4(X) must be of lower degree than #(X) or
zero, which implies zero). This general method shows that any ‘“‘Euclidean ring”
(see [1], Chapter VIII, § 1, exercises, or [9] Chapter 1) is a principal ideal ring. If K
is a field, it is easy to see that any non-zero ideal in the ring of formal power series
A = K[X] is of the form AX" with n = 0, so that A = K[X] is a principal ideal ring
too.

Divisibility in the field of fractions K of a principal ideal ring A is particularly simple.
We shall review it briefly.

I. Two arbitrary elements u, v of K have a greatest common divisor (gcd), i €. an element
d for which the relations

(N “x[uandx|v’ and “x|d”

are equivalent. This means the same thing as the assertion that Az and Az have a
least upper bound in the partally ordered set of fractional ideals. This least upper
bound is Az 4+ As, which is itself a principal fractional ideal, since the ring A is a prin-
cipal ideal ring (all this is clear for «, v € A; one may reduce to this case by multiplying
u and v by a common denominator). We obtain more than the existence of a ged (““the

identity of Bezout”’) - there exist elements a, b € A such that the gcd of ¥ and v may be
written 1n the form

(2) d = au + bo.

The greatest common divisor of 4 and v is obviously unique up to muldplication by
units in A.

II. Two arbitrary elements u, v € K have a least common multiple (lem), 1.e. there is an
element me K for which the relations

(3) “u|xandy|x” and “m|x”

are equivalent. This one can sce from the fact that sending 2+ ¢~ in K reverses divisi-
bility. So the proof of the existence of least common multiples reduces to the proof of
the existence of greatest common divisors. From the relation

(4) lem(u, v) = ged(u=?%, v1)~! (u,v # 0)
we easily obtain the following well-known formula
(5) ged(u, v) lem(u, 0) = up.

We may also proceed as in (I) to remark that the existence of lem(y, v) is equivalent to
the existence of a greatest lower bound for Au and Av in the partially ordered set of
principal fractional ideals. The greatest lower bound for Au and Az is Au N Av.
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I11. Two clements a, b of A are called relatively prime if gcd(a, b)) = 1. Let us recall the
important LEMMA OF EUCLID. Lel a, &, ¢ be elemenis in a principal ideal ring A. If a divides
be and 15 relatively prime to b, then a divides c.

A quick proof of Euclid's lemma. By Bezout (2) there exist @ and & € A such that
| = ada + &'6; whence ¢ = a’ac + &'be. Since a divides both terms on the right-hand
side. a divides ¢ as well.

1V. Finally there is unique factorization into products of primes.

Theorem. Let A be a principal 1deal ring and let K be 1ts field of fractions. There exists a subset
P < A such that any x € K may be uniquely expressed in the form

(6) X = U ]._.[ pl-',(x),

where u is a unit in A and where the exponents v,(x) are elements of Z, all zero except for a finite
subset among them.

TFor a more systematic exposition of these topics we refer the reader o [1). Algebre.
Chapter VI, § I and Chapter VII, § 1. Part of the theory (more preciscly everything
which doesn’t depend upon Bezout's identity) cxtends t0 more general rings than
principal ideal rings. We are referring to unique factorization domains or factorial rings
See [1] or [2] Algébre commutative, Chapter VII, § 3.

1.2 An example: the diophantine equations X2 + Y2 = Z?and X* 4 Y* = Z%.

One of the most attractive parts of number theory is the study of diwphantine equations
One considers polynomial equations P(X,, . , X,) = 0 with coefficients in Z (re-
spectively, in Q) and one sceks solutions (x,) in Z (respectively, in Q). One can
replace Z (respectively, Q) by more general rings A (respectively, fields K). We will
give an example later (§ 6).

We are going to study here two special cases of Fermat's famous equation:

(]) Xn + Yr = Zn.

Fermat claimed to have shown that, for n > 3, this equation has no non-trivial integer
solution (x, y, z}. His proof has never been found. Numerous mathematicians have
since Fermat’s time worked intensively on this problem. They have shown that Fer-
mat’s claim is true for a great many values of the exponent n. Nevertheless, no general
proof (i.e. valid for any n) has been found.

Present-day opinion holds that, in his *‘proof”’, Fermat made a mistake, but a mistake
worthy of a first-class mathematician. For example he might have conceived the idea
(ingenious for his time) of working in the ring of integers of a ficld containing nth
roots of unity; he may have believed that such a ring is always a principal ideal ring.
In fact, we know how to prove Fermat’s claim for any exponent n for which the ring
of nth roots of unity is a principal ideal ring. However, this is not the case for all n.
For n prime, this ring is a principal ideal ring only for finitely many values of n.!

For n = 2, equation (1) has integer solutions, e.g, (3, 4, 5). One can give a complete
description of all the integer solutions of (1).

1. CF. C. L. Siegel “Gesammelte Werke”, Part ITI, pp. 436-442.
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Theorem 1. If x, y. z are positive integers such that x* + y? = 22, then there exisis an integer d
and two relatively prime integers u and v such that (except, possibly, for a permutation of x and y):

(2) x =d(? ~-v?), y= 24w, and z = d( + 1%).

Proof. An easy calculation shows that formula (2) gives solutions for X? + Y2 = Z2.
Conversely, let x, y, and z be positive integers such that x2 4 y? = z2. After dividing
x, y, z by their greatest common divisor, we may assume that the three numbers are
relatively prime. It follows that they are pairwise relatively prime as well; for example,
if x and z have a common prime factor p, then p divides y* = z2 — x? and, therefore,
also y. In particular, two of the numbers x, y, z are odd; the third is necessarily even.
The numbers x and y cannot both be odd, for, if they were, we would have x2 = 1(mod

4), ¥* = 1(mod 4), and z? = 2(mod 4), which contradicts the fact that 2? is a square.
We have, then, after possibly switching x and y:

(3) x odd, y even, and z odd.
Note that

(4) Y2 =22 — 23 = (z — x)(z + x).

Since the greatest common divisor of 2xand 2z is 2, and since 2x = (z + x) — (z — x),
2z = (z + %) + (z — ), the greatest common divisor of z — x and z + x can only
be 2. Puty = 2y, z + x = 2%, z — x = 22', where y', x’, and z' are integers (since
4,z + x,and z — x are even by (3)). We have y’2 = x'z’. Since x’ and z’ are relatively
prime, we see that x’ and z’ are squares u2 and v2; in fact any prime factor of y'? appears,
with an even exponent, either in the prime factorization of x’ or in that of z, but not in
both. We thus have z + x = 242, z — x = 2?, and y® = 2u®.20%; whence, x = u?
— 12 y = 2uv, and z = u® + v2. Here u and v are relatively prime, since otherwise

x,Y, z would have a common prime factor. Multiplying through by the greatest common
divisor of x, ¥, z, call it 4, we obtain (2). Q.E.D.

Theorem 2. The equation X* 4 Y* = Z3 has no solution in positive integers x, y, Z.

Proof. If there is a solution (x, y, z), where x, y, and z are positive integers, then there is
such a solution in which z is minimal. In this case, x, y, and z are pairwise relatvely
prime; if for example x and y have a common prime factor p, then p* divides 22, so
2 divides z and (xfp, yfp, z[p?) would be a solution, contradicting the minimality of z.
The two other cases are analogous and even easier. As our equation may be written as
(X3)2 4+ (Y2)2 = Z32, we may apply Theorem 1 to it. After possibly permuting x and
y we see that there are positive relatively prime integers « and v such that

(5) A =u?—® y?=2uw, and z=u+

Since 4 | 42, the relation y? = 2uv implies that one of the two numbers « and v is even;
the other is necessarily odd. Thus, z even and v odd entails 4* = 0(mod 4) and
p2 = 1(mod 4), whence x* = 2 — 13 = — 1(mod 4), an impossibility. So u is odd and

= 2v". The relation y> = 4w’ and the fact that u and v’ are relatively prime implies
that u and o' are squares a? and 4% We apply Theorem 1 once more, this time to the
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equation x? 4 v2 = u? (cf (5)). Since x and u are odd, v even, and x, v, and u pairwise
prime, we obtain two relatively prime positive integers ¢ and 4 such that.

(6) x=¢—4d% v=2d, and u=c® + d°

Now, from v = 2v" = 243, it follows that ¢d = 42, so that ¢ and d are again squares
x'? and y'? (they are relatively prime). Since u = 4%, (6) may be rewritten as

(7) a? = x'* 4 y't,

which is of the same form as the original equation. On the other hand, by (3),
z =u? 4 1? = a* 4 4b* > a*, whence z > a, which contradicts the minimality of z
Theorem 2 is proved.

A slight variant of our proof shows that, given a solution (x, y, 2) in positivc intcgers
of X* + Y* = 22, one may construct an infinite sequence (x,, y,, Z.) of such solu-
tions, where the sequence (z,) is strictly decreasing This is an absurdity I'his method
of proof is called the method of infinite descent and is due to Fermat.

Corollary. The equation X* + Y* = Z* has no positive infeger solutions.

Proof. This equation may be written in the form X* 4 Y* = (Z2)2, to which Theorem
2 applies,

1.3. Some lemmas concerning ideals; Euler’s g-function

Let n > 1 be a natural number. We write @(n) for the number of integers ¢, 0 <
g < n,such that g and n are relatively prime (since 0 and n are divisible by #, it is equiva-
lenttotake | < ¢ < n — 1 foranyn > 1;set ¢(l) = 1). The function ¢ so defined is
called Euler’s ¢-function. If p is a prime number, then clearly:

(1) o(p) =p— 1.

For n = p*, a power of a prime, the integers relatively prime (o n are those integers
which are not multiples of p. There are p* — ! multiples of p between | and g*. Therefore,

(2) (") =0 —p " =p N (p- 1)

Now we intend to calculate @(n) by making use of the fact that n may be expressed
as a product of powers of primes. For this purpose we need some properties of ¢(n)
and we need some lemmas concerning ideals. These lemmas will be uscful later.

Proposition 1. Let n = 1 be a natural number. The value @(n) of Euler’s @-function equals
the number of elements of Z{nZ which generate this group. It also equals the number of units in the
ring Z{nZ.

Proof. Let us recall that each congruence class mod nZ contains a unique integer ¢
such that 0 < ¢ < n — 1. For such an integer ¢ we write § for its residue class mod nZ.
It suffices to prove the following implications: ¢ relatively prime to 7 = § a unit in the
ring Z[nZ = § generates the addiuve group Z{nZ = ¢ rclatively prime to n. If ¢ is
relatively prime to 1, Bezout’s identity (§ 1, (2)) implies that there are integers x and y
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such that gx 4+ ny = 1; whence § £ = 1. so ¢ is a unit in Z{rZ. Let § be a unit in
Z[nZ. Wriung x for an integer such that §-£ = 1, we see that 4 = 4-% § (in the ring
Z[nZ), where 4 is an arbitrary element of Z{nZ (0 < a < n). It follows that ¢ = (ax)-§
(in the additive group Z{nZ), so § generates the group Z{nZ. Finally, if § generates
Z[nZ, there is an x such that x § = T, thus such that xg§ = 1(mod r); thus there exists
an integer y for which x¢ — 1 = yn, so0 1 = xg — yn. This is an instance of Bezout’s
identity, which shows that ¢ is relatively prime to n. Q.E.D.

Lemma I. Let A be a ring, o and b ideals of A such that a 4+ b = A. Then a N b = ab and
the canonical homomorphism @ : A — Afa x Afb induces an isomorphism [8: Afab— Afa
x Afb.]

Recall that the homomorphism ¢ sends any x € A into the pair consisting of the class
of x mod a and the class of x mod 5.

Progf. We know that, in general, ab< a and ab< 5,50 ab< an b, Letxean b,
Since a 4+ b = A, there are elements aea and deb such that 2 + & = 1. Thus
x = ax 4 xbis a sum of two elements of ab, whence x € ab and a N b < ab. Therefore
ab = anb.

Clearly a n b is the kernel of ¢. Since a N b = ab, @ is constant on each residue
class mod ab. Thus, we obtain a mapping 8 Afab— Afa x Afb, which is obviously
a homomorphism. Since ¢~ 1(0) = ab, 8§-1(0) = (0), so & is injective. It remains to
show that § is surjective.

Woe have “passed to the quotient ring” in the course of the above argument. Henceforth,
we shall be much more brief in explaining analogous arguments.

In order to show that 6 (or, equivalently, ¢) is surjective, we have to find, for any
pairyeAand ze A,anelement xe Asuchthat x 4+ a =y 4+ aandx 4+ b = z 4 b,
Takeae aand b € bsuchthata + b = |.Setx = az 4 by. Modulo q,x = by =(1 — a)y
=y — ay = y; similarly, x = zmod b. Q.E.D.

Lemma 2. Let A be a ring and (a,), <<, @ finite set of ideals of A such that o + a;, = A for
t # ). Then there is a canonical isomorphism of Afa; ... a, onlo ‘1:]1: Afa,.

Proof. Lemma 1 is the case r = 2 of Lemma 2. We proceed by induction on 7. Put

b= a,...q.Letusshow thata;, 4+ b = A. Fori > 2 we have o, + a, = A, so there
are elements ¢; € 9, and g, € q, such that

r

a+a=1, l=n(c,+a,)=c+aa...a,,,

=1

where ¢ is a sum of terms each of which contains at least one ¢, as a factor. Therefore,
cea,. Asay ... a €b, it follows that a; 4 b = A,

By Lemma I, Afa;b is isomorphic to Afa; x A/b. According to the induction
hypothesis Afb = Afa; ... a, which is isomorphic to Afa; x --. x Afa,. The lemma
follows by composing these isomorphisms. Q.E.D,

Let us apply these lemmas to Z.

Proposition 2. Let n and n' be relatively prime integers. Then the ring Z[nn'Z is isomorphic to
the product ring ZInZ x Z[n'Z,
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Proof. This is a special case of Lemma 1, the hypothesis nZ 4+ n'Z = Z being Bezout’s
identity.

Corollary I. If n and n’ are relatively prime positive integers, then @(nn’) = (n)p(n’)

Proof. @(nn') is the number of units in Z{nr'Z (Proposition 1). which is isomorphic to
Z{nZ x Z{n'Z. Now an element («, B) of a ring product is invertible if and only if cach
of its components «, g is invertible. Thus our assertion follows from Proposition 1

Corollary 2. Let n be a positive integer and let n = p§i pie be its prime factorization
Then o(n) = n(1 — 1/p)) --- (1 = 1{p,).

Proof. By Corollary 1 g(n) = p(s%)...9(4%). By (2) () = pi~i(s — 1)
= pf(l — 1[p). Multiplication gives our formula.

1.4. Some preliminaries concerning modules

Before studying modules over a principal ideal ring. we make some remaiks con-
cerning modules over arbitrary commutative rings.

Let A be a commutative ring and let I be a set. Let A®® denote the set of scquences
(@)e1, indexed by I, of clements of A such that a, = 0 except for a finite number of in-
dices 1 € I. Thus A™ is a subset of the cartesian product set A!, and also a submodule of

A'—if one provides A' with the A-module structure defined by componentwise addition
and scalar multiplication.

If I is finite, then A® = AL
For j eI, the sequence (8,)),¢; such that 8,, = 1 and §,; = Ofor i # jis an element

¢, of AV, Every clement (a,),,; of A® has a unique expression as a (finite) linear
combination of the ¢, More precisely,

(1) (a)561 = 2. agy

sel
(note that, in the summation on the right, all the terms are zero except for a finite
number, so that the summation makes sense).
We call (¢)),¢, the canonical base for A®,
Let A be a ring, M an A-module, and (x,),.; a family of elements of M. To everv
element (a;);¢; of AV let us associate the element > a,x, of M (as before, the sumimation
I

makes sense). Thus we obtain a mapping ¢: A® — M, which is obviously lincar, If

(¢1)11 i1s the canonical base for A®, then ¢(¢) = x, for any i € I. The equivalence of the
following statements is immediate:

(2) (%)ie1 is a linearly independent set if and only if @ is injective.
(3) (*)ie1generates M if and only if @ is surjective. If @ is bijective ()¢, is called a base

for M. This means that every element of M has a unique expression as a linear com-
bination of the elements (x,);41- A module M which has a base is called a free module.

In contrast to the case of vector spaces over a field, a module over a ring does not
necessarily have a base. For example, the Z-module Z{nZ for n # 0 or 1. In the
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ensuing discussion we shall show that certain modules are free. This type of result
is seldom trivial.

A module is said to be of finite type if it contains a finite generating set. The following

theorem is basic for the study of the properties of Noetherian rings and modules. We
develop this topic further in Chapter III.

Theorem I. Let A be a ring and M an A-module. The following conditions are equivalent.
(a) Every non-empty family of submodules of M contains a maximal element (under the
relation of inclusion).
(b) Every increasing sequence (M,.),, o (again for the relation of inclusion) of submodules
of M is stationary (i.c. there exists ng such that M,, = M, foralln = ny).
(c) Every submodule of M is of finite type.

Proof. Let us show that (a) implies (c). Let E be a submodule of M and let ® be the
collection consisting of all submodules of finite type of E. Then @ is not empty, since (0)
e . By (a) ® contains a maximal element F, For x€E, F 4+ Ax is a submodule of
finite type of E (it is generated by the union of {x} and any finite set of generators for
F). Thus F 4 Ax = F sinceF 4+ Ax © F and F is maximal, Therefore, x€ ¥, E © F,
E = F, and E is of finite type.

We prove now that (c) implies (b). Let (M,),. o be an increasing sequence of sub-
modulesof M. Then E = &ijo M, 1s a submodule of M. By (c) it contains a finite set

of generators (x,, . ., x,). For every i there is an index n(f) such that x, € M,,,,. Let n, be
the largest of the n(i)’s, Then x,e M, for all#,so E « M, and E = M,. Forn 2 n
the inclusion relations M, , < M, © Eand the equality M, , = Eimply that M, = M,.
Thus the sequence (M,) is stationary beyond ny.

It remains to prove that (b) implies (a). The equivalence of (a) and (b) is a special
case of the following lemma concerning partially ordered sets.

Lemma 1. Let T be a partially ordered set. The following statements are equivalent :

(a) Fvery non-empty subset of T contains a maximal element.
(b) Every increasing sequence (t,), 5o of elements of T is stationary.

Proof. (a) = (b): Let ¢, be a maximal element of the increasing sequence (¢,). Then,
for n > g, t, = ¢, (the sequence increases), so ¢, = ¢, (maximality).

(b) = (a): Suppose there exists a subset S of T which does not contain a maximal
clement. Then, for any x € S, the set of elements of S which are larger than x is non-
empty. By the axiom of choice there exists a mapping f: S — S such that f{x) > x for
all x e 8. Since S is not empty, one may choose ¢, € S and define by induction the se-
quence ({,)nz0 by setting ¢, . = f(¢,). This sequence is strictly increasing; it is therefore
not stationary. This contradicts (b), so (b) = (a) is established.

Corollary of theorem 1. In a principal ideal ring A, every non-empty family of ideals conlains a
maximal element.

Proof. 1f one considers A as a module over itself, its submodules are its ideals. As all
ideals are principal, they are A-modules generated by a single element, thus of finite
type. The corollary follows from the implication (c) = (a) of Theorem 1.
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1.5. Modules over principal ideal rings

Let A be an integral domain and let K be its field of fractions. A free A-module
(isomorphic to an A® for some I) may be injected into a vector space over K (K™ in
the case of A®). It follows that the same thing is true for any submodule M of a free
A-module. The dimension of the subspace generated by M is called the rank of M. If
M is itself free and admits a base having 7 elements, then the rank of M is n.

Theorem 1. Let A be a principal deal ring, M a free A-module of rank n, and M' a submodule
of M. Then:

(a) M’ is free of rank q, 0 < ¢ < n.
(b) IfM’ st (0), there exists a base (ey, - . , ¢,) of M and non-zero elementsa,, .,a,€ A
such that (aye,, .. , agey) is a base of M’ and such that a, divides a .y, | <1< ¢ — 1.

Proof. The theorem is trivial for M" = (0), so we may assume M’ # (0) Let L(M, A)
be the set of linear forms on M. For u € L(M, A), «(M’) is a submodule of A, an idcal
of A. We may writeu(M’) = Aa, with g, € A, sincetheidealis principal. Letu € L{M, A)
be such that Aa, is maximal among the Aa,(v € L(M, A)) (§ 4. corollary of Theorem 1).
Let us take a base (xy, . .., x,) of M, which identifies M with A" Let pr,. M — A be
the projection on the ith coordinate, 1.e. pry(x)) = §,,. Since M’ # (0), for at lcast onc
i,1 <1< n,pry(M’) is not (0). Thus a, # (0). By our construction therc exists ¢’ € NI’
such that u(e¢') = a,. Let us show that for everyve L(M, A), a, | v(e’) Indeed, if
d = gcd (a,, v(e')), then d = ba, + cv(e’) with b, ce A, whence d = (bu + cv)(¢)

Since bu 4 ¢v is a linear form on M, Ag, € Ad < u(M’) The maximality of Aqa_
implies that Ad = Aa,, 5o a, must divide z(¢’).

L]
In particular, g, | pri{¢’), so let pr(¢’) = a,b, with ;€ A. Pute = 2 bx. Then
[
¢ = a,e. Since u(¢’) = a, = a,-u(e), it follows that u(e) = 1 (note that a, # 0). Let
us show that

(1) M = Ker(u) + Az
and (2) M' = (M’ n Ker(u)) 4+ Ae’ (wheree = a,e),

the sums being direct.

1. For every xeM, x = u(x)e + (x — u(x)e). We see that u(x — u(x)e) = u(x)
— u(x)ue) = 0, since u(e) = 1, s0 x — u(x)e € Ker(u). This shows that Ae + Ker(u)
= M ; obviously Ae N Ker(u) = (0).

2. Forye M, u(y) = ba, withb e A, s0y = baye 4 (y — u(y)e) = be’ + (y — u(y)e).

Again it is clear that y — u(y)e € Ker(u) and also that ¥y — u(y)e = y — be’ e M,
l.e.y — u(y)e e M’ N Ker (1) and be' € Ae’ = Ae. This entails (2).

Now we prove (a) by induction on the rank gof M’. If ¢ = 0, M’ = (0) and there is
nothing to prove. If ¢ >0, M’ N Ker(u) is of rank ¢ — 1 according to (2), and is there-
fore free according to the induction hypothesis. As, in (2), the sum is direct, we obtain
a base for M’ by adding ¢’ to a base for M’ N Ker(x). Thus M’ is free and (a) is true.
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To prove (b) we argue by induction on the rank n of M. Again the case n = 0 is
trivial. By (a), Ker(u) is frec and of rank n — 1, since, in (1), the sum is direct. We apply
the induction hypothesis to the free module Ker(z) and to its submodule M’ n Ker(u) :
if M’ N Ker(u) # (0), there exists ¢ < n, a base (¢y, ..., ¢,) of Ker (), and there are
non-zero elements ay, ..., a, of A such that (age,, ..., a.,) is a base for M’ N Ker(u)
and such that 4, divides a,,;, 2 < i < ¢ — 1. Keeping the same notations as above, we
set a; = a, and ¢; = ¢. Then (e, e5, . .., ¢,) is a base for M (according to (1)), and
(arey, .., 4a,,) is a base for M’ (according to (2} and the fact that &' = a;4). It
remains to prove that a; | a,. Let » be the linear form on M defined by the relation
v(e;) = v(es) = 1 and v(e) = O for i = 3. Then a; = a, = v(a,e,) = v(¢') e o(M’), s0
Aa, < v(M’). By the maximality of Aa, we may conclude that y(M") = Ag, = Ag,.
Since a, = v{aze;) € v(M'), we see that a, € Agy, i.e. a; | a;. Q.E.D.

The ideals Aa, of Theorem 1 are called the invariant factors of M’ in M. One can show
that they are uniquely determined by M and M’ ([1]}, Chapter V11, § 3).

Corollary 1. Let A be a principal ideal ring. Let E be an A-module of finite type. Then E is
isomorphic to a product (Ala)) x (Afag) x ---x (Afa,), where the a’s are ideals of A such
that a, @ a3 2 ---2 a,

Proof. Let (x,, ..., x,) be a finite set of generators of E. According to the beginning of
§ 4, there is a surjective homomorphism ¢: A®*— E, such that E is isomorphic to
A"{Ker(p). By Theorem 1, there is a base (e, -. ., ¢,) of A", an integer ¢ < n, and non-
zero elements a,, . . ., a; of A such that (ayey, .. ., a,,) is a base of Ker (p) and such that
a, divides g, foralli,1 i< ¢— 1.Puta, =0forg + 1 < p < n. Then A"fker(p)
is isomorphic to the product of the Ae,fAge, (1 <t < n), and AgfAag 1s isomorphic
to AfAg,. Putling a; = Ag,;, we obtain the corollary. Q.E.D.

We shall say that a module E over an integral domain A is torsion free if the re-
lation ax = 0 (a€ A, xeE) impliesa =0 orx = 0.

Corollary 2. Over a principal ideal ring A, every module E of finite type which is torsion free is free.

Proof. We make use of Corollary 1: E ~ (Afa;) x --- x (Afa,). Suppressing the fac-
tors which are zero, we may suppose that a; # A forall ¢, If a; % (0), if ais a non-zero
element of a,, if x; is a non-zero element of Afa;, and if x = (x,,0, ..., 0), thenax = 0
—contradicting the fact that E is torsion free. Thus a; = (0), a; = (0) for all ¢ (since
a, < a;), and E is isomorphic to A"

The hypothesis that E is of finite type is essential: for example Q is a torsion free
Z-module which is not free.

Corollary 3. Over a principal ideal ring A, every module E of finite type is isomorphic to a finite
product of modules M, where each M, is equal to A or to a quotient A{Ap* with p prime.

Proof. We make usc of Corollary 1 and we decompose each factor AjAa, where a # 0,
by means of § 3, Lemma 2: if a = upj: ... pir1s the prime factorization of a, AfAa is
isomorphic to the product of the AjAp’s.

Corollary 4. Let G be a finite commutative group. There exists x € G whose order is the least common
multiple of the orders of the elements of G.
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Proof. A commutative group is a Z-module (the operation being addition). According
to Corollary 1,

GxZlaZ x - x Zja,Z,

where a; | a; | . . | a,- We have g, # 0 for all 7; otherwise G would be infinite We
write y for the residue class of 1 in Z{a,Z and we put x = (0, . , 0, y). The order of
x is obviously a, For z = (z;, .. , z,) € G, we have 4,z = 0, since g, divides a, for all
i. Thercfore a, is a muluple of the order of z and x is the element sought.

1.6. Roots of anity in a field

Theorem 1. Let K be a field. Every finite subgroup G of the multiplicative group K* consists of
rools of unity and is cyche,

Proof. According to § 5, Corollary 4 of Thecorem 1, there exists ze G whose order n 1s
such thaty" = 1 for everyy € G Since a polynomial of degree n over a ficld (for example
X — 1) has at most n roots in the field, the number of elements of G is at most n Now,
inasmuch as z has order n, G contains the n elements z, 22, ., z" = |, wluch are all
distinct Thus G is comprised of these elements and 1s cyclic Q E.D

If a field K contains n nth roots of unity, they form a cyclic group of order » (iso-
morphic to Z{nZ). A generator of this group is called a primitive nth root of unity,
every ath root of unity is thus a powcr of such a primitive root According to § 3,
Proposition 1, the number of these primutive roots is g(n).

1.7. Finite fields

Let K be a field. There is a unique ring homomorphism ¢ :Z — K (defined by
@(r) =14+ 14 .--4+ 1,ntimes, for n > 0 and by p(—n) = —¢(n)). If @ 15 injective,
it identifies Z with a subring of K ; then K also contains the ficld of fractions Q of Z. In
this case we say that K is of characteristic 0. If @ is not injective, its kernel is an ideal pZ
where p > 0; then Z{pZ 1s identified with a subring of K; thus Z/pZ is an integral
domain (in fact, a field) from which it follows that p is a prime number. \We say, in this
case, that K is of characteristic . From here on, we write F,, for Z/pZ.

The subfield, Q or F,, of K is the smallest subfield of K; it is called the prime subfield
of K. For every prime number ¢ there exist fields of characteristic g, e g. F,,.

Proposition 1. If K is a field of characteristic p # O, then px = O for every xe K and (x + y)®
= 7 + y° for every x, y e K.

Proof. For xe K, wehavep-x = (p-1)-x = 0.x = 0. On the other hand, the biomial
formula gives

Gagy =2 vy s s (Do
J=1

The binomial coefficient (f) 1s an integer; its value s p!{[jY(p — 7)!]- Inasmuch as the
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?

prime p appears in the numerator but not in the denominator, (J) is a multiple of p for

1 < j < p — 1. The intermediate terms m the expansion of (x 4 y)® thus vanish in a
field of characteristic p.
By induction one sees that (x + y)*" = x*" 4 y*" for everyn = 0.

Theorem 1, Let K be a finute field, Set ¢ = card (K), Then:

(@) The characteristic of K is a prime p, K is a finite dimensional vector space of dimension s
over ¥, and q = p*,

(b) The muitiplicative group K* 1is cyclic of order ¢ — 1.

(¢) 287t = [ for every x e K*; x® = x for every x e K,

Proof. Since Z is infinite, K cannot be of characteristic zero, Thus K contains F,, p
prime; in fact K is a vector space over F,, whose dimension s must be finite—otherwise
K would be an infinite field. As a vector space, K is isomorphic to (F,)*, so K contains
p* clements. We see that (b) follows from § 6, Theorem 1, and that (c) is an immediate
consequence of (b).

Example. Let us interpret (b) for the case of F,, p prime. There exists an integer x € Z
such that 0 < x < p — | and such that every integer y which is not a multiple of p is
congruent modulo p to a power of x. Such an x is called a primitive root modulo p. The
problem of finding primitive roots modulo p is by no means trivial. For instance there
arep(6) = 2 roots primiive modulo 7; they are 3 and 5 (one sees that 12 = 62 = 1(mod
7)and 22 = 4® = | (mnod 7), 3 and 5 arc the only other possibilities).

Remark. (a) and (c) imply that a finite field K with ¢ elements is the set of roots of the
polynomial X? — X (which has cxactly g roots). One can show that two finite fields with
g elements are isomorphic. We write F, unambiguously for a field with ¢ elements.

As an exercise we are going to digress in order to prove the following elegant theorem
which concerns diophantine cquations over a finite field.

Theorem 2 (Chevalley). Let K be a finite field and et F(X,, ..., X,) be a homogeneous
polynomial of degree d over K. Suppose d < n. Then there exists a point (x), ..., x,) e K"
distinct from the ongin (0, ..., Q) such that F(x,, ..., x,) = 0.

Given a field K and an integer j, one says that K is a C;-field if every homogeneous
polynomial over K of degree d in n variables, such that n > 4%, has a non-trivial
zero (i.e. besides the origin) in K*. The Cg-ficlds are the algebraically closed fields.
Chevaliey's theorem asserts that finite fields are C; (one also calls C, fields ‘“‘quasi-
algebraically closed’’). One can show that, if K is a C,-field, the field K(¢) of rational
functions in one variable over K and the field K((¢)} of formal power series in one
variable over K are C;, -fields ([5]). It had been, for a iong time, an open question
whether p-adic ficlds arc Cy. Recently this has been shown not to be the case ({8]).

Proof of Theorem 2. Let us write ¢ for card(K) and p for the characteristic of K (so
g = p*). Let V < K" be the set of zeros of F, i.e. the points (x;, ..., x,) € K" such that
F(x) = O (we use, hereafter, the symbol x to stand for a point (x,, . .., x,;) € K®). Accor-
ding to Theorem 1, (¢), F(x)?~! =0 for xe V and F(x)?"! =1 for xe K" — V.
Thus the polynomial G(x) = F(x)9~1 is the characteristic function of K* — V with valuesin



§ 1.7 FINITE FIELDS 25

F,. The number modulo p of points of K* — V will thus be given by the sum > G(x).

xe K=
We are going to calculate this sum and show that it is zero. It will follow that
card(K" — V) is 2 multple of p; inasmuch as card (K") = ¢" = p™ is also a muluple
of p, card(V) will also have to be a muluple of p. Certainly V contains the origin. so.
if | card(V), V necessarily contains other points, p = 2. Thus, to prove Theorem 2.
it suffices to show that > G(x) = 0eF,. Now, to calculate 2> G(x), we observe

xe K" xe K™

that the polynomial G is a linear combination of monomials M (X) = X&: . X&

To determine > G(x) it suffices to calculate
xg K

ZpMe®) = 3 st = (3 ) (3 ).

x1€ K xq.€ K

The problem reduces to that of calculating sums of the form > z% (e N).

€K
(@) For p =0, 22 = | forall ze K. Consequently, > 22 = 2> 1 =4=0.
ze K ze K
(b) For 8 > 0, the term 04 is 0, so the sum reduces to 2> z?. K* is a cyclic group
ZeK®*

q-2
of order ¢ — 1 (Theorem 1, (4)) Lect w generate K*. Then 2 2# = T w*

ze K* J=0

which is the sum of a geometric progression. Thus:

(b") If w® # 1, i.e. if B is not a multiple of ¢ — 1, then

ac2 o wf-b |
Z (73) = —-n--E—u-—--— = 0’
f=0 oy - 1

since w?~! =]

(b"”) If w® = 1, i.e. if B is a multiple of ¢ — 1, then
a-13
2w =g—1.
i=0

If follows from (a), (b’), and (b”) that 2> xf: ... x% vanishes unless all the o’

xeKn
are non-zero and multiples of § — 1. In this case, the degree ¢y + - -+ o, of the mono-

mial is at least (g — 1)a. However, since G = I¥~1, G hasdegree (g — 1)dand (¢ — 1)d
< (¢ — D)n by assumption. Thus > M,(x) = 0 for every monomial M,(X) which

xe KR
appears in G with a non-zero coefficient. Therefore, > G(x) = 0. We have seen that
this relation implies the theorem. xexs

Let us remark that it would have been sufficient, in place of the assumption that I
was homogeneous, 10 have considered F witl no constant term. Naturally, the stricl
inequality 4 < n between the degree and the number of variables is essential. For
example, the norm of F» to F, (cf. Chapter 11, § 6) is a homogeneous polynomial of
degree n in n variables over F, with no non-trivial zero.

Example. A quadratic form in three variables over a finite field “represents zero™ (i ¢
has a non-trivial zero). Passing from K? t0 the projective plane Py(K), this means that
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a conic over K contains a point rational over K (i.e. whose coordinates may be chosen
in K) The example of the conic X2 4 Y2 4 Z2 = 0 over R (respectively X3 4 Y?
— 322 = Qover Q; in order to scc that X2 4+ Y2 — 3Z2 = 0 has no non-trivial solution
in Q, it suffices to consider the case wherc x, y, z are relatively prime integers and then
to reduce mod 4) shows that we are not dealing with a property common to all fields.



Chapter 1t

Elements integral over a ring; elements algebraic
over a field

Among the complex numbers those which will concern us in this book are the so-callec
algebraic numbers, that is, those which satisfy an equation of the form

Mgy x4 a4 gy =0,

wherc the coefficients are rational numbers. When the coefficients are integers (a,€ Z
the algebraic number « is called an algebraic integer. Thus V2, V'3, i, %% are algebraic
integers. It is not a priori clear that sums or products of algebraic numbers (respecuvely
algebraic integers) are again algebraic numbers (respectively algebraic integers)
Consider, for example, x = V2 4 V3. Squaring, onc obtains x2 =2 + 3 + 2V6
adding and shifting across the equal sign gives ¥* — 5 = 24/6; again a squaring opera.
tion yields (x3 — 5)2 = 24, which shows that x is an algebraic integer. The reader wil!
have to exert himself to show that ¥'5 4+ ¥/ 7 is an algebraic integer and will be con
vinced that the sequence of steps which leads to a proof that this number is algebraic
may not be easily generalized. In order to overcome this difficulty the algebraists of the
last century, Dedekind in particular, had the idca of “‘linearizing” the problein, which
means that they introduced the notion of module. We will begin with some results con
cerning modules. Considering modules over commutative rings will not require any
extra effort and will be quite useful later. We will begin with the general case of inte-
gral elements over a ring and then specialize to algebraic elements over a field.

2.1. Elements integral over a ring

Theorem I. Let R be a ring, A a subring of R, and x an element of R. The following statements
are equivalent

(@) There exista,, ..., a,_, € A such that
¢)) X gy X" b x4, =0
(t.e. x is a root of a monic polynomial with coefficients in A).
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(b) The ring Alx] ts an A-module of finite type.
(c) There exists a subring B of R which contains A and x and which is an A-module of finite
Lype.

Proof. Call M the A-submodule of R generated by 1, %, ..., x*~!, By (a) «"e M.
VIultlplymg (1) by &/, we obtain x"*/ = —gq, lx"'+J'-1 -+ —ax’. Infact, induction
on j implies that 1 eM, for all y > 0. As Alx] s the A- module generated by the
 (k > 0), we see that Afx] = M. Thus (a) implies (b) That (b) implies (c) is clear.
Let us show that (c) implies (a). Let (¥, . - ., ¥,) be a finite set of generators for B asa

module over A, i.e. B = Ay, 4+ -4+ Ay,. Since x e B and since B is a subring of R,
it follows that xy, € B forall ¢t = 1, ..., n. Therefore,

n
xy‘= z auyj, fOI'aHYi= l, .-.,n’ a{jEA, l _<_i, J-Sn.
j=l

This means that

J;zl (Bt — ay)y, = 0,i =1,

Consider this system of n homogeneous linear equations in (y;, ..., ya). Write d for
the determinant det(3,x — a;;). The calculation leading to Cramer’s rule shows that
dy, = 0 for all i. This means thatdb = O for all 4 € B; in particular,d 1 = 0,s0d = 0.
But d is clearly a monic polynomia.l in x, since the highest order term appears in the

expansion of the product 1—[ (x = ay) of the entries on the principal diagonal. Thus (c)
implies (a).

Definition 1. Let R be aring and let A be a subring of R. An element x of R is called integral over
A if it satisfies the equivalent conditions (a), (b), and (c) of Theorem I. Let P € A[X] be a monic
polynomial such that P(x) = O ((a) implies that such a polynomial exists). The relation P(x) = 0
is called an equation of integral dependence of x over A.

Example. The element x = V2 of R is integral over Z. The relation x3 — 2 = 0 is an
equation of integral dependence.

Proposition 1. Let R be a ring, A a subring of R, and let (x)); <, < be a finite set of elements of
R. If, for all i, x, is integral over Alxy, ..., %,_,] (in particular if all the x’s are integral over
A), then Alx,, ..., x,] is an A-module of finite type.

Proof. We argue by induction on n. For n = I, we have a repeat of assertion (b) of

Theorem 1. Assume that B = Afx;, ..., x,_,] 1s an A-module of finite type. Then
D

B = 2 Ab, Thecasen = | implies that A[x,, .. ., x,] = B[,] isa B-module of finite

j=1

q
type. Write B[x,] = > Be,. Then
k=1

Alxg, «e ey 2] = éch,, = S(5 ab)e, = S Abe,

kel jm]

Thus (b, ), 15/55 is a finitc set of generators for Afxy, ..., x,] as a module over A.
I1Lk=q
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Corollary I. Let R be a ring, A a subring of R, x and y elements of R which are integral over A.
Then x + y, x — y, and xy are integral over A.

Proof. Clearly x 4 y, x — y, and xy € Alx, y]. According to Proposition | A[x, y] is an
A-module of finite type. According to part (c) of Theorem 1, x 4+ y, x — y, and xy
are integral over A.

Corollary 2. Let R be a ring and let A be a subring of R. The set A’ of elements of R which are
integral over A is a subring of R which contains A,

Proof. Corollary 1 implies that A’ is a subring of R. We have A < A’, since, if a € A,
a is a root of the monic polynomial P(X) = X — g, which has coefficients in A.

Definition 2. Let R be a ring, A a subring of R. The ring A’ of elements of R which are integral
over A is called the integral closure of A in R. Let A be an integral domain and let K be its field
of fractions. The integral closure of A in K is called the integral closure of A. Let B be a ning
and A a subring of B. We say that B is integral over A if every element of B is integral over A (i.e.
if the integral closure of A in B is B ilself).

Proposition 2 (Transitivity). Let C be a ring, B a subring of C, and A a subring of B. If B is
integral over A and if C is integral over B, then C is integral over A.

Proof. Let x e C. Then xis integral over B. so there is an equation of integral dependence
x" 4 by qx* " 4o 4 by =0withheB,i=0,...,n— 1.PutB’ = Afb,, .. ,b,_,].
Then x is integral over B". As B is integral over A, the b, are integral over A. Therefore.
Proposition 1 implies that B'[x] = A[b,, . ., b,., x] is an A-module of finite type
By part (c) of Theorem 1, x is integral over A. Thus C is integral over A.

Proposition 3. Let B be an integral domain and A a subring of B such that B is integral over A.
In order that B be a field 1t is necessary and sufficient that A be a field.

Proof. Suppose that A is a field and let b€ B, b s 0. Then A[#] is a finite dimensional
vector space over A (part () of Theorem 1). On the other hand y+> by is an A-linear
transformation of A[5]. It is injective since A[4] is an integral domain and since & # 0.
Therefore, it is surjective. There exists & € A[5] such that 4 = 1. This means that, for
any be€B — (0), 4 is invertible in B, so B is a field.!

Conversely, suppose that Bis a field. Letae A — (0). Then ahas an inversea '€ B
which satisfies an equation of integral dependence

a*+a a4+ aqavt 4a,=0, geA.
Multiplying by a" !, we obtain

a™! = —(an_; +--+ aa*"? 4 apa*" ),

which shows that a~1 € A. Thus A is a field.

l. The same reasoning, involving the mapping y — by, allows one to conclude that any firite
integral domain is a field.
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2.2. Integrally closed rings

Definition. A ring A is called integrally closed if it is an integral domain and if it is ils own
integral closure.

In other words, every element x of the field of fractions K of A which is integral over
A belongs to A.

Example 1. Let A be an integral domain and let K be its field of fractions. Then the
integral closure A’ of A (i.c. the integral closure of A in K) is integrally closed. This

follows from the fact that the integral closure of A’ is integral over A’, therefore over
A(8 1, Proposition 2). It therefore equals A’.

Example 2. Every principal ideal ring is integrally closed.

Proof. By definition a principal ideal ring is an integral domain. Let x be an element of
the field of fractions of A which is integral over A. Let

(1) x"+an_lx“'1 + "+alx+ao =0 (a'EA)

be an integral dependencc equation for x over A. Write x = afb with a and &
relatively prime elements of A. Substitute in (1) and muluply through by 4" to obtain

a® + b, @t e @b ? 4ot ) = 0.

Thus & divides a". As b is relauvely prime to g, repeated application of Euclid’s lemma

shows that & divides a. Therefore. & is a unitin A Thus, x = afé € A and A is integrally
closed.

One may observe that only the multiplicative properties of principal ideal rings
have been used (relative primeness, Euclid’s lemma}. The same argument thus shows
that every factorial ring is integrally closed.

2.3. Elements algebraic over a field. Algebraic extensions

Definition. Let R be a ring and K a subfield of R. An element x € R is called algebraic over K
if there exist elements ag, ..., an € K, not all of which are zero, such that a,x™ 4+ --- 4
aix + ag = 0.

Equivalently, the monomials (), v are linearly dependent over K. An element of R
which is not algebraic over K is called transcendental over K;i.e. x is transcendental
over K if and only if the monomials (x’),¢ are inearly independent over K.

In the relation of Definition 1, we may assume that a, $ 0. In this case a7 ! e K;
multiplying through by a; ! we obtain an equation of integral dependence. Therefore:

(1) Over a field, algebraic = integral.

We may thus apply the theory of integral elements. For example, for K < R and
x € R, Theorem 1, (b) of § | asserts:

(2) x algebraic over K < [K[x] : K] finite,
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We say that a ring R containing a field K is algebraic over K if every clement of R
is algebraic over K. If R is a field, then R is called an algebraic extension of K.

Given a field L and a subfield K of L, we call the dimension [L : K] the degree of L
over K. In this context Theorem 1, (c) of § 1 has the following interpretation :

(3) If the degree of L over K is finite, L ts an algebraic extension of K.

Any extension field of finite degree over Q is called an algebraic number field (or. simply
a number field).

Proposition 1. Let K be a field, L an algebraic extension of K, and M an algebraic extension of
L. Then M is an algebraic extension of L. Furthermore, [M : K] = [M. L][L. K] (*‘multi-
plicativity of degrees”).

Proof. The first assertion is a special case of Proposition 2 of § 1. Moreover, if (x)),¢, 152
base of L over K and (y,);¢y is a base for M over L, then (x,,)¢.jye1 5 15 @ base for M
over K. As in Proposition 1 of § |1 we see that (x,y,)q. e « g generatcs M over K. A
relation > g%y, = 0 with g, e K entails > (3 ayx)y, = 0, whence > a,x, = O for
all j (since 2 a;,x, € L), and consequently a,; = 0 for all (i, j) € I x J. This proves that
[M:K] =[M.L}[L:K].

Proposition 2. Let R be a ning and K a subfield of R Then:

(@) The set K’ of elements of R algebraic over K is a subring of R containing K.

(b) If R is an integral domain, K' is a subfield of R.
Progf. (a) is a special case of Corollary 2 of Proposition 1, § 1, and (b) follows from
Proposition 3 of § 1. Q.E.D.

Now we study the elements algebraic over a field in greater detail. Let R be a ring,
K a subfield of R, and let xbean elementof R, Write K[X] for the ring of polynomialsin

one variable over K. There exists a unique homomorphism ¢: K[X] — R such that

®(X) = x and such that ¢(a) = a for all a € K. The image of ¢ is K[x]. The definition
of algebraic element may be reformulated as follows:

(4) An element x is algebraic over K <+ Ker(g) # (0).

Proof. 1f x is transcendental over K, then obviously Ker () = (0). In any casc the ideal
Ker(p) is a principal ideal (F(X)) (since K[X] is a principal ideal ring). In the case that
x is algebraic over K, it is generated by a non-zero polynomial F(X).

Remark. We may assume that F(X) is monic, since K is a field. F(X) is then uniquely

determined by K and x; we call it the minimal polynomial of x over K. Its properties are
as follows:

(5) Let ¥(X) be the minimal polynomial of x over K. Let G{X) e K[X]. G(x) = 0 if and
only if F(X) divides G(X) in K[X].

Passing to the quotient ring, we obtain a canonical isomorphism:
(6) KXJ/(F(X)) = K[«].

With the same notations, suppose now that x is algebraic over K and let F(X) be its
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minimal polynomial. Applying (5) and Proposition 3 of § 1, we obtain the equivalence
of the following statements:

(7) K[x] is a field <> K[x] is an integral domain. <> ¥(X) is irreducible.

On the other hand, if K is a field and F(X) € K[X] is irreducible, then K[X]/(F(X))
is a field containing K and, writing x for the projection of X € K[X] into this field, we
have F(x) = 0. Thus X — x divides F(X) in the field K[x]. More gencrally:

Proposition 3. Let K. be a field and let P(X) € K[X] be a nonconstant polynomial. There extsts

an algebraic extension of finite degree K of K such that P(X) factors in K'[X] into a product of
polynomals of degree one (linear polynomials).

Proof. We argue by induction on the degree d° of P(X). There is nothing te prove in the
case d® = 1. Let F(X) be an irreducible factor of P(X). We have just seen that there
exists an extension K" of finite degree over K (e.g. K[X]{(F(X)) ) containing an element
x such that X — x divides F(X) in K"[X]. Thus P(X) = (X — x)P(X) with P, (X)
e K"[X]. According to the induction hypothesis P;(X) factors into a product of linear
polynomials in an extension K’ of finite degree over K”. By Proposition 1, K’ is of finite
degree over K, and P(X) is a product of linear polynomials in K [X].

Remark. Algebraically closed fields. A field K is called algebraically closedif every non-constant
polynomial P(X) e K[X] may be expressed as a product of linear factors, all lying in
K[X]. For this, as follows by induction on the degree of the polynomial, it suffices that
every non-constant polynomial have a root in K. Extending Proposition 3 by means
of Zorn’s lemma (cf. [1], Chapter V, and [9], Chapter II), one may show that any field
is imbeddable in an algebraically closed field. .

One may prove, by means of the techniques of mathematical analysis and in many
different ways,® that the field G of complex numbers is algebraically closed, We shall
not need more than this.

2.4, Conjugate elements, conjugate fields

Given two fields L and L’ both containing a field K we call any isomorphism ¢:
L— L’suchthat(a) ='aforallae K a K-isomorphism of L on L'. In this case we say that
L and L’ are K-isomorphic, or (if they are algebraic over K) we say that they are conjugate
over K. Given two extensions L and L’ of K, we say that two elements x€ Land x" e L’
are conjugate over K if there exists a K-isomorphism @ : K(x) — K(x") such that ¢(x)
= x". Such a ¢ is, of course, unique. The existence ofa ¢ means that either x and x* are

both transcendental over K or both are algebraic over K with the same minimal poly-
nomial (cf. (5), § 3).

Example. Let F(X) be an irreducible polynomial of degree n over K and letx,, .. ., x,

1. For a proof which depends upon the properties of continuous functions defined on compac:
topological spaces, see [4]. For a proof which makes use of the properties of holomorphic functions
of a complex variable, see [3]. We will give in an appendix to this chapter a more algebraic proof,
which will involve no analysis beyond the most clementary propertics of the real numbers.
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be its roots in an extension K’ of K (§ 3, Proposiion 3) Then the x/’s are pauwise
conjugate over K (§ 3, (6)), and the fields K[x,] are also pairwise conjugate.

Lemma. Let K be a field of characteristic zero or a finite field, let F(X) € K[X] be a monic ir-

reducible polynomial, and let F(X) = ‘H (X — x) be its decomposition into a product of linear

factors in an extension K' of K (§ 3, Proposition 3). Then the n roots x,,  , %, of F(X) are
distinct.

Proof. 1f not, F(X) has a root in common with its derivative F'(X). Therefore, F(X)
divides F'(X) ((4), § 3). Since d°F’ < d°F, this means that F'(X) is the polynomial
zero. However, F(X) = X* 4+ q,_,X""1 4+ ... 4 a4 (g, € K)

and

F/(X) = nXP~1 4 (1 = 1)ap_ X273 4o 4 a.

Thusn-1 =0,5.4,=0,j=1, ...,n — 1, which is impossible in characteristic zero
In characteristic p # 0, thesc relations imply that p divides n and that a, = 0 for all ;
not divisible by p (recall that p is a prime number). Thus F(X) is of the form

F(X) = X¢er 4+ bq_IXW'I)P - 5 XP 4 by (b' e K).
If each of the b/'s is a pth power, i.e. b = ¢ with ¢, € K, then
F(X) = (X9 4 ¢q:X% " 4 .. 4 ¢)® (Chapter I, § 7, Proposition [,

and F(X) is notirreducible. But, if K is a finite field with p # 0 its characterisuc, the
mapping x> a® of K into K is injective (since x* = y® implies * — y* = 0,50 (x — y)°®
= 0 which implies x — y = 0); it is thus surjective, since K is finite. Therefore, F(X)
is not irreducible and we have a contradiction,

The fields X of characteristic p # 0 for which x+> x? is surjective (i.e. for which
every element of K is a gth power) are called perfect ficlds, We have just shown
that finite fields are perfect. By convention ficlds of characteristic zero are also
considered perfect. The preceding lemma is true for K any perfect field (and our
proof works in this more general case). The field F,(T) of rational functions in one
variahle over F, is not perfect, inasmuch as the variahle T is not a pth power in Fy(T),

Theorem I. Let K be a field of characteristic zero or a finite field, let K' be an extension of finiie
degree n of K, and let C be an algebraically closed field containing K. Then there exist n distinct
K-isomorphisms of K’ info C.

Progf. Our assertion is true for any extension field K’ of K which is of the form K[x]
with x € K’. In fact, the minimal polynomial F(X) of x over K is then of degree n.
Ithas nroots xq, . .., %, in C, all of which are distinct according to the lemma. For any
i =1, ..., nwe have then a K-isomorphism o;: K' — C such that o,(x) = x,. We con-
tinue by induction’ on the degreen of K'. Let x € K’, consider the ficlds K < K[x] © K’
and put ¢ = [K[x]: K]. We may assume ¢ > 1. We have seen that there are ¢ distinct
K-isomorphisms o, ..., o, of K[x] into C. As K[¢,(x)] and K[x] are isomorphic, it is
possible to construct an extension K{ of K[o/(x)] and an isomorphism =,: K'— K|

which extends o,. Clearly KJ[o,(x)] is a field of characteristic zero or a finite field. Since
24+ AT.N.
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[Ki: K[e;(x)]] = [K’: K[x]] = nfqg < n, the induction hypothesis implies that there
are nfq disunct K[o((x)]-isomorphisms §;, of K{ into C. Therefore, the n composed
mappings 6,7, provide ¢ nfg = n K-isomorphisms of K’ into C. They are distinct,
since, for i # i', 8,07, and 6, o7, differ on K[x] while, for { = ¢ butj #£ ', §,and &,
differ on X{. Q.E.D.

Theorem 1 extends to the case of a perfect field K. One shows that any algebraic

extension of a perfect field (in particular K[o,(x)]) is a perfect field. The rest of the proof
remains unchanged.

Corollary (‘‘theorem of the primitive element”™). Let K be a finite field or a field of charac-

teristic zero, Let K’ be an extension of K of finite degree n. Then there exists an element x of K’
(called a “primitive element”’) such that K' = K[x].

Proof. If K is finite, K’ is finite and its multiplicative group K'# is comprised of the
powers of a single element x (Chapter 1, § 7, Theorem 1, (b)). Thus K’ = K[x].
Suppose that K is of characteristic zero and thus an infinite field. According to Theorem
1 there are n K-isomorphisms ¢, of K’ into an algebraically closed field C containing
K. For i # j the equation o;(y) = o,(y) (y € K') dcfines a subset Vi, of K’, which is
clearly a K-subspace of the vector space K’ and which is distinct from K’ when o # o,.
Since K is infinite, linear algebra shows that the union of the V|, is not all of K'. Take
x outside this union. The o,(x) are then pairwise distinct, so that the minima! polynomial
F(X) of x over K has at least n distinct roots (the o/(x)) in C. Therefore, d°F > a,
ie. [K[«]:K] = n. Since K[x] < K’ and since [K’: K] = n, we conclude that K’
= K[x]. Q.E.D.

2.5. Integers in quadratic fields

We pause a moment from the development of the general theory to give an example.

Definition, Any extension field of degree 2 over the field Q of rational numbers is called a quadratic
fleld.

If K is a quadratic field, any element x e K — Q is of degree 2 over Q ,thus is a
primitive element of K (i.e. K = Q[x] and (1, %) is a base of K over Q). Let F(X) =
X3 4 bX + ¢ (b, c € Q) be the minimal polynomial of such an element x € K. Solving the
quadratic equation x2 4 bx + ¢ =0 gives 2x = —b + V& — 4c. Thus K =
Q (Vb — 4¢).! Now b2 — 4¢ is a rational number ufv = upft? with 4, v Z. One sees

that K = Q(Vuv) with u, v € Z. In fact, one sees that it is possible to write K = Q (V)
where d is a square-free integer (d is plus or minus a product of distinct primes). Thus:

Proposition 1. Every quadratic field is of the form Q(Vd), where d is a square-free

inleger.

The element V/d is a root of the irreducible polynomial X? — d. This element Vd
has a conjugate in K, and the conjugate has to be — v/d. There exists an automorphism

1. By V5" — 4 we mcan one of the two clements of K whose square is 4% — 4c.
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o of K which sends Vd to — V4 (§ 4). Any element of K is of the form a 4 $Vd with
a, b € Q.We have

(1) ola + 6Vd) = a — V4.

We consider the ring A of integers of K, i.e. the set of x € K which are integral orei
Z (§ 1, Corollary 2 of Proposition [). If x € A, o(x) is a root of the same equation ol
integral dependence as x, 50 o(x) € A. We have then that x 4+ o(x) € A and x o(x) € A
But, if x = a + bV d with a, b € Q, then, according to (1),

(2) x4+ o(x) =2a€Q and x-o(x) = a® — db2e€ Q.

Since Z is a principal ideal ring and hence integrally closed (§ 2, Example 2). we
see that

(3) 2aeZ; a? —-dbiel,

The conditions (3) are necessary in order that x = a + b V/d be integral over Z
They are also sufficient, since x is a root of X2 — 24X 4 4 — db? = 0 According to
(3), (24)2 — d(2b)2 € Z. Since 2a € Z, we have d(26)? € Z too. On the other hand, d is
square-free, so, if 25 were not an integer, its denominator would have to include a prime
factor p. This prime factor would have to appear as p? in the denominator of (24)2
Multiplication by 4 would not send (26)? into Z. We may conclude that 2be Z.

In brief, we may take a = uf2, b = vf2 with 4, ve Z. Condition (3) becomes:

(4) u? — dv? e 4Z.

If v is even, (4) shows that u is even too. In this case, a, b e Z. If v is odd, then 2 = |
mod 4. The possibilities mod 4 for 4? are 0 and 1 (the only squares mod 4). Since d is
square-free, it is not a multiple of 4. Necessarily 4> = 1 mod 4 and 4 = | mod 4. We
have proved the following:

Theorem 1. Let K = Q(V/d) be a quadratic field with d € Z square-free (therefore % 0 mod 4).

(@) If d = 2 or d = 3 mod 4, the ring A of integers of K consists of all elements of the
forma + bVd witha, beZ.

(b) If d = 1 mod 4, A consists of all elements of the form (u + vVd) withu and ve Z
of the same parity.

In the case that d = 2 or 3 mod 4, (1, V/d) is a base for A as a Z-module. If d = |
mod 4, (1, $(1 + V/d)) is a Z-module base for A. Indeed, by &), 1 and 3(1 + Vd)
belong to A. Conversely, to show that 3(u + vVd) (with u, ve Z of the same parity) is
expressible as a Z-linear combination of 1 and }(1 + V/d), one may, by subtracting
1 + v/d), reduce the problem to the case where 4 and v are even. In this case

s+ VD = (5= ) 14040 + VD)

We conclude with some terminology. 1f d > 0, Q(V/d) is called a real quadratic Jeld
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(there exists a subfield of R conjugate to Q(Vd) over Q). If d < 0, then Q(Vd) is
called an imaginary quadratic field.

2.6. Norms and traces
(a) REVIEW OF LINEAR ALGEBRA

Let Abearing, E a free A-module of finite rank and let u be an endomorphism of E.
In linear algebra one defines the frace, the determinant, and the characteristic polynomial
of u. If a base (¢;) of E has been chosen and if (a,;) is the matrix for u with respect to this
base, then the trace, determinant, and characteristic polynomial of a are, respectively,

(1) Tr(w) = I:zl a,, det(s) = det(a,), and det(X.Iy — u) = det(X 8, —a,,).

NB. These quantities are independent of the choice of base.
The formulas (1) imply:

(2) Tr(u + u")= Tr{u) + Tr{u"),
det{uu’) = det(u) det(u),
and det(X Iz — u) = X* — (Tr(e))X"~! ... 4 (=1)"det(n).

(b) NORMS AND TRACES IN AN EXTENSION

Let B be a ring and let A be a subring of B such that B is a free A-module of finite
rank n (for example, A can be a field and B a finite extension of degree n of A). For
x € B, muluplication m, by x (i.e. y— xy) is an endomorphism of the A-module B.

Definition 1. We call trace (respectively, norm, charactenstic polynomial) of x € B, relative to B

and A, the trace (respectively, delerminant, characteristic polynomial) of the endomorphism m,
of multiplication by x.

The trace (respectively, norm) of x is denoted Trg,(x) (respectively, Ng,a(x)), or
Tr(x) (respectively, N(x)) when no confusion is possible. They are elements of A.
The characteristic polynomial is a monic polynomial with coefficients in A.

For x, ¥eB and ae A we have m, 4+ m, = m,, .. and mem. = m,, and
Max = am,. Furthermore, the matrix of m, with respect to any base for B over A is
the diagonal matrix all of whose diagonal entries are a. From formulas (1) and (2) we
obtain:

(3) Tr(x + x) = Tr(x) + Tr(x"), Tr(ax) = ¢Tr(x), Tr{a) =n.a
N(xx") = N(x) N(x"), N(a) = a", and N(ax) = a"N(x).

Proposition 1. Let K be a field of characteristic O or a finite fild, let 1. be an algebraic extension
of degree n of K, let x be an element of L., and let x,, . . ., x, be the roots of the minimal poly-
nomial of x over K (in a suitable extension of K; ¢f. § 3, Proposition 3), each one repeated
[L:K[x]] times. Then Tryg(x) = x¢ 4+ + xn, Npg(x) = x4 - - - x,. The characteristic
polynomial of x, relativeto L and K is (X — x,) ... (X — x,).

Thus the characteristic polynomial s the [L : K[x]]th power of the minimal poly-
nomial of x over K.
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Proof. Let us first treat the case where x is a primitive element of L over K (cf. § 4, corol
lary of Theorem 1). Let F(X) be the minimal polynomial of x over K. Then L is K
isomorphic to K[XJ/(F(X)) (§ 3, formula (5)),and (1,x, , x*~Y) is a base for L ove:
K. Let us put F(X) = X" 4 a,_;X""! + - + a,. The matrix of the endomorphisty
m, with respect to this base is

0 0 0 ""ao
0 .. 0 -—gq
0 1 0
M= :
0
0 0 .. 1 —8n_1|-
The determinant of X-I; — m, is therefore the determinant of the marrix
X 0 . 0 a,
-1 X 0 as
0 -1 0 :
XI,-M=
~ 0
X dn_2
0 0 -1 X 4a,_;

Expanding this determunant as a polynomial in X, we obtain the characteristic
polynomial of x It is clearly equal to I'(X), the minimal polynomial of x By (2)
Tr(x) = —a,_;and N(x) = ( ~ 1)"a,. Sincex is primitive, F(X) = (N — %) . (X —x,).
equating coefficients we see that Tr(x) = x; + -+ x, and N(x) = x; ... x,.

Consider now the general case. Put r = [L: K[x]]. It suffices to show that the
characteristic polynomial P(X) of x, with respect to L and K, is equal to the rth pouer
of the minimal polynomial of x over K. Let (y),.,, o be a base for K[x] over K and
let (z;);=1. . be a base for L over K[x]; then (y,z,) is a base for L over K and n = ¢
(§ 3, Proposition 1). Let M = (a,,) be the matrix for multplication by v in K{x] with
respect to the base (y:): thus xy, = ’Za,},y,,. We have then

x(yiz,) = (% QinYn)2; = %am(yhz,).
Ordering lexicographically the base (y;z;) of L over K, we see that the matrix M, for
multiplication by x in L with respect to this base takes the form
M 0 ... 0
OoM ... 0
M =1, e

0 0 ... M|
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i.e. M occurring r-times as diagonal blocks in M;. The matrix X -1, — M, thus consists
of r diagonal blocks. each of the form X-X, — M. Consequently, det(X-I, — M,)
= (det(X I, — M)). The left-hand side of the preceding equation is P(X);
det(X-I, — M) is the minimal polynomial of x over K, according to the first part of
the proof. Q.E.D.

In conclusion we present a result regarding traces and norms of integral elements.

Proposition 2. Let A be an ntegral domain, K its field of fractions, L an extension of finite degree
of K, and x an element of L integral over A. Assume K has characteristic zero. Then the coefficients

of the characteristic polynomial P(X) of x relative to L. and K, in particular Try x(x) and
Ny x(x), are integral over A.

Progf. We make use of Proposition 1. We have P(X) = (X — x,) ... (X — x,); the
coefficients of P(X) are thus, up to a sign, sums of products of the x’s. It suffices to
show that the x,'s are integral over A (§ 1, Corollary 1 of Proposition 1). But each x,
is a conjugate of x over K (§ 4), and there is a K-isomorphism o, : K[x] = K[x] such
that o,(x) = x; Applying ¢, to an equation of integral dependence of x over A, we obtain
an equation of integral dependence for x; over A.

Corollary. Suppose, further, that A is integrally closed. Then the coefficients of the charactenstic
polynomial of x, in particular Tryx(x) and Nyx(x), are elements of A.

Proof. By definition these coefficients are elements of K. By Proposition 2 they are
mntegral over A. Q.E.D.

We remark that the quantizies x + o(x) and x-o(x) employed in the discussion of
quadratic fields (§ 5) are the trace and the norm of x. We proved a special case of the
above corollary (§ 5, (3)) in the course of our discussion of quadratic fields.

2.7. The discriminant

Definition 1. Let B be a ning and let A be a subring of B such that B is a free A-module of finite

rank n. For (x;, ..., x;) € B" we call the discriminant of the set (x1, ..., x,) the element of A
defined by the relation

(1 D(xy, ..., xq) = det(Trgalxx)).

Proposition 1. If (y1, .., y.) € B" is another set of elements of B such that y, = 2 ax,
with a;, € A, then 7=t

(2) D(yll . -syn) = (de':(ﬁ'!.\'))2 D(xll LY | xn)'

Proof.

Tr(ypyq) = TT(IZJ ApQqsX y) = !Zjaplaq! Tr(xy,).

This gives the matrix equation: (Tr(y,y,)) = (a,) (Tr(xx,)) -*(a,,) (where *M denotes
the transpose of the matrix M}. To complete the proof it suffices to take determinants.
Q .E.D.
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Proposition 1 implies that the discriminants of bases for B over A are associates
in A; i.e. the matrix (ag;,) which expresses onc base in terms of another has an inverse
with entrics in A, Therefore both det{a;,) and det (g,,) ~'are units in A. We may thus
formulate the following definition:

Definition 2. Under the hypotheses of Definition 1 we call the principal ideal of A generated by
the discriminant of any base of B over A the discrimunant of B over A. We denote it 2y,,.

Proposition 2. Suppose that Dy, , contains an element which 15 not a zero-divisor. Then, in order
that a set (xy, . . ., x,) < B" be a base for B over A, it is necessary and sufficient that D(x,, .

"t
x,) generate Dy, 4.

Progof. Necessity has already been proved. Suppose that d = D(xy, .. , x,) genecrates

Dyja- Let (e, ..., ¢,) beabasceof Bover A. Putd’ = D(e¢), ..., ¢,) and x, = i a,e,
=1

witha, € A, | <i < n Thend = det(a,)?d". By hypothesis Ad = @,,, = Ad There-
fore, there exists & & A such that d" = bd. It follows that d(1 — & det{a;)?) = 0 We
know that d is not a divisor of zero, since otherwise every element of Ad = 25, wonld
be a divisor of zero Thus | — & det(a,;)2 = 0. This means that det(a,,) is invertible .
the matrix (a,,) must be inveruble, too. Consequently, (x,, ..., x,) is a base of B over A

Proposition 3. Let K be a field which is finite or of charactenstic zero, let L be an extension of
finite degree n of K, and let o\, . ., oy, be the n distinct K-isomorphisms of L into an algebraically
closed field C contaimng K (§ 4, Theorem 1). Then, if (x, ..., x,) is a base for L over K,

(3 D(xy, ..., x,) = det(o{x))* # 0
Proof. The first equality follows from a simple calculation®
D(x1, -, x,) = det(Tr(xx)) = det(kZ a(%x;)) = dﬂ(% a{x)oy(x,)

= det(o,(x))) -det{on(x)) = det(q,(x,))2.
It remains to show that det(o(x;)) # 0. We look for a contradiction. If det(o,(x,)) = 0,

n

there exist u,, ..., u, € C, not all zero, such that :z woi(x;) = 0 for all 5. By linearity
n =1 ’
we conclude that 3 uo(x) = O for all x € L. This contradicts the following:
. t

-]

Lemma of Dedekind. Let G be a group, C a field, and let oy, . . ., o, be distinct homomorphisms

of G into the multiplicative group C*. Then the o’s are linearly independent over C (i.e. 3, u0,(g)
= 0 for all g € G implies that all the u’s are zero).

Proof. If the o’s are linearly dependent, counsider a non-trivial relation 3 wo, = 0
i

(4, € C) such that the number ¢ of the ’s which are non-zero is mmimum. After renum-
bering, we may suppose that

(4) ho,(8) ++ -+ ug(g) =0 forallgeG.
We have ¢ > 2, since the o,’s are not zero. For g and 4 arbitrary in G, we sce that

ur01(hg) + -+ -+ uog(hg) = uror(h)oy(g) + -+ + uo(h)o,(g) = 0.
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Multiply (49 by o, (k) and subtract. It follows that
ug(ar(h) — o2(A))oa(g) + -+ - + up(or(h) — oo(h))a,(g) =

As this holds for any g € G and as ¢ has been chosen as small as possible, it follows that
us(oy(f) — ag(h)) = 0. Thus o,(h) = a5(h) for all s €G, since u, # 0. But this con-
tradicts the hypothesis that the o,'s are distinct. Q.E.D.

Remark. Under the conditions of Proposition 3, the relation D(x;, .., x,) # 0 means
that the bilinear form (x, y) > Tryk(xy) 1s non-degenerate. i.e. Tryx(xy) = Oforallye L
implies x = 0. Thus the K-linear mapping which attaches to each x € L the K-linear
form s, :y+> Tryx(xy) is an mjection of L in its dual Homg(L, K) (for the structure
of vector space over K). As L and Homy(L, K) are of the same finite dimension n
over K, 1t follows that x+— s, 1s a bijection. The existence of “dual bases™ of a vector

space and its dual implies that, for any base (x,, ..., x,) of L over K, there exists a base
(1, --»Yn) such that
(3) Trulay,) =8 (1 <1, j<n)

This remark will prove useful.

Theorem 1. Let A be an integrally closed ring, let K be its field of fractions, 1. an extension of
finite degree n of K, and A’ the integral closure of A in L. Suppose K is of charactenistic 0. Then
A’ is an A-submodule of a free A-module of rank n,

Proof. Let (x,, . , x,) be a base of L over K. Each x, is algebraic over K, so, for any
1, we have an equation of the form a,x? 4 a,_xP" ' 4+ .- - 4 a5 = 0 (a; € A for all ).
We may assume a, # 0. Multuplying through by a2~ %, we see that a,x, is integral over
A. Put x{ = a,x;. Then (x{. , X,) 1s a base for L over K contained in A"
According to the remark preceding this theorem, there is another base (y,, .. ., y,)
of L over K such that Tr(x;y,) = 8,((3)). Let z€ A". Since (y;, ...,¥,) is a base for L,

over K, we may write z = Z b,y; with &, e K. For any i we have x{ z € A" (since

x;€A’"). Therefore, Tr(x{ z) EA (86, Corollary of Proposttion 2). Thus, Tr(x z)
= Tr(z buiy,) = Z b, Tr(xiy,) = 2, 6,8, = b, We may conclude that b € A for all ¢,

which n'nphcs that A' is a submodule of the free A-module Z Ay, Q.ED.

Corollary. Add to the hypotheses of Theorem 1 the assumption that A is principal. Then A’ is a
free A-module of rank n.

Progf. A submodule of a free A-module is, under our additional assumption, frec
(Chapter 1, § 5, Theorem I, (b)) and of rank < 2. On the other hand we haveseen in the
course of the proof of Theorem | that A’ contams a basc of L over K. Therefore, it is of
rank n. Q.E.D,

As an exercise, the reader who lacks familiarity with the remark preceding Theorem
I should look for a more computational proof of this theorem: with the notations

defined above, set d = D(x}, ..., x,) and show that, if z = > x{(¢c, € K) is integral
i
over A, then de; € A (calculate Tr{zx;) and use Cramer’s rule),
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AN EXAMPLE OF THE CALCULATION OF A DISCRIMINANT

Let K be a field which is finute or of characteristic zero, let L = K[x] be an exten-

ston of finite degree n of K, and let F(X) be the minimal polynomial of x over K.
Then

(6) D(l, %, ..., x"7) = (=)™ BN (F'(x))
(where F'(X) denotes the derivative of F(X)) Denote by x,, ., x, the roots of F(X)
in an extension of K ; they are conjugates of x (§ 3, Proposition 3, and § 4). We see that

D(l,x, ..., x"" 1) = det(oi(x"))® (by Proposition 3)
= det(x{)® = [HI_I’ (x, — x,)]2 (Vandermonde)
= cl:[’ (x¢ — x;) (wherec¢ = (—1)irt=-1)

=cI] (H (x — x,))

i J#i

¢ ITI F'x) = N x(F'(x))

(for the F'(x,)’s arc the conjugates of F'(x))}.

In particular, applying (6) to the case where F(X) is a trinomial X" 4 aX 4 &
(a and & € K) and puttingy = F'(x), we obtan

y=m"4+a= —(n— )a— nbx?

(since x® + ax + b = 0 implies that ax*~1 = —ng — nbx~'). We obtain from this

x = —nb(y + (n — 1)a)~*. The mmmal polynomial of y over K is the nunerator of
b-'F(—nb(Y 4+ (n — 1)a)~*'); the result of the computation is

(Y4+(n—1a)" —na(Y + (n — Da)"~* + (= 1%L
The norm of y is (—1)" times the constant term of this polynomial, i.e

nnbn—l 4 (_l)n-l(n - l)n—lan_
Thus,

(7) D(l,x, ..., x" %) = (=1)n=8gnpn=1 o (1)1 (n — 1)~ 1gm),

For n = 2 (respectively, 3) we rediscover the well-known expressions a® — 4 (respec-
tvely, —276% — 44°).

2.8. The terminology of number fields

We call any finite (and therefore algebraic) extension of Q an algebraic number field
(or number field). For a number ficld K, the degree [K : Q] is called the degree of K.

A number field of degree 2 (respecuvely, 3) is called a quadratic field (cf §5) (respec-
tively, cubic field). A number field always has characteristic 0.

The elements of a number field K which are integral over Z are called the infegers
of K. They form a subring A of K (§ 1, Corollary 2 of Proposition 1). This ring A is a

Jfree Z-module of rank [K : Q] (§ 7, corollary of Theorem 1). The discriminants of the
bases of the Z-module A differ by a unit in Z (§ 7, Definition 2), a unit which is even a

square in Z (§ 7, Proposition 1). This can only be 41, i.e. the discriminant of the
L
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Z-module A 1s a well-defined element of Z. It 1s called the absolute discriniinant or the
discriminant of K.

We frequently, by abuse of language, attribute to K notions which are defined
relative to A. Thus when we speak of ideals (or units) of K, we mean ideals (or
units) of A.

2.9. Cyclotomic fields

We call any number field generated over Q by roots of unity a cyclotomic field.
Given a pnme number p, we write z for a primitive pth root of unity (in C for example).
\We are going to study the cyclotomic field Q [z]. The number z is a root of the poly-
nomial X? —w 1. Since z # 1, it is also a root of the polynomial (X? — )}(X - 1) =
X1 4 X223 ..o 4+ X 4 1, which is called a cyclotomic polynomial. It is not ob-
vious that this polynomial is irreducible over Q (i.e. that the field Q [z] is of degree
£ — 1). In order to prove that this is indeed the case we need:

Eisenstein’s frreducibility critenion. Let A be a principal 1deal ring, p a prime element of A, and
F(X) = X* 4+ a,, X"+ -+ )X + g, € A[X]

such that p divides a,(0 < ¢ < n — 1) and p? does not divide ag. Then F(X) is irreducible over

the field of fractions of A.

Proof. Suppose that F = G H with G and H € K[X], both G and H monic polyno-
mials. The roots of F are integral over A. Any root of G or H is a root of F, therefore
also integral over A. The coefficients of G (resp. H) are sums of products of roots of G
(resp. H); they are therefore also integral over A (§ 1, Corollary | of Proposition 1).

Since A is principal, it is integrally closed (§ 2, Example 2). Therefore G € A[X] and
He A[X].

Now let F, G, and H be the images of F, G, and H in (AjJAp)[X],s0 F = G.H.
According to the hypothesis on the 4s we have F = X" Since AfAp is an integral
domain, the factorization X* = G-H 1s necessarily of the form X" = X9.X"-4 (since

G and H are monic), thus G = X%and H = X*-9 If G and H are both non-constant,
then p divides the constant terms of both G and H. Therefore p? divides the constant
term a, of F, and this contradicts the hypothesis. Thus, either G or H is constant, and
F is irreducible. Q.E.D.

Example. The polynomial X° — 2X + 6 is irreducible over Q (take p = 2, A = Z).

Theorem 1. For any prime number p the cyclotomic polynomial XP-' 4 X?-2 4 ... 4 X 4+ |
ts trreducible in Q [X].

Proof. Put X =Y + 1. Then

XP—1 (Y+1D)Pr-1

X—-1" Y

Y-l 3 (‘j.)Yf'l = Fy(Y).

Xt Xe-24 ... 4uX 41 =
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If F,(Y) is irreducible, then so 1s the cyclotomic polynomial Observing that p divide:

each of the binomial coefficients (ﬁ) and that p? does not divide the constant termr

(f) = p, we conclude that F((Y) is irreduciblc (Eisenstein’s criterion). Q.E.D.
Theorem 1 mmplies that Q[z] is of degree p — 1. Therefore (1,z. .. ,2°"2) isa

base for Q [z] over Q. We are going to study the ring of integers of Q [2] and show thar
itis Z[z].

For this purpose we need to calculate some traces and norms (we write I'r(a’
and N(x) in place of Trg.)q(x) and Ng(,)q(x)). Let us note that the conjugates of z over
Qarethez’s (=1, ..., p — 1) (Theorem 1).

The irreducibility of the cyclotomic polynomial implies immediately

() Tr(z) = =1 and Tr{l) =p - L.
Therefore, Tr(z’) = —1forj=1,. .,p — 1, and thus
(2) Tr(l — 2) =Tr(l — 2% = ... =Tr(l - z¢~1) = p.

On the other hand, the calculation done in Theorem 1 shows thatN(z — [) = (= [)?~1p.

from which it follows that N(I — z) = p. As the norm of (I — :) is the product of the
conjugates of | — z, we have

(3) p=(l— 21— 2. (-2,

Let us write A for the ring of integers in Q [z]. Evidently 2 contains = and its powers
We are going to show that

(4) A(l-2)NnZ=pZ

We know that peA.(l — z), (formula (3)). Thus, A (I — z)NZ > p-Z Since
£-Z is a maximal ideal of Z, the relation A-(1 — z) NZ # p-Z implies A (1 — z)
NZ=212Z,ie that | — zis a unit in A. But in this case the conjugates (1 — z/) of
I — z must also be units; p must be a unit in A N Z by (3); and thus p~ ! must belong
to Z, which is absurd (§ 2, Example 2).

Let us show that, for any y € A,

(5) Tr(y(l — z))ep-Z.
Each conjugate y,(1 — z’) of y(1 — 2) is a multiple (in A) of | — 2, which is itself a
multiple of 1 — z,since 1 — 2/ = (1 — 2)(1 + z + --. + 2/~ ). Since the trace is

the sum of the conjugates, we have Tr(y(l — z))e A- (1 — z). (53) now follows im-
mediately from (4), for the trace of an integer belongs to Z (§ 6, corollary of Proposi-
tion 2).

Now we are ready to determine the ring of integers of Q[z].
Theorem 2. Let p be a prime number and z a primitive pth root of unity in G. Then the rtng A
of iniegers of the cyclotomic field Q [z} is Z[z),and (1, z, .. ., z°~3) 15 a base of the Z-module A.
Proof. Letx = aq + a;z +-- -+ 8,-22°"2 (g, € Q) be an element of A Then

1= 2) = 6l = 2)  arfz = 29) -+ o272 = 27Y)
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Taking traces and making use of (1) and (2), we obtain Tr(x(1 — z)) = a,Tr{l — z) =
agp By (5) pagepZ, s0 age Z Since 27! = 2P~ z~' e A, thercfore,

(x—a)z '=a,+ ayz+ +a, 52" %A

By the same argument as before. a; € Z. Applying the same argument successively, we
conclude that each g, e Z Q ED.

Remark. The results of this section casily extend to the case of cyclotomic fields Q [¢],
where ¢ is a primitive p’th root of unity (¢ prime). Such a field is of degree p'~1(p — 1),
and its ring of integers is Z[¢]. The minimal polynomial of ¢ over Q is

X — 1

PP-Up 1) r-ltp-2 . -l = - —-
X + X + -+ X + 1 TFT T

APPENDIX
The field C of complex numbers is algebraically closed

Let K be a field and consider the following statements:

fa) Any polynomial of posiuve degree over K is a product of polynomials of degree one
(linear polynornials)

1b) Any polynomial of positive degree has a root in K

Clearly (a) implies (b) Conversely, if (b) is true. if P(X) is a polynomial of degree
d = | over K. and if a € K is a root of P(X), then P(X) is a multiple of X — 4, and in-
duction on the degree d of P(X) shows that (a) is true. A field K which satisfies the
cquivalent conditions (a; and (b) is called algebraically closed.

We are going 1o show, by a niethod essenually duc to Lagrange, that C(=R[{],

12 = —1) is algebraically closed. We shall make use of only the following facts:

l. Any polynomial of odd degree over R has a root in R ; this is a special case of Weier-
strass’s theorem on intermediate values.

2 Any quadratic polvnomial over € has its roots in €. The elementary ‘“formula”
for a root of aX? + X + ¢ = 0 reduces the question to that of showing that any
:=a+ the C(abeR)has asquare root in C. But (x + )2 =a + b (x,yeR)

is equivalent 10 X2 — y® = a and 2xy = b- it follows that a® + 6% = (x* + y%)2 and
x2 + y? = Va? + b Clearly, one may find x* and 42, hence x and y, satisfying
these equations.

1 Given a non-constant polynomial P(X) € K[X], there exists an extension K’ of K
such that P(X) factors into a product of linear polynomials in K'[X]. Therc was an
easy proof of this fact in Proposition 3 of § 3 (a proof almost independent of other
results in this chapter; it suffices 10 know that, if F(X) is irreducible, K{X}/(F(X))
is a field. Then, use an induction).

+. The relations between coefficients and roots of a polynomial.,

). The fact that a symmetric polynomial G(X,, ., X,)eK([Xq, ..., X,]isa poly-

nomial in the clementary symmetric functions 5 X,;, 2 X,X,, ..., X; ... X, of
the X,’s.
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Theorem. The field C of complex numbers s algebraically closed.

Proof We shall prove property (b), that any non-constant polynomial has a root in C.

Observing that F(X) = P(X)P(X) (P the polynomial whose cocflicients are the com-
plex conjugates of the cocfficients of P) has roots in G if and only if P docs, we sce that
we need consider only polynomials with real coefficients

Now we write the degree of F(X) (e R[X1) in the form d = 2"¢ where g isodd e
argue by induction on the exponent n of 2 Forrn = 0, 4 is add and F(X) has a root in
R (cf (1)). Suppose n 2> | By (3) there exusts an extension K’ of Cand x;, .x,eK

such that I\(¥X) = H (X — x,) (assuming, without loss of generality, that F(X) is
monic).

Let ¢ be an arbitrary element of R and consider the clements y; = x, + x; + ¢x.x,
of K'(i =) The cardinality of (y,),] <i<j=<d, is 3d(d+ 1) = 2" ¢q(d + 1).

where ¢(d + 1) is odd The polynomial G(X) = ‘I:I, (X - y,,) has as cocfhicients sym-

netric polynomuals in the x’s with real coeifictents. By (5) the coefficients are poly-
nomials in the elementary sy mmetric funcuons of the x,'s; these polynomials themselves
have real coefficients Theiefore, the coefficients of G(X) are real (by (4)) As its degree
is of the form 27~ 'x (x odd), the inducuon hypothesis imnplies that it has a root z € G
One of the 3 s, say ¥y ooy = Xuer F Yyoo F XoFp. IS therefore equal to z.

Now, since R is infinite and since the set of pairs (1,7) (1 < ) is finite, there exist two
distinct :eal numbers ¢ and ¢’ such that i{¢) = i(¢’) and j(¢) = j{¢) Denote these
indices by r and 5. respectively Then x. + x, + ¢xx, = 2, e Gand x. + x, + ¢'xx, =
z, € € Taking lincar combinations. we may conclude that x, + x, € C and x.x; € G
Therefore, by (4), x. and x, are roots of a quadrauc equation with coeflicients in C

We may conclude that x, x, € G (by (2)) Tlus F(X) hasa oot in Cand the thecarem 1s
proved



Chapter tn

Noetherian rings and Dedekind rings

We refer the reader who wonders why we discuss Dedekind rings to § 4, the example and
the discussion following Theorem 1. Noetherian rings are more general than Dedekind
rings. We define Noetherian rings and develop a few of their properties in order to place
these properties in therr natural context, as well as because Noetherian rings are of
fundamental importance 1n other areas of algebra and in algebraic geometry. Finally,
the generalization of certain results regarding Noetherian rings to the case of Noetherian

modules is another example of “linearization”, a technique whose power the reader
has already observed.

3.1. Noetherian rings and modules

In Chapter I, § 4, we proved the following:
Theorem 1. Let A be a ring and M an A-module. The following statemenis are equivalent.

(a) Every non-empty collection of submodules of M contains a maximal element.
(b) Every increasing sequence of submodules of M s stationary.
(c) Every submodule of M is of finite type.

Definition 1. An A-module M (s called Noetherian if it satisfies the equivalent conditions of
Theorem 1. A ring A is called Noetherian if, considered as an A-module, it is a Noetherian
module.

We have seen (Chapter I, § 4, corollary of Theorem 1) that a principal ideal ring
is Noetherian.

Proposition 1. Let A be a ring, E an A-module, and E' a submodule of E. In order that E be
Noctherian it is necessary and sufficient that E' and E[E’ be Noetherian.

Proof. TFirst, we prove necessity, Suppose E is Noetherian. The lattice of submodules
of E’ (respectively, EfE’) is isomorphic to the lattice of submodules of E contained in
E’ (respectively, containing E'). Thus E’ and EfE’ are Noetherian by (a) or (b).
Conversely, suppose E’ and E[E’ are Noetherian. Let (F,),., be an increasing
sequence of submodules of E. As E’ is Noetherian, there is an integer n, such that F, N
E' =F,.1E foralln 2 n, As E[E’ is Noetherian, there is an integer n, such that
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(Fo + EY)E' = (Fpy1 + E)E for all n = n;. Therefore, F, + E' = F,,; + E’ for
n > n,. Take n = sup(ny, n;). We shall show that F, = F,.,. It suffices to show that
F,.i<F, Toseethistake xeF, ,;. Since F,,; + E' =F, + E', therc exists y e I,
and z', z"€eE'suchthat x + z2' =y 4+ z". Thus,x —y = z" — 2’ e F,,; " E". Note
that F,,; "E’ = F, N E’. Thus, since x — y and y belong to F,, xe F, too. Ve con-
clude that F,,,, = F, for all n > sup(ng, n,), thus E is Noetherian by (b). Q.E.D.

Corollary I. Let A be a ring and let E., .. , E, be Noetherian A-modules Then the A-module
product | 1 E, is Noetherian.

Proof. For n = 2 E; may be identified with the submodule E, x (0) of E; x E,.
and the corresponding quotient module is isomorphic to E,. Our assertion follows from
Proposition 1. The general case is proved by induction on n.

Corollary 2. Let A be a Noetherian ring and let E be an A-module of fimte type Then E 15 a
Noetherian module (and, therefore, all its submodules are of finite type).

Proof. By Chapter 1, § 4, E is 1somorphic to a quotient module A"fR (n being the car-
dinality of a finite set of generators of E). Corollary 1 implies that A" 1s Noetherian and
this fact, combined with Proposition 1, implies that A*/R is Noetherian too.

3.2. An application concerning integral elements

Proposition 1. Let A be a Noetherian integrally closed ring. Let K be tis field of fractions, L a
fintte extension of K, and A’ the integral closure of A in L. Suppose that K is of characteristic 0.
Then A’ is an A-module of finite type and a Noetherian ring.

Proof. We know that A’ is a submodule of a free A-module of rank n (Chapter 11, § 7,
Theorem 1). Thus A’ is an A-module of finite type (§ 1, Corollary 2 of Proposition 1),
and, therefore, a Noetherian module (ibid.). On the other hand, the ideals of A’ are
special cases of A-submodules of A’. They satisfy the maximal condition (§ 1, Theorem
1, (a)), so A’ is a Noetherian ring.

Example. The ring of integers of a number field is Noetherian (take A = Z, K = Q).

3.3. Some preliminaries concerning ideals

An ideal p of a ring A is called prime if the quotient ring Afp is an integral domain
Equivalently, the relationsx € A — p,y€ A — pentailsye A — p,i.e. A — pisstable
under multiplication.

In order that an ideal m of A be maximal (i.e. maximal among thc ideals of A distinct
from A), it is necessary and sufficient that A{m contain no ideals besides itself and (0),
i.e. that A/m be a field. Thus, every maximal ideal is prime. The converse is false, as the ideal
(0) of Z is prime but not maximal.

Lemma I. Let A be a ring, p a prime ideal of A, and let A’ be a subring of A. Then p N A’ Is
a prime ideal of A’.
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Proof. p ™ A’ is the kernel of the composition of the homomorphisms A'— A — Afp,
so there is an injective homomorphism A'fp N A’ — Afp. Clearly, a subring of an
integral domain is an integral domain. Q.E.D.

Given two ideals aand b of a ring A, we define the product of a and b not as the set

of products ab where a € a and & € b, but as the set of all finite sums 2, a,b, of such products.
One sees immed:ately that ab is an idcal of A. We have:

(1) ab< an b

The two expressions are not always equal. In a principal ideal ring the left-hand side
corresponds to the product of ideal generators and the right-hand side to the least com-
mon multiple of generators.

Ideal multiplication is associative and commutative. A acts as an identity element
in the monoid.

Given an A-module E, a submodule F, and an ideal a of A, we define in the same
way the product aF. It is a submodule of E.

Lemma 2. If a prime 1deel p of a ring A contains a product oy ag ... a, of ideals, then p con-
tains at least one of the ideals a,.

Proof. If a; & p for any i, then there exists a, € a;, — p for all i, Therefore, a, ... a, ¢ p,
since pis prime. Buta, .. a,€4q, . a, which contradicts the hypothesis of the lemma.

Q.ED.

Lemma 3. In a Noetherian ring every ideal contains a product of prime ideals. In a Noetherian
integral domain A, every non-zero deal contains a product of non-zero prime ideals.

Progf. We are going to make use of a type of argument which occurs rather frequently
in the theory of Noetherian rings. Let us prove the second assertion (the proof of the
first 1s analogous; it suffices to delete the word “non-zero” three times). We look for
a contradiction, Assume that the collection ¢ of non-zero ideals of A which contain no
product of non-zero prime ideals is not empty. Since A is Noetherian, @ contains a
maximal element b (§ 1, Theorem 1, (a)). The ideal b cannot be prime; otherwise
b would not belong to ®. Thus, there exist x, y € A — b such that xy € b. The ideals
b 4 Ax and b + Ay contain b as a proper subset. Therefore, since b is maximal, they
do not belong to @. It follows that they both contain products of non-zero prime ideals:

b+Ax>p...p, and b4+ Ay> q, ... q,
Since xy € b,

(b + Ax)(b + Ay) < b,

whence p, ... ppq; ... ¢, < b. Q.E.D.

Now let A be an integral domain and let K be its field of fractions. We call any A-
submodule I of K for which there exists e A — (0) such that d-1 = A a fractional
ideal of A (or of K with respect to A). This means that the elements of I have a “common
denominator” d € A, The ordinary ideals of A are fractional ideals (with d = 1). We
sometimes call them integral ideals to distinguish them from fractional ideals. Any A-
submodule 1 of finite type contained in K is a fractional ideal, This follows from the
fact that, if (x,, ..., x,) is a finite set of generators for I, the x’s have a common
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denominator d (e.g. the product of the denominators d,, where x, = ad”!. with
a,, d; € A), and d is a common denominator for 1. Conversely, if A is Noetherian. every
fractional ideal I is an A-module of finite type, i.e 1 © d~'A and d~'A. being an
A-module isomorphic to A, is a Noetherian module

We define the product I11' of two fractional ideals I and I' as the set of finite sums
2 xy where el and y,el’. If I and I' are fractional ideals, with common denon-
inators 4 and ¢’, then the sets IN I’, I 4+ I, and II’ are all fractional ideals They aie
clearly A-submodules of K and they have as common denomnators d (or d°), dd’,
and dd’', respectively. The non-zero fractional ideals of A constitute a cornmutative
monoid under multiplication.

3.4. Dedekind rings

Definition I. An integral domain A is called a Dedekind ring if it 1s Noetherian and integrally
closed, and if every non-zero prime ideal of A is maximal.

The ring Z, and more generally any principal ideal ring. is a Dedckind ring The
following theorem implies that the ring of integers in a number field is a Dedekind ring

Theorem I. Let A be a Dedekind ring, K its field of fractions, L an extension of finite degree of K,
and A’ the integral closure of A in L. Assume K is of characteristic 0. Then A’ is a Dedekind ring
and an A-module of finite type.

Proof. Thering A’ is integrally closed by construction. Itis Noetherian and an A-modulc
of finite type by the proposition of § 2. It remains to show that every prime ideal p” # (0)
of A’ is maximal. For this purpose choose an element x € p’ — (0) and consid¢r an
equation of integral dependence of x over A, the degree of which is a minimum.

(1) M a, X"k agx 4+ a, =0 (g, €A).

Then a, # 0, since otherwise one could factor out an x and obtain an equation of lower
degree. By (1), we have g, e A'x N A < p' N A. Therefore, p' N A # (0). Since
P’ M A s a prime ideal of A (§ 3, Lemma 1), we see that p’ N A is a maximal ideal of
A and Ajp’ N A is a field. But Afp’ N A may be identified with a subring of A'fp’,
and A’fp’ is integral over Afp’ N A (since A’ is integral over A). Thus A’{p’ is a ficld
(Chapter II, § 1, Proposition 3), so p’ is maximal. Q.E.D.

Interest in Dedekind rings arises from the fact that the ring of integers in a number
field is a Dedekind ring, but not always a principal ideal ring.

Example. Consider the ring of integers A = Z[v ~5] in Q[V —5] (Chapter II,
§ 5, Theorem 1). Observe that

(2) (1 + V=5)(1 — vV =3) =23,

The norms of the four factors are, respectively, 6, 6, 4, and 9. Note that 1 + v
can have no non-trivial divisor in A, since the norm of such a divisor would have to
be a non-trivial divisor of 6. This is impossible, because rhe equations a? + 56% = 2
and a® + 562 = 3 have no solutions in Z. If A were principal, the prime clemenr
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1 + v/ =5, which divides the product 2-3 by (2), would have to divide either 2 or 3.
But then, taking norms, we see thar 6 would divide 4 or 9, which is not the case.

Historically, the arithmetictan Kummer (1810-1893) observed that the rings of
integers in certain number fields were not principal ideal rings {in fact, certain cyclo-
tomic fields; Kummer observed this in connection with his work on Fermat’s equation,
cf. I, § 2). In order, at least in part, to get around this inconvenience, he and Dedekind
(1831-1516) introduced the notion of ideal. Dedekind then studied the rings which now
carry his name. The most important property of principal ideal rings is unique fac-
torization into products of primes. There is an elegant generalization of this property
to the case of Dedekind rings. In a Dedekind ring ideals factor uniquely into products of
prime ideals. There are many interesting consequences of this unique factorization,
which we intend now to describe precisely and prove.

Theorem 2. Let A be a Dedekind ring which 15 not a field. Every maximal ideal of A is invertible
in the monoid of fractional ideals of A.

Proof. Let m be a maximal ideal of A. Then m # (0), since A is not a field. Put
(3) m ={xeK]xmc A},

Clearly, m’ is an A-submodule of K; any nonwero element of m serves as a common
denominator for the elements of m’. Thus m' is a fractional ideal of A. It suffices to show
that mm' = A, We see that (3) implies that mm’ < A; on the other hand, A € m’
(since mis an ideal), som = Am < m'm. As m is maximal and m € m'm < A either
m'm = A or m'm = m. It remains to show that m'm = m is impossible.

Now, if mMm=mand if xem', then xm< m, ¥*Xm<c xm< m, and x*m< m
for any n € N by induction. Thus any non-zero element d € m is a common denominator
for all the powers x® of x, n € N. It follows that A[x] is a fractional i1deal of A. Since A
is Noetherian, Alx] is an A-module of finite type (§ 3, near the end), so x is integral
over A (Chapter 1I, §1, Theorem 1). But A is integrally closed; therefore, x & A;
and consequently m'm = m implies m’ = A. It remains to show that m" = A is im-
possible.

For this purpose take a non-zero element g € m. The ideal Ag contains a product
PPz . .- Py of non-zero prime ideals (§ 3, Lemuna 3). We may take n as small as pos-
sible, We have m > Ag > p; ... p,, which means that m = p, for somer (§ 3, Lemma
2), say 1 = 1. As p, is maximal by hypothesis, m = p,. Put b = p, ... p,. Then
Ag > mband Ag P b, since n was as small as possible. There thus exists 4 & b such that
b¢ Aa. Since mb < Ag, mb < Ag, whence mba~! A, According to the definition (3)
of m’, this means that ba~! & m’. But, since b ¢ Ag, ba=* ¢ A. Thus m’ # A. Q.E.D.

Theorem 3. Let A be a Dedekind ring and let P be the set of non-zero prime ideals of A. Then
(a) Every non-zero fractional ideal b of A may be uniquely expressed in the form

(4) b = PI:{, P,
where, for any p € P, n, (b) € Z and, for almost all p € P, n,(b) = 0.
(b) The monoid of non-zero fractional ideals of A is a group.
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Proof. First we prove the existence of (a), i.e. that any fractional ideal b is a product
of powers (= 0 or < 0) of prime ideals. There exists d€ A — (0) such that db < A,
i.e. such that db is an integral ideal of A, b = (db) (Ad)~!. We may, without loss of
generality, prove (a) for integral ideals. Proceeding as in Lemma 3 of § 3, we consider
the collection @ of non-zero ideals in A which are not products of prime ideals. Suppose
that @ is not empty. Let a be a maximal element of @ (A is Noetherian). Then a # A,
since A is the product of the empty collection of prime ideals. So a is contained in a
maximal ideal p, which is thus a maximal element in the collecuon of non-trivial ideals
of A which contain a. Let p’ be the inverse fractional ideal of p. Since a € p, ap’ < pp’
= A.Asp’' D A,ap’ O ajinfactap’ £ a (ifap’ = aand ifxe p’, thenxa < a,x"a < a
for all n, x integral over A, and x € A (as in Theorem 2). But this is impossible, since
P’ # A (otherwise p’ = A and pp’ = p).). According to the maximality of a in ®,
we have ap’ ¢ @, so ap’ = p; ... p,, a product of prime ideals, Multiplying by »p,
we see that a = pp, ... p,. Thus every integral ideal of A is a product of prime
ideals.
Let us consider next the uniqueness of (a). Suppose that

ITpw = I]pmw e T prtw-mm = 4,

peP peP pPEP
If n(p) — m(p) # O for some prime ideals p € P, we may separate the positive and nega-
tive exponents and write:
(5) Pit ... P = aft ... Ay,

where p;, ,€P, o; > 0, B, > 0, p; # ¢, for all i and j. Thus p, contains ¢f: . . ¢
py = g, forsomej (§ 3, Lemma 2), say p; = q,. But p, and q; arc both maximal, which
implies p; = q;, which is a contradiction,

Finally (4) implies that }1 p~™® is the inverse of b and this proves (b). Q.E.D.

Remark. We have just seen that the monoid I(A) of non-zero fractional ideals of a
Dedekind ring is a group. The principal fractional ideals (i.e. those of the form Ax,
x € K*) form a subgroup F(A) of I{A) (since (Ax)(Ay)~* = Axy~*). The quoucnt
group C(A) =1 (A) {F(A) is called the ideal class group of A. In order that A be a prin-
cipal ideal ring, it is necessary and sufficient that C(A) consist of a single element.
Let us complete this section with some formulas, in which n,(b) denotes the exponent
of p in the factorization of b into a product of prime ideals (cf. (4)).

(6) n,(ab) = n,(a) + n,(b) (proofobvious).
(7 b Aeny(b) 20 forallpeP.
(= seen in the course of the proof of Theorem 3; <« obvious).
(8) a< b<wna) > n(b) forall peP.

(a © b means the same as ab~! < A, Now apply (6) and (7)).
©) m(a + 8) = inf(n,(a), n,(b))
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(a 4+ b is the least upper bound of a and b for ideal inclusion; to complete the proof

use (8)).
(10) m(a N b) = sup(n,(a), ny(b))

(analogous argument involving greatest lower bounds; again use (8)).

3.5 The norm of an ideal

In this section, K denotes a number field, n its degree, and A the ring of integers of K. We write
N(x) in place of Ny q(x).

Proposition 1. If x is a non-zero element of A, then |N(x) | = card(AfAx).

Note that, since x€ A, we have N(x) € Z (Chapter 11, §6, corollary of Proposition 2),
so the preceding formula makes sense.

Proof. We know that A is a free Z-module of rank n (Chapter II, § 8), and Ax is a Z-
submodule of A. It is also of rank n, since multiplication by x maps A to Ax isomor-
phically. According to Chapter 1. § 5, Theorem 1, therc exists a base (¢, ..., ¢,) of
the Z-module A together with elements ¢, of N such that (c;¢y, . .., ca¢,) is 2 base of Ax.

Furthermore, the abelian group AfAx is isomorphic to the finite abelian group '_1—[1 ZicZ,

whose order 1s ¢;¢; ... ¢,. Write u for the Z-linear mapping of A on Ax defined by
ule,) = ¢efor1 =1, .., n We have det{u) = ¢, ... ¢,. On the other hand (x¢, ...,
xe.) is also a base for Ax. There is thus an automorphism v of the Z-module Ax such that
v(ce,) = a¢, Then det(v) is inveruble in Z, so det(v) = + 1. But v-u is multiplication
by x, and its determinant is, by definition, N{x) {Chapter 11, § 6, Definition 1). Since

det(v-u) = det(v)-det(u), we may conclude that N(x) = +¢; ... ¢, = +card(AfAx).
Q.E.D.

Definition 1. Given a non-zero integral ideal a of A, we call the number card(Afa) the norm of a
and denote it by N{a).

Let us observe that N(a) is finite. In fact, if a is a non-zero element of q, then Ag < a,
and Afa may be identified with a quotient of A{Aa. Thuscard(Afa) < card(AfAa), which

is finite by Proposition 1. On the other hand we saw that, for a principal ideal A,
N(AB) = |N(¥)|.

Proposition 2. If a and b are both non-zero integral ideals of A, then N{ab) = N{a)N(b).

Proof. The ideal b factors into a product of maximal ideals (§ 4, Theorem 3), and it
suffices to show that N{am) = N{(a)N(m) for m maximal. Since am < a, we have
card(Afam) = card(Afa) card(afam). It thus suffices to show that card(afam) =
card(Afm). Now afam is an A-module annihilated by m, which means it may be con-
sidered as a vector space over Afm. Its subspaces are its A-submodules; and they are of
the form qfam, where ¢ is an ideal such that am < q © a. But formula (8) of § 4
implies that there are no ideals between am and a. Therefore, the vector space afam
is of dimension one over Afm. This means that card{afam) = card(A/m). Q.E.D.
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Ideal classes and the unit theorem

The present chapter is devoted to two important finiteness theorems For the proofs

of these theorems we shall need some analysis. We procced to develop this matetial
first.

4.1. Preliminaries concerning discrete subgroups of R*

A subgroup H of R" is discrete if and only if, for any compact subset K of R,
the intersection H n K is finite. A typical example of a discrete subgroup of R is Z~
We are going to show that it is almost the only one

Theorem 1. Let H be a discrete subgroup of R Then H is generated (as a Z-module) by r
vectors which are linearly independent over R (so r < n).

Proof. Let (e, - .., ¢,) be aset of elements of H which are linearly independent over R,
where 7 is as large as possible (again, r < n). Let

(1) P= {xER"

r
x= 2 o, 0<a< ]},
fm]l

the parallelotope constructed on these vectors. Clearly, P is compact, so PN H is

finite. Take x € H. From the maximality of the set (ey, . . ., 2,) it follows that x = 3 A,
MeR. ForjeZset t=1

(@) % =~ 3 [N

(where [p] denotes the largest integer less than or equal to x € R). Thus,

%= 3 O~ [N
from which it follows that x,e P and, by (2), x, € P n H. If one notices that x = x; +
21 [Ade,, one sees that the Z-module H is generated by P " H and is thus of finite
type.
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On the other hand, since P N H is finite and Z is infinite, there exist distinct in-
tegers J and k such that x, = x,. It follows from (2) that (j — k)A, = [JA] — [£A],
which implies that the A’s are rational. Thus the Z-module H is generated by a finite
number of elements which are linear combinations with rational coefficients of the
¢)s. Let 4 be a common denominator (d€Z — (0)) of these coefficients. Clearly,

dH < i Ze,. Thus there exists a base (f}) of the Z-module > Ze¢ and integers ¢,

=1 1=l

such that (¢, f3, - - ., o f7) generates dH (Chapter I, § 5, Theorem 1). Since the Z-module
dH has the same rank as H and since H > 3 Ze,, the rank of dH is > r. Therefore, the
Jm [

rank of 4H equals r and the «s are non-zero. We may conclude that the f/’s are, like
the ¢/s, linearly independent over R The module dH, and consequently H itself, is
generated (over Z) by r vectors linearly independent over R.

An application of the preceding. Let t = (8, ..., 8,) € R* such that at least one of the
8/'s is trrational Write (¢, . , ¢,) for the canonical base of R"* and let H denote the
subgroup of R™ generated by (e,, . . ., ¢,, #). The group H is not discrete; otherwise the
methods employed in the proof of Theorem | would provide us with an expression for
¢ as a rational linear combination of the ¢s, an absurdity. Therefore, for any ¢ > 0
there exists a non-zero element of H whose distance from 0 is smaller than e. Therefore,
there exist integers p, € Z, g € N, ¢ # 0 such that |¢g8, — p| < ¢, which means that

oy M

‘ .—ﬂ‘sf foralli =1, ..
g|~7q

Let us remark that, simply by picking the multiple n/q of 1/g nearest 8,, we would
obtain the cruder approximation

g, — 1
I‘ g

1
< Tq(n,eZ), forany ¢ > 0.

The result proved in the last paragraph is a basic theorem in the very rich theory of
approximation of irrational numbers by rationals. The reader interested in learning
more about this subject should consult Koksma, ‘“Diophantische Approximation”,
Berlin (Springer), 1936.

Definition 1. A discrete subgroup of rank n of R™ is called a lattice in R,

By Theorem 1 a lattice is generated over Z by a base of R*, which is then a Z-base
for the given lattice. For each Z-base ¢ = (¢, ..., ¢,) of a lattice H we shall write P,
for the half open parallelotope

P, = {xER"

x = Zla‘e,, with0 < ¢ < l}.
iwm

Thus every point of R* is congruent modulo H to one and only one point of P, for any
fixed ¢ (we say, in this case, that P, is a_fundamental domain for H). We shall write p to
denote the Lebesgue measure in R™, i.e. if S is a measurable subset of R*, u(S) will stand
for its measure (which we will also call its volume).
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Lemma I. The volume u(P,) is independent of the base ¢ chosen for H.
Proof. Let f = (f}, ..., fa) be another base of H. Then

Si = ,.:zl @, with e, eZ.
By calculus we know that p(P,) = |det(e,,)| u(P,). The matrix (e«;,), being associated
with a change of base, is invertible with an integer inverse matrix, so det{e,) = + 1.
Thus, u(P;) = u(P.). QED.
The volume of the parallelotope P, associated with any base ¢ of H is called the
volume of the lattice H and is denoted v(H) (the word *“volume” is here an abusc of lan-

guage since p(H) = 0, would it perhaps be better to speak of the ‘““mesh” of the lattice
H?).

Theorem 2 (Minkowski). Let H be a lattice in R™ and let S be a measurable subset of R™
such that u(S) > v(H) Then there exist two distingt points x, y € S such that x — y e H.

Proof. Lete = (e,, ..., ¢,) be a Z-base of H and let P, be the parallelotope associated
with ¢ Since P, is a fundamental domain for H, S is the disjoint union of subsets of the
form S n (& 4+ P,), h e H. It follows that

(3) w(S) = 2 n(Sn(h+Pp)).
he
Since p is translation invariant,
k(S O (h + P)) = u((—k + 8) A P,).

The sets (-4 + S) N P,(he H) cannot all be pairwise disjoint, otherwise p(P,) =
2 e ({(—h 4+ S)nP,), which contradicts (3) and the hypothesis u(P,) = »(H) <
heH

u(S). Consequently, there exist two distinct elements £ and 4 of H such that P, n
(=h 4+ S)n (=4 + 8) ##. Let x and y be elements of S such that —4& 4 x =
—#& 4+ y. Thenx —y =k ~ K eHand x # y,since & # &'. Q.E.D.

Corollary. Let H be a lattice in R and let S be a measurable subset of R™ which is symmetric
with respect to O and convex. Assume that S satisfies at least one of the following two conditions :

(a) w(S) > 2w(H)
or (b) u(S) = 2"0(H) and S is compact.

Then S (H — {0}) # 4.

Progf. In case (a) apply Theorem 4 to the set §' = 4S (u(S") = 2 "u(S) > v(H)).
Lety and z be distinct points of S’ such thaty — ze H. Theny — z also belongs to S,
because y — z = #(2y + (—2z)) and S is both:symmetric and convex. Therefore,
y—zeSn(H — {0}). To prove that case (b) also implies the conclusion of the
corollary apply case (a) to (1 + €)S for € > 0. Thus, (H — {0}) n (1 + €)S is a non-
empty compact set (it is even finite, since it is compact and discrete). Furthermore,

ﬂ (H — {0}) n (1 + €)S # ¢, since an intersection of non-empty, nested compact

€x>0
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scts is never void. This meang that there isa point of H — {0} whicli belongsto (1 + €)S
for all ¢ > 0, therefore, since S is compact, it belongs to S, too. Q.E.D.

The hypothesis of compactness is needed in (b) Consider, as a counter-example to
(b) with compactness omitted, the open parallelotope

{xE R

built on the base ¢ = (¢,, ..., ¢,), and the lattice having ¢ as a z-base.

x= 3 Ay, —~l <A< 1}
im1

4.2. The canonical imbedding of a number field

Let K be 2 number field and let n be tts degree We have seen (Chapter I1, § 4, Theorem
1) that there are n distinct isomorphisms o,: K — C. There are exactly n, because the
mirumal polynomial for a primitive element of K over Q (ibid., corollary of Theorem 1)
has only nrootsin G, Let « ; G — Cbecomplex conjugation, Then, foranyi = 1, ..., n
@20, =0,1 <j<nand o = o;if and only if /(K) = R. Write r; for the number
of indices such that o(K) = R. Then n — r, is an even number, so0 we may write

(l) rl + 2'2 = n.

Let us renumber the o/’s so that ¢,(K) < R for | < ¢ < r, and so that o,,,,(x) =

ox) for r; + | <5< r; + ry. Then the first r; + r; isomorphisms determine the
last r,. For xe K we define

(2) o{x) = (o1(x), ..., 0 4r,(x)) eR1 x Cna,

We call o the canonical imbedding of K in R"» x Crz2; it is an injective ring homomorphism.
We shall frequently identify R"1 x C's with R* (cf. (1)). The notations o, K, n, r,,
and r, will be in use for the rest of this chapter.

Proposition 1. If M is a free Z-submodule of K of rank n and if (x)1 <i<n 15 a Z-base of M,
then o(M) is a lattice in R", whose volume is

3) wo(M)) = 2775 | det (afx))|
Progf. For fixed : the coordinates of o(x;) with respect to the canonical base of R are

(4') al(xl)r <eny ar;(xl)! R(a,l_,,l(x‘)), I(ar;-i-l(xl))z Coey R(ar1+r3(xl))! I(‘-’r;+r:(-"r)),

where R and 1 denote, respectively, the real and imaginary parts. Let us calculate the
determinant D of the matrix whose ith column is given by (4). Making use of the for-
mulas R(z) = 4(z + £) and I(z) = (1/2i) (z — £) for z& C and of the linearity of
both R and I, we obtain D = (2i) ~"2 det(o,(,)). Since the x,’s form a base for K over Q,
det(o,(x;)) # O (Chapter 1I, § 7, Proposition 3) and therefore D % 0. Thus the vectors
o(x) are linearly independent in R", so that the Z-module which they generate (call it
o(M)) is a lattice in R*. The calculation of D given above shows that (3) does give its
volume. Q.E.D.
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Proposition 2. Let d be the absolute discriminant of K, let A be the ring of integers in K, and let a
be a non-zero integral ideal of A. Then o(A) and o(a) are lattices. Moreover,

(5) (a(A)) = 2772 [d|2 and v(o(a)) = 272 [d|**2 N(a).

Progf. We know that A and a are free Z-modules of rank 7, so we may apply Proposition
1. On the other hand, if (x,) is a Z-base for A, then d = det(o,(x,))? (Chapter II, § 7,
Proposition 3). This proves the first formula in (5). The second formula follows from the
first and the obscrvation that o(a) is a subgroup of ¢(A) of index N(a) (Chapter 111,
§ 5, Definition 1). A fundamental domain for ¢(a) may obviously be constructed as the
disjoint union of N(a) copies of a fundamental domain for ¢(A). Q E.D.

4.3. Finiteness of the ideal class group

Proposition 1. Let K be a number field, n its degree, v, and 1, the integers defined in the beginming

of § 2, d the absolute discriminant of K, and a a non-zero integral ideal of K Then a contains a
non-zero element x such that

4\"2 n!
(1) Nea() s (5)" 5 11 Nea).
Progf. Let o be the canonical imbedding of K into Rt x €2 (§2) Let ¢ be a positive
real number and let B, be the set of all elements (y,, ....¥,,, 2,, . Z.,)€R1 x G2
such that
r1 ]
(2) ..21 [y + 221 |z, < &

Then B, is a set which is compact and convex and symmetric relative to 0e R™ By a
calculation given in the appendix to this chapter

T i rz tn
®) uB) = 2(3)* %
Now choose ¢ such that u(B,) = 2"v(o(a)), i.e. such that

2'1("%),2 :;_’: — 2“-"2 Idlllz N(u) (§ 2, ProPositiOn 2)’
or such that {* = 2"~ "z -"apl. |d|12 N(a).

By the corollary to Theorem 2, § 1, there exists a non-zero element x € a such that
o(x) € B,. Its norm has absolute valuc

r1 T1+rg
IN@[ = Ljael, IT o
By the fact that the geometric mean never exceeds the arithmetic mean (cf. Hardy-
Littlewood-Polya, ‘“‘Inequalities”, Cambridge University Press) we have

Tl ry+ra n

Nl s (32 1@+ 5 S oWl < by @),

jer+
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Consequently,
NI < 35 207 = "an! ]2 N(a),

which, combined with the relation r; + 2ry = n, yields (1). Q.E.D.

Corollary 1. With the same notations, every ideal class of K (Chapter 111, § €) contains an integral
ideal b such that

4\l e
@ NG) < ()7 Bl
Progf. Let a’ be an ideal of the given class. By multiplying o’ by a principal ideal we may
suppose that a = a'~!isan integral ideal Take a non-zero element x € a for which (1)
holds. Then b = xa~!is an integral ideal in the same class as o', and N(b) satisfies (4)
by virtue of the multiplicativity of norms (Chapter III, § 5, Proposition 2). Q.E.D.

Corollary 2. Let K be a number field, lei n be its degree, and let d be ils absolute discriminant.

Then, for n > 2,
m (3m\""!
>3 (3)

and nf(log |d|) is majorized by a constant independent of K.

Since there is always a non-zero integral ideal b in K and N(b) > 1, we obtain, from
(4), [d|}? = (m[4)2 (n*[n!). From =4 < 1 and 2r, < n we conclude that |d| > a,,
wherc a, = (=/4)" [n*"[(n})?]. We observe that

2n
a2=%3 and an+1___"_"(1+%) =% (I + 2 4 positive terms)

(by use of the binomial formula), so a, ,fa, = 37{4. Hence, forn > 2,

m? (3m\n-2
|d|;»_T(-4-) ,

from which the inequality statement in the corollary is immediate. The uniform
majoration of n{(log [d[) follows by taking logarithms.

Theorem I (Hermite-Minkowski). For any number field K # Q , the absolute discriminant
dof Kis # 1.

Proof. Using Corollary 2 we see that [d| > (#/3)(3mf4)"~!. Since =3 > | and 3=f4
> I, wehave [d] > 1. Q.E.D.

Theorem 2 (Dirichlet), For any number field K the ideal class group is finite (Chapter II1, § 4).

Proof. By Corollary  of Proposition 1 it suffices to show that, for every positive integer
g, the set of all integral ideals b of K which have ¢ as their norms s a finite set. For such
an ideal b we have card(Afb) = g (Chapter I1I, § 5). It follows that g & b, since for any
group the order of an element divides the order of the group. Thus our ideals b are
among those which contain Ag, and there can be only finitely many such ideals (Chap-
ter 111, § 4, formula (8) ; or the finiteness of AfAg). Q.E.D,
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Theorem 3 (Hermite) In G there are only finitely many number fields with a given discnminant d

Progf. By Corollary 2 of Proposition 1 the degree of such a field is bounded e may
suppose n and the integers r; and r, are fixed. Let K be such a field
In R x C'2 consider the following set B:

(@) If r; > 0. B is the set of all elements (y;, ., ¥, 21, . ) €R x G2
such that
(5) | < 20 (g) 14|22
gyl < dfori=2,...,r; and [z < }forj =1, , Tg.
(b) If r; = 0, B is the set of all elements (z,, . ., z,.) € C'2 such that
l1=r .
6) |z21—g <20 (—;—r) ’ |d]}2, [z, + 2| <%, and |z < iforj=2. . ra

Clearly, B is a compact and convex set, which is symmetric about the origin in R* and
which has volume 27-7a |d[}/21 Writing % for the canonical imbedding of K (§ 2).
we obtain by means of Proposition 2 of § 2 and the corollary to Theorem 2 of § 1 an
integer x # 0 of K for which o(x) € B.

Let us show that x is a pnmitive element of K over Q. In case (a). (5) shows that

o) < 4 for i # 1. Since [N(x)] = LI [o(x) is a positive integer (Chapter 11,
§ 6, corollary of Proposition 2), we may conclude that [o,(x)| = 1,50 0,(x) # o,(x) for
all 7 # 1. However, if x were not primitive, o,(x) would coincide with o,(x) for some
t # I (Chapter II, § 6, Proposition 1). In case (b) we see similarly that [o,(x)| =
ler(%)| = 1,50 0)(x) # o,(x) when o, is not ¢, or o,. Now (6) implics tl-ﬂr_hc real
part R{e;(x)) < }. But this means that ¢,(x) cannot be real, 50 o,(x) # o;(x). As in
case (a) we conclude that x is primitive.

Formulas (5) and (6) imply that the conjugates o,(x) of x are bounded. Therefore
the elementary symmetric functions of the ¢,(x)’s are also bounded. In other words,
the coefficients, as well as the degree, of the minimal polynomial of x are bounded
Since x is an intcger, its minimal polynomial is a monic polynomial with coefficients in
Z (Chapter 11, § 6, the corollary of Proposition 2). The degrec and the coeflicients of
the minimal polynomial of x being bounded, there are only finitely many possibilities
for the minimal polynomial of x, consequently only finitely many possible values for
x € C. As x generates K, there are only finitely many possibilities for K. Q.E.D.

4.4. The unit theorem

Let K be a number field and let A be the ring of integers in K. By abuse of language we
use the expression “units of K” to refer to the units in the ring A. We remind the reader

1. One may calculate this volume by making use of the observation that B is a product of intervals,
of discs, and of a rectangle in case (b).
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that in any ring the units form a group under multiplication. We write A* for the group
of units in A.

The following result will be useful

Proposition 1. Let K be a number field and let x e K In order that x be a unit of K 1t is necessary
andgeufficient that x be an integer of K of norm + 1

Proof If x is a umtof K, then N(x) and N(x ') belong to Z. We have N(x) N(x*!) =

N(x x~1) = 1,50 N(x) = 2 [ Conversely. lct x be an integer of K with norm =+ [
Its characterisuc equation has the form

g, + - +ax + 1 =0 with g, € Z (Chapter 11, § 6).

Thus, +(x"~! + a,_x""2 +.

+ a,) = x~! and, since x~! is an integer of K, x is
aunit. Q E.D.

Theorem 1 (Dirichlet) Let K be a number field, n its degree, and let r, and ry be the integers
defined in §2. Set v = 1, + 1, — | The group A* of units of K is isomorphic to Z" x G.
where G is a finite cyclic group comprised of the roots of unity contained in K

Proof. First we shall show that A* is a conmmutative group of finite type. Then we shall
calculate its rank.

Consider the canomcal imbedding (§2) x> (o,(x), ., o0, 4+,(x)) of K into
R x €2 and the mapping

(1) x> L(x) = (log |e(x)], -, log |or, 4 (x)])

of K* to R1*"z (1) is a homomorphism (i e. L(xy) = L(x) + L(y)), called the loga-
rithmic imbedding of K* Let B be a compact subset of R"1*"2 Let us show that the set B’
of unuts x € A* such that L(x) e B is 2 finite set. Indeed, since B is bounded, there exists
a real number « > I such that, for all x&eB', ¢™! € |oy(x)| s« (=1, ..., n). It
follows that the elementary symmetric functions of the ¢,(x)’s are bounded in absolute
value Since they belong to Z (because x € A), the set of possible values for the symmetric
functions of the ¢(x)’s is a finite set. Therefore, there are only finitely many possible
characteristic polynomals for clements x € B’ and consequently only finitely many
possible values for x. Thus, B’ is a finite set.

The finiteness of B" implies, immediately, the following statements:

(a) The kernel G of the restriction of L to A* is a finite group. It consists, therefore,
of roots of unity and is eyclic (Chapter I, § 6, Theorem 1). Clearly, every root of unity
in K belongs to the kernel of L, for the roots of unity in K are integers and, if x is a root
of unity in K, |a(x)|? = |o,(x%)| = |1| = 1, s0 |oy(x)] = 1 for any i.

(b) Theimage L(A*) is a discrete subgroup of R"1*"a (§ 1). Consequently, L(A*) is
a free Z-module of rank s < r; + r5 (§ |, Theorem 1). Since L(A*) is free, A* is iso-
morphic to G X L(A®) = G x Z* It remains to show that the rank s of L(A*) equals
r +r1,— L

Theinequality s € r, + r, — 1 is easy. Indeed, for x € A*, the relation

n n P1+73

t1 =N = o) = [Tog IT o) 5 (Propositon 1)

Jmry+l
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implies that the vector L(x) = (¥, » Yry+r,) lies In the hyperplance W defined by
the equation

" rytry
(2) ? W+ 2 Z I = Y

Since L(A*) is a discrete subgroup of h’, s$<r +r;—1

Now we show that L(A*) contains r = 7, + r, — | linearly independenr veciors
This requires a more dclicate argument. We are going to show that for any linear forin
f # 0 on W, there exists a unit « such that f(L(x)) # 0 As the projection of W on R’
is an isomorphism (by (2)), we may wnte, foranyy = (y,, .. .4 .)€ WS R},

(3) fy) =y, +- -+ ¢y, withe eR,

Fix a real number « such that « > 2*(1{2#7)" |d|”2 Foranysetd = (4, .. ,A)of r
Ty 4rg

positive real numbers take A,., > 0 such that H A, 1 A =a In R x C the

Tyt l
set B of elements (y,, . ..y 2. .y Zp,) (B € R and z; g C) such that |y;| < A and

1 ratry

|zy] < A4, is compact, convex, symmetric about 0, and of volume 113 2\ , [T wA? =

S1l+-
2"n"a e 2 2777z |d|V2, 1t follows from Proposition 2 of § 2 and the corollary to Theo-
rem 2 of § | that there exusts an integer x, of K such that o(x,) e B This means that
lo(x\)| < Afori=1,.. ,n(putting &,,.. = A forj=r, + 1, , 1 + ry) Since
X, is an integer,

1 Ti4rg

b Ne)| = ey < LTa T1 2=

al tyat

On the other hand, for any :
lotan)] = NG| [T o)) =2 2 T a7 = ae

Now we have Aa™! < |g(xa)| € A for any ¢, so that

(4) 0 < log A — log [ai(x))| < loge.
Use of (3) entails
(3) | f(L(x)) - '2 (log A =< (2 ||} log .

Let 8 be a constant which is strictly larger than the right-hand side of (5) and, for
every positive integer /, select r positive real numbers A, (f = 1, ..., r) satsfying

'Zl alog Ay = 2Bh Put A(A) = (Ay s, ..., A x) and let x, be the corresponding
integer X uy. By (5) we have | f(L(x,)) — 2B4| < B, so
(6) 24 — 1)B < f(L(x)) < (24 + )R,

It follows from (6) that the numbers f(L(x,)) are all distinct. On the other hand, since
|N(x;)| < «, there are only finitely many distinct ideals of the form Ax, (cf. § 3, the
proof of Theorem 2). Therefore, there exist two distinet indices 4 and £ such that Ax,
= Ax, and, consequently, a unit u € A such that x, = ux,. We may conclude (since f
is linear) that f(L(«)) = f(L(x)) — f(L(x)) # 0. Q.ED.
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Remark. Theorem | (called the ‘“‘unit theorem”) implies that there exist r{ =7, 4 73 — 1)
units () of K such that any unit  of K may be uniquely expressed in the form

(N o= zujr ... upr
with n,€ Z and z a root of unity The set (4), 1t = 1, . ., r, is called a _fundamental
system of units of K.

Example : cyclotomic fields, Let p be an odd prime number, let z be a primitive complex
pth root of unity, and let K be the cyclotomic field Q [z] (cf. Chapter 11, § 9). We know
that [K: Q] = p — 1 (ibid., Theorem 1}. Since no conjugate of z in Cisreal, r, =0
and 2r, = p —- 1,507 = (p - 3)/2.

4.5. Units in imaginary quadratic fields

Let K be an imaginary quadratic field (Chapter II, §5). Then r, = 0, 2r, = 2,
rg = 1,and r, + r; — | = 0. Thus the only units in K are the roots of unity contained
in K (§ 4, Theorem 1), a finite cyclic group. With a little calculation we shall prove this
result directly and make it more precise.

Let K = Q [V —m], where m is a square-free positive integer. Recall that the units
of K are integers of norm +1 (§ 4, Proposition 1).

(1) If m = 1 or 2(mod 4), the ring of integers of K is Z + ZV —m (Chapter 11,
§5, Theorem 1). For x = a + 4V —m (a, b € Z} we have N(x}) = a® + mb? > 0. In
order that x be a unit we must have ¢ 4+ mb2 = 1. If m > 2, this implies that = 0
anda = t1,s0x = +], Ifm = |, besides the solution x = + 1, there are the solutions
a=0b=+l,ie.x= +i(withiZ= -1}

(2) Ifm = 3 (mod 4), the ring of integers of K isZ + Z [(1 + V —m){2] (Chapter
11, §5, Theorem 1). For x = a 4+ (6/2)(1 + vV —m)(a, beZ), we have N(x) =
(a + 6/2)% + mb%{4. In order that x be a unit we must have (2a + ) + mb? =
If m > 7, this implies that 6 =0, s0 242 =4, a= +],and x = ). If m =
the reladons & = +! and (2a+1}2 = +] entail the additonal solutions x

4(+ 1+ Vv ~3) (thesigns + being independent).
Summarizing, we have proved the following result:

Proposition 1. If K is a quadratic tmaginary field, the group G of units in K is comprised of the
square rools of unily, +1 and — 1, except in the following two cases:
(1) IfK = Q[i](i* = —~ 1), G is comprised of the fourth roots of unity : ¢, ~1, ~1i, 1.
(2) [f K= Q[‘V ] G 5 comprised of the sixth roots of unity: [(1 + V —3)[2V,
j=01, ...,

4,
3,

4.6. Units in real quadratic fields

This section is going to be considerably more interesting than the preceding one.
Let K be a real quadratic field. With the usual notations, we have r, = 2 and 7, = 0,
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sor =1, 4 r — | = 1. The unit theorem (§ 4, Theorem 1} implies that the group of
units of K is isomorphic to the product of Z with the group of roots of unity contained in
K. As K admits an imbedding into R, the only roots of unity are +1 7Thus, assuming
that K has been imbedded into R, we have:

Proposition 1. The positive units of a real quadratic fielld K < R form a (multiplicative) group
isomorphic to Z.

This group contains one and only one generator larger than one, we call it the funda-
mental unit of K.

Let K = Q[Vd], where d > 2 is a square-free integer, and let x = a + bV'd (a,
b € Q) be a unit of K. The numbers x, x~!, —x, and —x~! are units of K and, since
N(x}) = (a + bVd)(a - bVd) = +1 (§4, Proposition 1), these four numbers are
+a + bVd. For x # +1 only one of the four numbers x, x~!, —x, —x~?! is greater
than one, and it is the largest of the four. Thus the units greater than ene of K are those of
the form a + bVd witha > 0, b > 0.

(a) Suppose first that d = 2 or 3(mod 4). In this case the ring of integers of K is
Z + ZVd (Chapter 11, § 5, Theorem 1) As the units of K are integers of norm + |

(§ 4, Proposition 1}, the units greater than one of K are the numbers a + 6V/d with a.
beZanda > 0, b > 0such that

(0 a® —db? = +1.

We remark that the solutions ““in natural numbers” (a, ) of equauon (1} (called the
“equation of Pell-Fermat™) are obtain®d as follows: take the fundamental unit

a; + 5,Vd of K and put
(2) ay + b,Vd = (ay + b, VA", n 2> 1.
The sequence (a,, b,) lists all the solutions of (1).

Remarks. (1} It follows from (2) that b,,, = a,b, + b,a,. Since a,, b,, a, and b, arc
all positive, the sequence (&;) is strictly increasing. Thus, in order to explicitly calculate
the fundamental unit a, + &, V/4d, it suffices to write down the sequence (db2) for b e N,
b = 1 and to stop at the first number db? of this sequence which differs by a square 43
from +1. Then a, + b,Vd is the fundamental unit of K. For instance, if d = 7, the
sequence (db%) is 7, 28, 63 = 64 — | = 83 — |, so, taking b, = 3 and a4, = 8, we see
that 8 + 3V/7 is the fundamental unit of Q [V/7]. We see similarly that the fundamen tal
units of Q[v2], Q[V3], and Q[V6] are | + V2, 2 + V3, and 5 + 2V6. Using
the theory of continued fractions, one can find other, more rapid, procedures for calculat-
ing the fundamental unit.

(2) If the fundamental unit is of norm one, the sequence (a,, 4,) gives solutions
only for the equation (1'}a® ~ db® = 1; in this case the equation (1")a® — dp? = -~
has no solution in natural numbers. If the fundamental unit has norm —1, the solutions
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of (1"} comprise the sequence (g, &3,) and those of (17} the sequence (az,41, b2q+1)-
The first case occurs when d = 3, 6, or 7, the second whend = 20r 10 (3 + V10 is
the fundamental unit in Q [V10]).

(b} Assume now thatd = 1 (mod 4). The integers of K = Q[v/d] are thenumbers
}(a + bV d) witha. b € Zof the same parity (Chapter I1,§ 5, Theorem 1), Consequently,
if 1(a + 6V/d) is a unit of K (§ 4, Proposition 2), we must have

(3) a2 —db?2 = +4.

Conversely, if (a, &) is an integer solution of (3), then 4(a + 6V/d) is an integer of
K (its trace is 4 and its norm, by (3), is + 1) and, hence, a unit of K. As in (a), writing
a, + b,Vd for the fundamental unit of K, we see that the solutions in pairs of natural
numbers (a, &) of (3) comprise the values of the sequence (a,, 4,;) (n = 1) defined by
setting

(4) a, + b,Vd = 2'-"(a, + b,Vd)"

The calculation of a, + 6,Vd may be accomplished as in (a). For example, the fun-

damental units of Q[V5], Q[V13], and Q[V17] are $(1 + V5), $(3 + V13),
and 4 4+ V'17; these three units all have norm ~ 1. For the choice of the sign +1 1n
(3) we have results similar to those obtained in (a).

Remark. In the case d = | (mod 4) the solutions of the Pell-Fermat equation
(5) gt — db? = +1

correspond to units a + bVd(a, b > 0) which belong to the ring B = Z[V/d]. This
ring B is a subring of the ring A of integers of K and the positive units of B form a sub-
group G of the group of positive units of A, Let u = 4(a + 5v/d) be the fundamental
unit of K. If a and & are both even, then u € B, so that G consists of the powers of u
(this is the case, for instance, when d = 17). If a and & are both odd, then «® € B. (To
see this note that 84° = a(a® + 36%d) + b(3a® + b%d)Vd. Since a2 — b%d = +4,
a® + 3b%d = 4(4%d + 1), which is a multiple of 8, since 4 and d are odd. Similarly
3a® + b%d = 4(a® + 1), which is again, because a is odd, a multiple of 8} In this
case G is comprised of the powers of u3(1? ¢ B, otherwise u = 4*{u® € B). This happens,
for instance, when d = 5 (respectively, d = 13}, in which case v® = 2 + V5 (respec-
tively, u® = 18 + 5V'13).

4.7. A generalization of the unit theorem

Proposition I. Let A be ¢ ring which is a Z-module of finite type. Then the multiplicative group
A* consisting of the units of A 15 a (commutative) group of finite lype.

Remarks. For a commutative group G, “of finite type” means “‘of finite type with respect
to the Z-module structure of G”. A subgroup of a commutative group of finite type is of
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finite type (Chapter II1, § 1, Corollary 2 of Theorem 1). Let us note that A is a No-
etherian ring, for the ideals of A are Z-submodules of A.

Proof of the proposition. First we treat the case when A is an integral domain If its field
of fractions K is of characteristic zero, K is a finite-dimensional vector space over Q,,
so K is a number field. On the other hand, A is integral over Z (since 1t is a Z-module
of finite type, cf. Chapter II, § 1, Theorem 1), and, therefore, A is a subring of B, the
ring of integers of K. Thus A* = B* and, since B* is of finite type by the unit theorem
(§ 4, Theorem 1), so is A*. If K is of characteristic p # 0, K is a finite extension of F .
so K is a finite field and A* is a finite group.

Now let us consider the case in which A is reduced (by definition, this means that 0
is the only nilpotent element in A). We shall need the following lemma.

Lemma. In a reduced Noetherian ring A, the ideal (0) is expressible as the intersection of finitely
many prime ideals.

Proof. We know that, in a Noetherian ring, any ideal contains a product of prime ideals
(Chapter 111, § 3, Lemma 3). (0) is the smallest ideal, so (0) is a product of prime ideals
(0) = phr ... ple. Let xep, N---Np,. Then x™* *feeph ... pla= (0), so
xm* *% = 0. Since A is reduced, this means that x = 0. Therefore, p, " N,
= (0). Q.E.D.
Now, returning to the proof of Proposition 1. we let (0) = p; ' N p,. the p -
q

being prime ideals. It follows that the canonical homomorphism ¢ . A — 11—[1 Aflp, 15
injective. An element of a ring product is invertible if and only if all of 1ts compouents
are invertible, so that (H Alv)* = H (A/p)*. By the integral domain case, each

(Afp))* is of finite type; therefore, Il (Afp)* isof finite type and so is any subgroup, e.g
@(A*) (recall that Z is a Noetherian ring). Since @ 1s injective, A* is of finite type,

Let us finally consider the general case. Observe that the set n of nilpotent elements
of A is an ideal, since v» = 0, y? = 0, and a€ A imply that (x + ¥)?**"! = 0 and
(ax)® = 0. On the other hand there exists an integer s such that n* = (0). (To sce this,
let (x;, ..., x,) be a finite set of generators of the ideal n in the Noetherian ring A
Assume xfs = 0,7 = 1, ..., r. Then, with s = ¢, +.-- + g, it is clear that n* = 0.)
We proceed by induction on 5. The case s = ] is the reduced case—already tieated.
Suppose 5 > 1 and write ¢ for the canonical homomorphism ¢: A— Afns=! Then
P(A¥) < (A/n*~1)*, 50 p(A*) is of finite type. The kernel of ¢ restricted 10 A* belongs
to 1 + n*~%; in fact, ker(p) = | 4+ n*" !, because for s > 1, (1*~¥)% < n* = (0),
whichimplies that any element ] + x€1 + n*~*has] — xasitsinverse: (1 4 x)(1 ~ x)
=1 — x3 = 1. To prove that 1 4+ n*~! is of finite type we need only observe
that the mapping x> | + x of the additive group n*~? to 1 + n*~!isan isomorphism
(n*~1is of finite type because it is a submodule of A). But this is obvious from the
relation (1 + x)(1 +y) =1 + x +y for x,y en*~t, That A* is of finite type now
follows from Chapter 111, § 1, Proposition 1. Q .E.D.

Using arguments borrowed from algebraic geometry, one can show that, for any
reduced ring B of the form B = 2Z[x,, ..., x,] (i.e. finitely generated over Z as a
ring), the group B¥* of units in B is of finite type ([6]).

3—a.TN
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APPENDIX

The calculation of a volume

Proposition Let ry and 1 eN. n = 1, 4 2r,. te R, and let B, be the set of all elements

(yy- - > ¥ 210 . 2.,) ER" x C'= such that
1 2
M) Zlul+23 (2] s
let u denote the lehesgue measure in R°. Then.
w\"2 £"
2) p(B) = 21 (ﬁ) o foranyt > 0

Proof We set u(B,) = V(ry, r,, t) and argue by double induction on r; and r,. Clearly
V(l,0.2) = 2t (the segment [~¢, +1]) and V(0, 1, #) = =t%{4 (the disc of radius #2).
These results verify (2) in the special cases cons:dcrcd

Now assume (2) gives V(r,. ry, ¢). First we compute V(r; + 1,7,,¢) Theset B, < R
x R x €3, which corresponds to r, 4+ | and r,, is defined by the relation

Ty

ly| + Z loa| + 2 Z [z, <t withyeR.

Integrating “in strips” and observing that for |y| > (, B, = ¢, we see that

+1
V(fl + l:r2:t) = [ v(rlsrmt - lyl) dy‘

“ =4
Use of the induction hypothesis gives
T\ o +1(£)"= gt
V(r,+1r2,z)_2j'2() gy =20 () gy
which agrees with (2).
It remains to compute V(ry, r, + 1, #). We keep the induction hypothesis that

V(ry, ra, t) satisfies (2). Theset B, « R+ x C"a x C which corresponds tor, and ry + 1
is defined by the relation

Tl ra

2 Il +2 2 (2] + 2|z <t withzeC.
= =
Again integrating in strips, we obtain

Vi rs + 1,1) = f Viry, rart — 2 |2]) du(2),

121 =ir2

where du(z) denotes Lebesgue measure on C. Putting z = pe? (peR,,0 < § < 27),
we have du(z) = p dp d6. Use of the induction hypothesis gives

Vir,r, + 1,8) = J‘ J‘” on (—)“if:;?f’_)" dp d6

w\72 2 (TF]
= on (5) -7 J‘O (1 = 2p)" p dp.
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Calculating I;m (¢ — 2p)" p dp by putting 2p = x and Integrating Ly parts, we fii
that this integral has the value **3/[4(n + 1)(n + 2)]1. Thus,

tr'.+"

(n 4+ 2)°

o+l
Vir.ra + 1,2) = 21 (g) :

which agrees with (2) sincery + 2(r, + 1) =n 4 2.



Chapter v

The splitting of prime ideals in an extension field

Let K be a number field, A the ring of integers of K, L an extension of finite degree of K,
and B the integral closure of A in L (i.e. the ring of integers of L). The ideal Bp,
generated in B by a non-zero prime ideal p of A, is not in general prime. It splits into a

product of prime ideals (Chapter 111, § 4, Theorem 3),1.e. Bp = 1_‘[ Pfr. In this chapter

we propose to study this splitting. The case in which B is a free A-module (for example,
when A is a principal ideal ring; cf. Chapter 11, § 7, the corollary of Theorem 1) is
particularly easy. In § 1 we shall show how the general case may be reduced to this
easier case.

3.1. Preliminaries concerning rings of fractions

Definttion 1. Let A be an integral domain, let X be its field of fractions, and let S be a subset of
A — (0) which s stable under multiplication and contains 1. We call the set of all elements of K
which may be writlen in the form afs with a € A and s€ S the ring of fractions of A with respect
to S. We denote i1 S1A.

Clearly S-!Aisa commutativering (since afs + a'fs’ = (s'a + sa’)[ss’ and (afs) - (a'[s")
= aa'[ss") which contains A (since 1 €S). If S = A — (0), then S~*A = K. If S con-
tains 1 alone, or if it contains only units of A, then S7!A = A,

Proposition 1. Let A be an integral domain and let S be a multiplicatively stable subset of A — (0)
which contains 1. Set A’ = S~1A.

(1) For any ideal b of A’, it is true that (b' N A)A' = b’, so the mapping b'— b N A
is an increasing (for the inclusion relation) injection of the set of ideals of A’ inlo the set of
ideals of A.

(2) The mapping p'+—> p' M A is an isomorphism of the partially ordered set (under inclusion)
of prime ideals of A’ on the partially ordered set of prime ideals p of A which satisfy p N S = ¢.
The tnverse mapping is pr> pA’.

Proof. 1. 1f " is an ideal of A’, then " " A < b" and (b’ N A)A’ < b’, since b’ is an
ideal. To prove the reverse inclusion take x € b’. Since x = afs (ae Aandse S), sx e b’
(since A © A’ and b’ is an 1deal of A’). It follows that a€ b and g € b N A, Therefore,
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= }GEA‘(b’ NA), so b<A(b'NA) and b = A'(b'NA) This formula

assures the injectivity of the mapping ¢ : b+ b' N A, inasmuch as there is 2 mapping
: > A'b such that fep = identity. It is clear that ¢ is an increasing mapping

2. If p’ isa prime ideal of A', then p = p' N A is a prime ideal of A (Chapter 1IL.
§ 3, Lemma 1). Furthermore, p NS = ¢, since,ifse p N S, then se p’ and 1 = (1fs)s
€ A'p’ = p’, an absurdity. Conversely, let p be a prime ideal of A such that o NS
= ¢. We are going to show that pA’ is a prime ideal of A’ and that pA'N A = p
Note first that pA’ is the set,of all elements of A’ which are of the form pjs with pe p
and s € S; any element x € pA’ may be written as

x= 2 %p;(aIEA,qu.andp,e r,
=1 3

50

x = I-Zl%p‘ (.r =5 . s,,and%' = f}:)

Thus x = pfs with p = Z bp,€ p. We may conclude that | ¢ pA’, since pNS = ¢
and since | cannot be written in the form pfs with p € p and s € S. To show that theideal
pA’ is prime let afse A’ and bt € A’ with (afs):(8t) e pA’. Then (afs) (bft) = (p[u}
with pep and u€ S, abu = pste p. Since pNS = ¢, ué¢ p, so abe p (p is prime),
which implies that either a or & belongs to p. Therefore, either afs or b/s belongs to
pA’, i.e. pA’ is prime. Let us show finally that p = pA"' N A. Clearly, pc pA'N A
For the reverse inclusion take xe pA’ M A; then x = pfs(p € p, s€ 8), since, by hypo-
thesis, xe pA’. Thussx = pe p;since s¢ p(p NS = ¢) and since p is prime, it follows
that x € p. Now we simply observe that the formulas p = pA' nAand p’ = A'(p' N A}
entail that the mappings g : p'+> p' M Aand §: p— pA’ (restricted to the primne ideals
p which do not intersect S) are inverse bijections, since f:¢ and @c8 are both identitv
mappings. Q.E.D.

Corollary. If A is a Noctherian integral domain, then every ring of fractions S ~*A is Noetherian.

Proof. By Proposition 1, (1) there is an injective mapping of the lattice of ideals in S~ 1A
to a sublattice of the lattice of ideals in A. Therefore, the lattice of ideals in S~A
satisfies the maximal condition, so S=1A is a Noetherian ring.

Proposition 2. Let R be an integral domain, let A be a subring of R, let S be a multiplicatively

stable subset of A with 1 €S and 0 ¢S, and let B be the integral closure of A in R. Then the
integral closure of S~1A in S-1R is S™1B.

Progf. Any element of S-1B may be written in the form bfs (b € B, s€ S). By dividing
an equation of integral dependence for b on A, e.g.

bn 4 an_lb“'l 4 - + ay = 0 (G,EA),

by s* we obtain an equation

\" | @n-; (5\*! ag
(:) 4 T (}) + '+F—-03
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which shows that 4/s is integral over S~*A. Conversely, if /s (x € R, s € S), an element of
S-1R, is integral over S~ !A, then there is an equation of the form

A\* g,y (x\"? ap
(}) + tn-z(}) +- + to_-O (a,e A, 1 €S)

Muluplying through by (4! ... t,_;)" shows that x4 ... f,_,fs is integral over A.

Therefore, xty ... t,_fseB and xfs = (Iftg .. to_,)(xty ... tn-1/s) belongs
S-1B. Q.E.D.

Corollary. If A is an integrally closed ring, then every ring of fractions S™'A is integrally
closed.

to

Proof. Take for R in Propositton 2 the field of fractions of A,
Proposition 3. If A is a Dedekind ring, every ring of fractions S~ *A is a Dedekind ring.

Progf. S~'A is Noetherian (the corollary of Proposition 1) and integrally closed (the
corollary of Proposition 2). Furthermore, since one *‘loses” some prime ideals in passing
from A to S~!A (Proposition 1, (2)), every non-zero prime ideal of S-1A s maximal.

Proposition 4. Let A be a Dedekind ring, let p be a non-zero prime ideal of A, and letS = A — p,
Then S™1A is a principal ideal ring More precisely, there exists a prime p € S~ XA such that the
only non-zero ideals of S™'A are of the form (p*), n 2 0.

Proof. Since p is the only non-zero prime ideal of A disjoint from S, the only non-zero
prime ideal of S-1A is § = pS~1A (Proposition 1, 2)). Since S=*A is a Dedekind ring
(Proposition 3), its only non-zero ideals are of the form P* (n > 0). Take an element
peP — P2 The ideal (p) is contaned in P but not in P2, Therefore, (p) = PV and

(p™) = B" for all n > 0. Thus S~!A is principal and all its ideals are of the form (p"),
n=0 <Q.ED.

Proposition 5. Let A be an integral domain, S a multiplicatively stable subset of A — (0) con-
taining 1, and let m be a maximal ideal of A which is disjoint from S. Then S~TA[mS-'A ~
Afm.

Proof. The composition of ring homomorphisms A — S7'A— S-!AfmS-!A has
kernel mS~!'A N A = m, so there is an injection ¢: A/m—> S~ 1A/mS~!A. We must
show that @ is surjective. Take x = afse S™'A (a€ A, s € S) and let % denote its residue
classin S~'A/mS~ A, Since s ¢ m (by hypothesis, m N\ § = ¢) and since m is maximal,
there exists € A such that bs = 1{mod m). Thus

2 _ab =€(l — bs)e mSTIA,
5 s

so plab) = . Q.E.D.

5.2. The splitting of a prime ideal in an extension

In this section A denotes a Dedekind ring of characteristic zero, K its field of fractions, L a finite

extension of K of degree n, and B the integral closure of A in L. We remind the reader that B is
also a Dedekind ning (Chapter III, § 4, Theorem I).
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Let p be a non-zero prime idecal of A. 1 hen By is an ideal of I3 and it has an expres-
sion of the forrm

&
(l) Br = ;[:.E Bil,

4
where the P 'sare distinct priine ideals of B, the ¢'s arc postiiyv e tntegers, and the product
sign denotes multiplication of ideals.

Proposition 1. The Ty are precisely those prime ideals . of B such that & N \ = .

Proof. For a prime ideal £ of B the 1elation € M A = p is equivalent 1o the 1clation
£ 2 Bp(= is clear. < follows from the fact that £. N A 1s a prime ideal of A and p is

q
maximal). Clearly, Bp = ‘Ul PO mmplies Bp < Py for eachiz = 1, .. ¢. 50 P, appears
in the product expression for Bp ifand only if B, " A =p. Q ED
Itis now clear that A/p may be identified with a subring of B/, foramn 7 = 1. . ¢

Both rings are fields. Since B is an A-tnodule of finite type (Chapter 111. § 4. 1 heorem 1),
Bf®, is a finite dimensional vector space over Afp. We shall write £ for the, dimension
of B{P, over Afp and call ] the residual degree of P, over A. The expouent ¢ mn (1) 13
called the ramification index of T, over A Let usiemaik finally that Bp N A = v(> clear.
< follows from the fact that, foreach ¢ = I, 4. B N A = r). so B/Bp is a vector
space over Afp, also of finite dimensiorn

Theorem 1 With the preceding notations
(2)

[ e

e.fi = [B/Bp- Alp] = n.

i

1

Proof. The first equality is easy. Consider the sequence of ideals
Bop,2Pia. .2 PsroPpp P, o D PPz > . D Pa T¢: = Bp

"Two consecutive elements of this sequernce are of the form ¥ and 3P,. Since there is no
ideal strictly between 8 and BP,, B/BP, is a vector space of dimension one over BrY,
(cf. the proof of Propositton, § 5, Chapter IIT), Thus it is a vector space of dimension
Jiover Afp. For a given i there are exactly ¢, consecutive elements of the above sequence
with associated quotient space of the form B[%%,, i.e. of dimension £; over Afp. The
total dimension [B/Bp: Afp] equals the sum of the dimensions of the quoticnts, $o it is
q

|=21 efi

The second equality is also easy in the case where Bis a {ree A-module, in particular
when A is principal (Chapter 11, § 7, the corollary of Theorem 1). In this case a base
(x1, . - ., x,) of B as an A-module gives, by reduction mod Bp, a base for B{Bp over A/p.
We are going to reduce the general case to this case by considering the multiplicatively
stable subset S = A — p of A and the rings of fractions A’ = S~!A and B’ = S-IB.
We know that A’ is a principal ideal ring in which pA’ is the unique maxiinal ideal (§ 1,
Proposition 4), and that B’ is the integral closure of A’ in L (§ 1, Proposition 2). By the
special case when A is principal, [B'/pB’: A’fpA’] = n. Now consider the factorization



a

72 THE SPLITTING OF PRIME IDEALS IN AN EXTENSION FIELD §52

q
of the ideal pB' in the Dedekind ring B': from the fact that pB = E P¢ we conclude

q
that pB' = |=-I-I1 (B'P,)*. Since B, N A = p (Proposition 1), By S = ¢ and B'P, is a

non-zero prime ideal of B’ (§ 1, Proposition 1, (2)) From the first part of our proof we
now obtain

[B'fpB'. A’fpA’] = l=il el[B"fBr"BI tA'fpA’].
However,

A'fpA’ = Afp and B'/B'P, = BfB, (§1, Proposition 5)

Therefore,
Q

n = [B'[pB : A'[pA’) = 2 eh.

i=1

Q.E.D.
q
Proposition 2. With the sams notations, the ring B{Bp is isomorphic to the ring hl_Il BPs.

Proof. 9P, is the only maximal ideal of B which contains Pf+, so Pfs + PBjr = Bfori £ 5.
The proposition now follows from (1) and Lemma 1, § 3, Chapter 1.

Example Cyclotomic fields. Let p be a prime number and let z be a primitive p"th root
of unity in the complex numbers. In this case, all the complex p'th roots of unity are of
theform 2/ (j = 1, .. , ¢7). The primitive roots of unity are those for which j is not a
multiple of p. The number of primitive roots is @(p") =" — '~ = p'~}(p — 1)
(cf. Chapter 1. §6) The primitive p"th roots of unity are the roots of the cyclotomic
polynomial
X — 1
(3 F(X) = o7

We intend to give another proof that [Q[z]: Q] = p"~(p — 1) ie. that F is
irreducible (cf. Chapter II, § 9). For this purpose put ¢ = p"~*(p — 1) and lect z,,

. ., z, be all the primitive ¢"th roots of unity. Since the constant term of F(X + 1) is g,

=Xp"‘(p-1)+Xp"1(p-2) 4 - ,+Xp"'1+ 1.

II_II (2, = 1) = +£p. Let B be the ring of integers of Q[z]. Clearly, z,e B and
z, — 1€B(z, — 1), for all j and %, since z, is a power z{ of z; and z{ —- | =

ze — (214 ---+z + 1). Thus all the ideals B(z, — 1) are the same. It follows
that Bp = B(z, — 1)~
q

Now write Bp = H P¢1, where the P's are prime ideals of B. The ¢,’s must, clearly,

q
all be multiples ofe. Bute > [Q [2] : Q] (by (3)),50¢ > 21 ¢.fi (Theorem 1). From these
=
inequalities (they are really equalities) we may conclude that g = 1, e = ¢,, f; = 1,
and [Q[z]: Q] = ¢. In summary:

(@) [Q[z]: Q] =e=p"1{p - 1)
(b) B(z, — 1) is a prime ideal of B of residual degree 1, and
(c) Bp = B(z, — 1)=.
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5.3. The discriminant and ramification

q
With the notations of § 2 (let Bp = :I;I: P::) a prime ideal p of A is said to ramify in
B (or in L) if any one of its ramification indices ¢, is larger than one In terms of the
theory of the discriminant (Chapter II, § 7) we are going to characterize those primc
ideals of A which ramify in B. In particular we shall show that only finitely many
prime ideals of A ramify in B. First we need some lemmas concerning the discrimant

Lemma 1. Let A be a rzng, let B;, . B, be rings containing A which are free A-modules of

Sfinite type, and let B = I_I B, be the product ning Then Tygp = 1_[ Tp,a (¢f Chapter I,
§ 7, Definition 2)

Proof. We formulate our proof for the case ¢ = 2. The general statement follows by -

duction on ¢. Let (x,, , %) and (y;. ., y,) be basesfor B; and B, as modules over A
With the usual identifications of B; with B, x (0) and B, with (0) x B,. we may con-

sider (x;, ..., Xm ¥1, - - > ¥n) as @ base for B = B, x B, over A By definition of the
product ring structure xiyy = 0. from which it follows that Tr{xy,) = 0. As a con«c-
quence the determinant D(x;, . .x,.y,. .y,) is the determinant of the matrix

0 1 Ir(yy,)
The value of this determinant is

det(Tr(xx,)) det(Tr{y,y,)).

50
D(xl> - lxﬂny[s lyn) = D(xl. - ,.’s‘m) D(yl‘ “:yr}
Q.L.D
Lemma 2. Let B be a ring, A a subring of B, and a an tdeal of A. Assume that B is a free
module over A with the base (x,, .. , x,). For x € B write X for the residue class of x in Bfal3

Then (%, ..., %,) 15 a base of BfaB over Afa and

(1) D%, ..., %) = D(xy, .- .. xy).

Proof. Let xe B. If the matrix for muluplication by x, with respect to the base (v;.

.y %) is (a,) (a,, € A), then the matrix for multiplication by £ with respect to the base
(%, . - -, %y) 15 (dy). Thus, Tr(%) = Tr(x), Taking x = xx,. we obtain Tr(%x,) = Tr(xx),
and (1) follows by taking determinants. Q_.E.D.

Lemma 3. Let K be a field which is finite or of charactenstic zero. Let L be a finite dimensional
(commutative) K-algebra. In order that L be reduced it is necessary and sufficient that 3y, # (0).

Progf. Suppose first that L is not reduced and let x be a non-zero nilpotent element of L
Let (x,, ..., x,) be a base for L over K such that x = x,. Then x,x, is nilpotent and
multiplication by x,x; is a nilpotent endomorphism of the vector space L over K.
Thus, all the characteristic values of this endomorphism are zero, so Tr(xx,) = 0
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The matrix (Ti(x,)) has a 1ow comprised entirely of zeroes, which implies that
D(x;, -.,x,) =0,ie P x = (0).

Conversely. suppose that L is reduced Then the ideal (0) of L 1s expressible as a
q
-
finite intersection of primie ideals, (0) = Q P, (Chapter 1V, § 7, Lemma). Since L[P,
is an integral domain and a finite dimensional algebra over K, it 15 a field (Chapter I1,
§ 1, Proposition 3). It follows that P, 1s a maximal ideal of L, and consequently P, 4+

q
P, = L for i # j. Therefore, L is 1somoiphic to the ring product E L{1; (Chapter I,

q
$3, Lemma 1). By Lemma |1 Pk = E O ook But Dok # (0), since K is finite

or of characteristic zero (Chapter 11, § 7, Proposition 3). Therefore, ®,, % (0).
Q.E.D.

Definition 1. Let K and L be number fields unth K < L. Let A and B be the rings of integers of
K and L, respectively The discriminant (ideal) of B over A (or of L over K) 15 the ideal of A
generated by the discriminants of bases of L over K which are coniained in B. Notation: ®gs or
DL

Remark 1. If (x;, ., x.) is a base of L over K contained in B, then Trp (xx,) €A
(Chapter II. § 6, the corollary of Proposition 2), so D(x,, , x,) €A, Thus 9y,
is an integral ideal of A Tt 1s non-zero by Chapter II, § 7. Proposition 3.

Remark 2 When B 1s a free A-module (for example if A is principal) we have already
defined the discnminant ®g, as the ideal generated by D{ey, . .., ¢,) where (e;, .. ., ¢,)
is an A-module base for B (Chapter II, § 7, Definition 2). Our old definition coincides
with the one given above, since, given any base (x,) of L over K contained in B, one sees
that x, = 2 a,¢, with g, € A. Therefore,

]

D(x,, ..., x.) = det(a,)? D(ey, ..., &,)
(Chapter 11, § 7, Proposition 1).

Theorem I. Lel the notations be as in the definition. In order that a prime ideal p of A ramify in
B, it is necessary and sufficient that it contain the discriminant ®g,. There are only finitely many
pnime ideals of A which ramify in B.

Proof. The second assertion follows from the first, since ®g,, # (0). Let us prove the

q
first. Since BfpB =~ ‘_1_]1: B/Psi (§ 2, Proposition 2), the assertion “p ramifies” is equivalent
to the statement “BfpB is not reduced”, i.e. equivalent to ““®gppyanm = (0)” (by
Lemma 3 and the fact that Afp is a finite field). Now put S = A — p, A’ = S7A
B’ = S-1B,and p’ = pA’. Then A’ is a principal ideal ring (§ 1, Proposition 4), B is a
free A’-module, Afp ~ A'[p’, and BfpB ~ B’[p'B’ (§ 1, Proposition 5). Therefore,
writing (¢, ..., ¢,) for an A"-module base of B’, we know that D gpaymm = (0) if
and only if D{e,, .. , ¢,) € p" (Lemma 2). If D{ey, ..., ¢,) €p and if (x;, ..., x,)
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is a base for L over K contained in B, then v, = Zge¢, with q/,€ A’ (for B = B),
50

D(x,. .. ,x,.) = det(a(,)2 Dfe;,. .e.)eEp
Since p' N A = p (§ 1, Proposition 1. (2)), we may couclude that D(x;, . .a.)=p
and 9y, < p. Conversely, if ®y,, < p, then D(e,, . , e.) € p’, for one may write

¢ =ys *withyeBandseS, for ]| < < n. Consequently,

D(e, ,€.) = 572" D(y,, L Y.) EA' Dy © Ap = ¢
Q 1. D.
Example 1. Quadratic fields. LetK = Q and L = Q |\-'d], whered is a square-free integer
(Chapter II, § 5).
(@) If d = 2 or 3 (mod 4), then (1, V/d) is a base for the 1ing of integers of L.
AsTr(l) = 2, Tr(Vd) = 0, and Tr{d) = 2d, it follows that D(1. v/d) = 4d Thc prime
numbers which ramify in L therefore include 2 and the prime divisors of d.

(b) Ifd = I(mod 4), (1, (I + Vd)[2) is a base for the ring of integers of I. e see
that

Tr(l) = 2. '1':-(1 +2"‘1) =1

and "l'r((l +2ﬁ)2) = T (‘{Ld{I 4 % \/Z) = dil_

thus

1 4+ Vd' d 41 B
D(l,—z—) 255 —1=4d
The only prime numbers which ramify in L are the divisors of d.

We remark that a quadratic field Q [V/d] is uniquely determined by its discriminant.
In fact,

D = 0 (mod 4) implies d = % (we must have d = 2 or 3(mod 4)),
D =1 (mod 4) impliesd = D
and D = 2 or 3 (mod 4) is impossible.

Example 2. Cyclotomic fields. Let p be an odd prime number, let z be a primitive complex
pth root of unity, and let L = Q [z] be the corresponding cyclotomic field. We know
that (1, z, . .., 2?7 %) is a Z-base for the ring of integers B of L. (Chapter II, § 9. Theorem
2), and that the minimal polynomial F(X) of z over Q satisfies the relation
(X — DF(X) = X? — 1 (ibid., Theorem 1). We are going to calculate thc dis-
criminant ®y,, by making use of the formula

D(l,z, ...,2°72) = (= 1)¥P-De-BN(F'(z)) (Chapter 11, § 7, formula (6)).
By taking the derivative of both sides of the relation (X — I)F(X) = X7 — 1,
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we obtain (z — 1)F'(z) = pz°~! (since F(z) = 0). We know that N(p) = p*-},
N(z) = +1,and N(z — 1} = +p (Chapter II, §9). Therefore,

mn D(l, 2z .. ,2°°%) = +p*-2,

It follows that p is the only prime number which ramifies in Q [z].

The following result is sometimes useful for determining the ring of integers of a
number field.

Proposition 1. Let L be a number field of degree n over Q and let (x,, . . ., x,) be a Q-base for L
contained in the ring B of tntegers of L. If the discriminant D(x,, .., x,) is square-free, then
(X1, .., Xy) 5 @ Z-base for B,

Proof. If (e, .., e,) isa Z-basc for B, then x, = ,z a,¢,, with a;, € Z, whence
-1
D(xlv . ’ xv:) = det(alj)zD(elv SRR ‘n)
Since D(x,, - , x,) issquare-free, det(a;,) mustbe +1, 50 (x, .. , x,) is also a Z-base
forB. Q.ED.

Remark. The cyclotomic fields (for p > 3), or quadratic fields, provide examples which
show that the sufficient condition of Proposition 1 is not a necessary condition.

Example. The polynomial X? — X — 1 (respectively, X* 4+ X + 1, X3 4 10X + 1)
is irreducible over Q . Otherwise it would have a linear factor, i.e. a rational root x€Q .
But, the polynomial is monic, so x € Q implies x € Z. The constant term of the poly-
nomial is 1, s0 x = +1 (x has to divide the constant term). Checking that neither +1
satisfies the polynomial. we may conclude that the polynomial is irreducible.

Now let x be a complex root of the given polynomial. The field L = Q [x] is a cubic
field (i.e. of degree 3). Thus, (1, x, x) is a base for L over Q, and x is, clearly, an integer
of L. By formula (7) of § 7, Chapter II, D(l, x, #*) = 4 — 27 = —23 (respectively
— 31, —4027), the negative of a prime number. Therefore, (1, x, %) is a Z-base for
the ring of integers of L.

5.4. The splitting of a prime number in a quadratic field

Let d € Z be square-free, let L be the quadratic field Q [V/d], write B for the ring of
integers of L, and let p be a prime number. We are going to study the factorization of
the ideal ¢B into a product of prime ideals of B.

q
The formula 2 ¢f; = 2 (§2, Theorem 1) entails ¢ < 2 and the following three
possibilities;  '"*
(@Qyg=2,e,=ea=1,fi=fa=1;
in this case we say that p splits in L.
(b) g=1,¢ = ]s.fl = 2;
in this case we say that p remains prime in L.
(C) q = L, =2:_fl = 1;
this means that p ramifies in L.

Let us first consider the case in which p is odd. We know (Chapter 1I, § 5) that
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B=Z+ZVdorB=2Z + Z[(1 + Vd)2], depending upon d. But, if we pass ta the
residue classes of B modulo Bp, we see in the second case thata + 5[(1 + V/d)[2] (with
b odd) is congruent to 2 + (b + p)[(1 + v/d)[2], which belongs to Z + Z\/d. Thu-,
for any d, we have BfBp = (Z + ZV'd)[(p). Also we see that

Z + ZVd = Z[X]|(X2 - d),
50

B/Bp = Z[X]/(p, X* — d) = ZIX]/(p)/(X? - d) = F,[X]}(X2 ~ d),

where d denotes the residue class of d modulo p. Now the assertion that p splits (re-
spectively, remains prime, ramifies) in B has the interpretation- B{Bp is the product of
two fields (respectively, is a field, contains nilpotent elements) (cf. § 2, Proposiuon 2).
In other words, the polynomial X2 — d e F,[X] is the product of two distinct linea:
polynomials (respectively, is irreducible, is a square). This happens if d is a non-zero
square in F, (respectively, is not a square in F,, is zero in F;) When d is a non-zero
square in F, (respectively, is not a square in F,), we say that d is a quadratic residue
(respectively, non-residue) modulo p.

Let us now consider the case p = 2. If d = 2 or 3 (mod 4), then B =Z + ZvVd.
so, as above, Bj2B ~ F,[X]/(X? — d). In this case X2 — d equals X? or X2 - |
= (X + 1)2, in either case a square. Thus 2 ramifiesin B. Ifd = 1 (mod 4), (1 + V/d)/2
has X2 — X — (d — 1){4 as its minimal polynomial, so, as above, B{2B ~ [F,[X]/
(X2 — X — 8)], where 8 is the residue class mod 2 of (d — 1)/4. For d = | (mod 8),
§=0and X2 - X — 3 = X(X — 1), so that 2 splits. For d =5 (mod 8), § =1
and X? — X — § = X? + X + I, which isirreducible in F,[X], s0 2 remains prime

In summary, we have proved the following:

Proposition I. Let L = Q [V/d], the quadratic Jield associated with the square-free integer d.
(@) The odd primes p for which d is a quadratic residue mod p split in L. So does 2. if
d = l(mod 8).
(b) The odd primes p for which d is not a quadratic residue mod p remain prime in L
So does 2, if d = 5(mod 8).
(c) The odd prime divisors of d ramify in L. So does 2, if d = 2 or 3(mod 4).

Part (¢) was proved earlier, as an example in § 3.

5.5. The quadratic reciprocity law

Given an odd prime p and an integer d relatively prime to p we introduced in § 4
the locution *d is a quadratic residue mod p” (respectively, “d is a non-residue mod p™)

as meaning that the residue class of d mod p is a square (respectively, not a square) in
F}. Now we define the Legendre symbol as follows:

(%) = +1, if d is a quadratic residue mod p,
(1)

(%) = —1,ifd is a non-residue mod p
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_ d\ . . . : .
It is understood that 7 is defined only for integers d which are relatively prime to p,

i ¢ deZ—pg The multiplicative group Fg being cyclic of even order p — 1 (Chapter
I, §7, Theorem 1), the squares in F? form a subgroup (F3)? of index 2, and F2/(F})2

is isomorphic to {41, —1}. Clearly, the Legendre symbol stands for the composition
of the following homomorphisms:

Z-pZ—>F; > F[(F3)? 3 {+1, -1}
As a consequence there is the formula:

) - () «rezm

Proposition 1 (“Euler’s criterion™). If p is an odd prime and if a€ Z —pZ, then

(;‘j) = a2 (mod p).

Proof. Write w for a primitive root mod p (Chapter I, § 7). Then a = w! (mod D),
with0 <y < p — 2, since the residue class @ of w generates F2. Clearly, ais a quadratic

residue if and only if j is even. Thercfore, (%) = (—1)’. On the other hand, F?

contains only one element of order 2: this element can be written either as g ®-172
or —1. InZ, we have —1 = «'”"2 (mod p). Thus,

(%) = (=1) = w®-V2 = g-112 (mod p),

Q.E.D.
Now we are going to prove a famous theorem, which provides us with a relation

between the Legendre symbols for distinct odd primes.

Theorem 1 (“The quadratic reciprocity law of Legendre-Gauss™). If p and q are distinct

odd prime numbers, then
(8)(%) = (— 1)r-Dre-Dis
q

Progf. Let us consider, in a suitable extension of F,, a primitive pth root of unity w.
Since w® = 1, the expression w* 15 well defined for x e F,. We shall also consider the

Legendre symbol (g) as defined on x € F3, for (g) clearly depends only on the residue
class of d mod p. For ae F; consider the “Gaussian sum”

3) ) = 3 (f) o,
xgFp b2
It is an element of an extension field of F,. Putting ax = y, we have

CEPY (2o = (%) = (&) oy,

-
veF)

SO

(4) (@) = (ﬁ) ().
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: . .. . x
On the other hand, since we are working in a field of chaiacteristic ¢ und since (-) eF,,

we have r(1)? = 2> (f)" w*. so. identifying ¢ with its 1esidue class mod p. we obtain
.el'p

(3) =1)* = =(9)
Let us calculate »(1)-. We have

o= 2, G

Putting y = fx. we see that

1'(!)2 — z (_’E)z(i)tf.“““’ —_ Z(E)uxuﬂ; = ¥ [(i) z wx(‘.l-i!)]
xte¥g ﬂ P Xt P t:;; P vel]

-1
If w'*! % 1, then pz (w'*!)Y = 0 by the formula for summing a geometric seric-
=0

f
Since (w!*!)% = 1, we have

z w¥EED = 1 if it £ ]
xgFg
If wi*t =1, then 3 w*@*+9 = p — 1; and this happens if and only if t = —1,

xeFy
since w is a primitive pth root of unity. Therefore,

2(1)2 = (_7!)(1’ -D- 2 (%)

1
As there are as many squares as non-squares in Fj,

t -1 -1 -1
2, =0 o = (F)e-0+(F) = ()
Using Euler’s criterion (Proposition 1), we obtain
© o(1)? = (= 1)=02p,
Finally, using (4) and (5), we see that
(1) = #() = (£) ()
By (6), (1) # 0, so we may simplify:

o= ()

(%) = (#(1)2)@-1V2 = (—1)P-DE- DI pla-1y2

-1
Since p@V2 = (}—;) (Proposition 1} and since (}—;) = (g) , we have proved the
quadratic reciprocity law. Q.E.D.

Use of (6) again yields
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Proposuion 2 (*‘the complementary formulas™). If p is an odd prime, then
(a) (—T!) = (—1)*"W2 and

(b) (2;) = (— 1)@ -1

Proof. Relation (a) is a special case of Euler’s criterion (Proposition 1). We need only
prove (b). Note first that, since the squaresof 1, 3, 5, and 7mod 8 are 1, I, 1, and 1,
p? = 1 (mod 8), so formula (b) makes sense. Let us remark next that, in the group
H = {1, 3,5, 7} of units in the ring Z{8Z, {1, 7} is a subgroup H' of index 2. Put 8(x) = 1
for xeH’ and 6(x) = —1 for xe H — H’, so that 8(xy) = 8(x) 8(y) for x, y e H. Let
w be a primutive eighth roof®f unity in an extension of F,. As in Theorem ! con-
sider, for a € H, the “Gaussian sum”

(7) (@) = 2 6(x)uw.

xeH
As in Theorem 1 we see that +(a) = 8(a)=(1) and =(1)? = r(p) (identifying p with its
residue class mod 8). From the definition of 8(x) we obtain

(1) =w—u’ —u® +u = (1 - u?)(w—- v
= w(l — @®)(1 — w*) = 2w(l — u?),
since #? = 1 and w* = —1 Consequently,
(1)? = 4wl — 2u® + w) = —8u* = 8.
As in Theorem 1 we show that

7(1)? = 7(p) = 8(p)=(1).

Next we see that

8(p) = (r(1)2)®- 13 = gr-12 = (%) (Proposition 1) = (%)3 = (%)

‘Therefore, (%) = 8(p). Now, by a direct calculation involving x = 1, 3, 5, 7 (or,

more easily, x = 1, 3, —3, —1), it can be shown that 8(x) = (—1)*?- 18 and that
(—1)?- 18 depends only on the residue class of x mod 8. Q E.D.

Example. An application of the reciprocity law. The law of quadratic reciprocity and the
complementary formulas make it possible to calculate the Legendre symbol by successive
reductions. Let us calculate ($3}) without computing squares modulo 59.

(&) = -7 () = - (33) = - -0 (55) = - (1)
()= - - )
-~ (3) = ~(5) = -+

Therefore, 23 is not a square modulo 59.
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3.6. The two squares theorem

We are going to apply Proposition 1 of § 4 to the field L = Q[:] where i2 = —1.
Since —1 = 3(mod 4) the ring B of integers of L is Z 4 Zi This ring 1s called the ring
of Gaussian integers. Its discriminant is —4 (§ 3, example). If p is an odd prime number
and if u is a generator of the cyclic group F¥, then —1 = «®~12 Therefore, —1 is a
square in F, if and only if (p — 1)/2 is even, We have the following classification for
prime numbers:

¢ 2 ramifies in Q[:];
o the primes of the form 4% 4 1 split; and
o the primes of the form 4k + 3 remain prime

The following result will prove useful.
Proposition 1. The ring B = Z + Zi of Gaussian integers is principal.

Proof. We use the full force of an earlier result to prove this easy proposition. With the
notations of Chapter IV, § 3, wehaven = 2,7, = 0,7, = |, and d = —4. Therefore
(Chapter IV, § 3, the corollary of Proposition 1),

every ideal class of B contains an integral ideal of norm s%% |4]¥2 = t

w
Therefore, every ideal class contains the unit ideal, B itself, which is the only integral
ideal of norm ! (note that 4/= < 2). Thus every ideal of B is equivalent to the principal
ideal B-1, so B is a principal ideal ring. Q _.E.D.

A sketch of an elemeniary proof. The points of B may be identified with Z2 < R? = C.
With the usual identification of R? with the plane (the square of Euclidean distance
is the norm in Q [i]) the points of Z2 becorne the vertices of squares covering the plane.
A little geometry shows that, for any x € Q[i], there exists z € B such that N(x — z)

=|x — z|* < (1/v2)? = 4 < 1. Now in q, a non-zero ideal of B, choose a non-zero
element « of minimum norm (NB. the norm is a positive integer-valued function on
Z[:] — (0)). For any ve a there is a z&B such that N(vfu — z) < 1. Therefore,
N(v — zu) < N{u),sov — zu = O (sincev — zu € a). Consequently, » € Buand a = Bu.
The reader will observe the analogy with the proof that Z 1s principal (Chapter I, § 1).

Proposition 2 (Fermat). Any prime number p = 1(mod 4) may be represented as the sum of two
squares (i.c. ts of the foom p = a® + b2 with a, b € N).

Proof. In fact Bp = p,p,, a product of distinct prime ideals. Clearly p? = N(Bp)
= N(p,)N(p) (by Chapter 111, § 5, Proposition 2). As the norms of p, and p; are
larger than 1, necessarily N( p,) = N(p,) = p. Now, p;is a principal ideal B-(a + &)
(a, b € Z) (Proposition 1),s0p = N(a + &) = a*> + 2. Q.E.D.

Theorem 1. Let x be a natural number and let x = 1:1 oo be tls expression as a product of powers

of primes. For x to be a sum of two squares it is necessary and sufficient that, for every p = 3(mod 4),
the exponent v,(x) be even.

Progf. In order to prove sufficiency we note that a sum of two squares a® + 42 1s the
4—A.T.N.
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norm N(a + bi) of an element of B. By the multiplicativity of norms, the set § of sums
of two squares is itself stable under multiplication. Since 2 = 12 4 12§ and since
any square is also an element of S(x2 = x? 4 02), sufficiency follows from Proposition 2.

Conversely let x = a® 4 b2 = (a + bi)(a — bi) be a sum of two squares (g, & € N)
and let p be a prime number = 3(mod 4). We have seen that the ideal Bp of B is prime
(Proposition 1, § 4). Let n be the exponent of Bp in the expression for B-(a + bi) asa
product of primes. As Bp is stable under the automorphism ¢: % 4 w+>u4 — 1w of B
and since o{a + bi) = a — bi, the exponent of Bp in the expression for B-(a — &) 1s
also n. Therefore, in the expression for B (a® + 4%), the exponent for Bp is 2a. As no
prime number besides p belongs to Bp (for Bp N Z = pZ), we see that v,(x) = 272 and
vp(x) is even. Q.E.D.

%

5.7. The four squares theorem
In this section we intend to prove the following theorem:
Theorem 1 (Lagrange). Every natural number may be represented as the sum of four squares.

The idea behind this proof is analogous to that of § 6: in place of the ring of Gaussian
integers, we will work in a suitably chosen ring of quaternions.

Let us begin with a definition of quaternions. Given a ring A, we will write (1, 1, 5, k)
for the canonical base of the A-module A* and define a multiplication on A* as follows:

! is the unit element,
(!) i2=j2=k2= _!’
ij= —ji=k jk=—k=1, and k= —ik =

We extend this multiplication to elements a + bi + ¢ + dk of A* by linearity. Distri-
butivity is then clear. It suffices to verify associativity for elements of the base, e.g.
i(jk) = i® = ~1 = k? = ({j)k. The formulas in which | appears being clear, there
remain 3% — 1 = 26 formulas to check. The patient and incredulous reader will reduce
the number of formulas by the use of permutations and check those which remain.
Others will accept the author’s claim that the given multiplication is associative. Pro-
vided with this multiplication, A* is a not necessarily commutative ring, and even an
A-algebra, which we call the algebra of qualernions over A, denoted by H{A) (H in honor
of W. R. Hamilton, the inventor of quaternions).

Given a quaternion z = a + bt 4 ¢f + dk over A (we write a in place of a-1), we
define the conjugate quaternion of z to be the quaternion Z = g — bt — ¢j — dk.

Lemma 1. Forany zand 2 € |H(A), z + 2 =2 + 2/, 22" = 2’2, and T = z. In other
words, z+> Z 15 an tnvolutive antiautomorphism of H(A).

Proof. The first and the third formulas are clear. By linearity we see that to prove the
second it suffices to check that xy = gz forx,y € {l,1, 5, k}. Thisisclearifx = lory = 1.
Ifx = y =i, then

= —1 and g8 = (—i)(—-1) == —1L
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Ifx = iand y = j, then
=k=—k and §gz = (—j)(—i) =ji= —k
The others follow by a permutation argument. Q E.D.
Given a quaternion z over A, we call the quaternion N(z) = zZ the reduced norm of z.

Lemma 2.

(@) Forz = a + bi + ¢ + dke H(A),
N(z) = a? + b2 + ¢ + d2 (four squares!), an element of A.
(b) For z, z' e H(A), N(zz') = N(2)N(z").

Proof. To prove (a) we observe that, in the expansion of (a + bi + ¢f + dk)(a — bi —
¢f — dk), the cross-product terms cancel, leaving a? + 62 4 ¢ + d2 To prove (b).
observe that

N(zz') = 22'22' = 22' 2’2 = z2N(2')z = 2zN(2")

(since N(z') e A and any element of A commutes with every quaternion), so

N(zz') = Mz)N(z). Q.ED.

Lemma 2 implies that, for a (commutative) ring A, the set of reduced norms of
quaternions, i.c. sums of four squares, is stable under multiplication.

Now we shall study in greater detail the quaternion algebra H(Q ), the non-com-
mutative subring H(Z), and the subset H of “‘quaternions of Hurwitz”’, i e the quater-

nions of the form a 4+ b + ¢f + dk, where either a, 4, ¢, and d belong to Z or all four
coefhcients belong to  + Z.

Lemma 3.

() The set H of Hurwitz quaternions is a non-commutative subring of H(Q) containing
H(Z) and stable under conjugation (z+> ).

(b) Forany zeH, z + 2€Z and N(z) = zz e Z.

(¢) In order that z € H be invertible, it is necessary and sufficient that N(z) = 1.

(d) Every left ideal (respectively, right ideal) a of H is principal, i.e. of the form Hz (re-
spectively, zH).

Progf. In (a) all assertions are clear except the stability of H under multiplication. To
complete the proof of (a) it suffices to show that, for u = 3(1 4§ 4+ j + k), u-1, u-4,
u-f, u-k, and u* e H. We have
ul=u wi=3-1+i4+5—-k), uj=3%-1—i4j5+%k),
and uk=4-14+1—-3+%k),
all elements of H. By addition, 242 = $(—2 4 2/ 4 2j 4 2k), so 42 € H, too. To prove
(b) let
z=4 4 a4+ F+bi+ G +0)j+ (34 dk, witha, b, ¢, deZ.
Then
z4+2Z=1422a€?
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and
2=F+a’+ @G+ + G+ + G+ et +Z<=2

The preceding formula follows from Lemma 2.
If z is invertible in H and if 2’ = z~%, then

N(z)N(z') = N(zz') = 1.

Since N(z) and N(z') are both positive integers ((b) and Lemma 2, (a)), N(z) = 1.
Conversely, if ze H and if N(z) = 1, then

22 =2z=N(z) = 1,

so, since 2e H b)’(a), z is invertible in H. This proves (c).

To prove (d) take x = a + bi + ¢f + dk e H(Q ). There exist a’, ¥, ¢’, d' € Z such
that

la—al <3 |6-¥<} |e—-¢]<} and [d-d] <
Put z = a' 4 &'t + ¢y 4 d’k. Then

Nix—2)=(@—-a)2 4+ F-02+(c=0)P+d-d2<41=1

The inequality is even strict, except when a, b, ¢, and d all belong to 4 + Z. Butin
this case x € H. Thus, for any quaternion x € H(Q ), there exists a Hurwitz quaternion
z € H such that N(x — z) < 1 (it is precisely because we must have strict inequality
that we work with the Hurwitz quaternions; H(Z) would not be sufficient). Now let
a be a left ideal of H. To show that a is principal we may assume a # (0). Choose in a
a non-zero clement u for which N{x) is a mirumum (such u exists, since the reduced
norm is a positive integer-valued function on H — (0), by (b)). Clearly, u is invertible
in H(Q ) with inverse aN(u) ~* (this shows that H(Q ) is a skew field). Fory & o formyu~!*
e H(Q) and take an element z € H such that N(yu~* — z) < 1. Then, by Lemma 2,
(b), we have

N(y — zu) = N((yu~' — z)u) < N(u).

Since y — zu € a and since N(u) is as small as possible, it follows that y — zu = 0,
ye€Hu,and a = Hu. Q.E.D.

Now we are ready to prove Theorem 1. Since the set of elements of Z which are
sums of four squares is muluplicatively stable (¢f. Lemma 2), Theorem 1 follows from
the following proposition.

Proposition I. Any prime number is the sum of four squares.

Proof. Since 2 = 12 + 12 4 02 4 0%, we may suppose that p is odd. Since p commutes
with any quaternion, the left ideal Hp is two-sided. Consider the quotient ring H/Hp.
Since pis odd, any z € H is congruent mod Hp to an element of H(Z) (if the components
of zall belongto 3 + Z,form z 4 p-4(1 + { + j + k)). Therefore, H/Hp is isomorphic
to the corresponding quotient ring of H(Z), i.e. H(F,).

Since the quadratic form a® + 4 4 ¢® + d® represents 0 in F, (Chapter I, §7,
Theorem 2; see the remark below for a direct proof }, H(F,) contains a non-zero element
of reduced norm zero. Such an element is not invertible (Lemma 2, (b)), so it generates
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a non-trivial left ideal It follows that Hp is properly contained in a left ideal Hz distinet
from H. Consequently, p = 'z for some z, =’ € H both non-units. Thus,

p* = N(p) = N(2) N(z)

and, since N(z) and N(z') are both integers strictly larger than onc (Lemma 3, (b)
and (c)), N(z) = N(z) = .

Putz=a+ bt + ¢ +dk(ab,c,deZorint + Z).1fa,b,c,deZ, thenp = N(2)
= a2 + b2 4 ¢ 4+ d2 and we are finished. It suffices to show that, ifa, b,¢,de i + Z.
we may make a reduction to the preceding case by multiplying z by an element of H
of reduced norm 1, more precisely by an element of the form £(+1 + i + 7 + k) To
see this consider the residue class » associated with 2z in H(Z){4H(Z) =~ H(Z/4Z).
Since N(z) e Z, N(2z) €4Z, so N(n) = 0 and 57 = 0. We observe that 7 is the residue
class of a quaternion 2’ of theform + 1 +1i 4 + £ Setu = 4z’ € H; then uis of reduced
norm | and, inasmuch as (2z)(2u4) is zero mod 4, zu e H(Z) Now p = N(z) = N(zu).
so we are finished. Q.E.D

Remark. Here is a very elementary proof of the fact that, over a finite field K, the
quadratic form a® + 4% + ¢® + d2 represents O (i.e. has a non-trivial zero in K*%). It
suffices to take ¢ = 1 and 4 = 0 and to show that the equation a® + 42 + 1 = O hasa
solution 1n K2. Write this equation in the form 2 4+ |1 = —a2. In characteristic 2, we
may take b = 0 and a = 1. If card(K) = ¢ is odd, there are (¢ + 1)/2 squares in K
(0 and the (¢ — 1)/2 non-zero squares). Thus the set T (respectively, T') of clements of
K of the form # 4 1 with b e K (respectively, of the form —a? with a € K) consists of

(g + 1)/2elements. Since (g 4+ D2 + (¢ + 12> ¢ TNT #£¢,508° + 1= —g?
has a solution. Q.E.D.



Chapter vi

Galois extensions of number fields

6.1. Galois theory

This section is a supplement to the gencral theory of commutative fields presented
in Chapter I1. §§3. 4, 6, and 7 Given a field L and a set G of automorphisms of L,
one sees immediately that the set of all x € L such that o(x) = x for all ¢ € G is a subficld
of L, called the fixed field of G. It is also clear that, for an extension L of a field K, the
set of K-automorphisms of L is a group under composition of mappings.

Theorem I. Let L be an extension of finite degree n of a field K, where K s finite or of charactenistic
zero. The following conditions are equivalent:

(a) K is the fixed field of the group G of K-automorphisms of L.
(b) For every x € L, the minimal polynomial of x over K has all its roots in L.
(¢) L is generated by the roots of a polynomial with coefficients in K.

Under the above conditions the group G of K-automorphisms of L is of order n.

Progf. To sec that (a) implies (b) observe that, for x € L, the polynomial 611' (X — o(x))
= P(X) isinvariant under G (since any element of G permutes the factors).! Therefore,
the coefficients of P(X) belong to K. Since x is a root of P(X) (G contains an identity
element), the minimal polynomial of x divides P(X) (Chapter II, § 3, (4)). Therefore,
(a) implies (b).

To prove that (b) implies (¢) take a primitive element x of L over K (Chapter II,
§ 4, corollary of Theorem 1). Its minimal polynomial over K has all its roots in L by (b).
Clearly, these roots generate L over K (since any one of them does).

Finally, let us show that (c¢) implies (a). By hypothesis L is generated over K by a
finite number of elements (1, . .., x*¥) and by all their conjugates (x, ) (Chapter II,
§ 4). Itis clear thatany K-isomorphism ¢ of L into an extension of L sends each of these
generators to another element of the same set. Therefore, o(L) < L. Moreover, by linear
algebra, o(L) = L, since o is K-linear and injective. In other words, o is a K-aufomor-
phism of L. 1t follows from Chapter II, § 4, Theorem 1 that the group G of K-auto-
morphisms of L has precisely n elements. Let x € L be invariant under G. Then every
o€ G is a K[x]-automorphism of L. By Chapter 11, § 4, Theorem 1 there are exactly

1. The finiteness of G follows from Chapter 11, § 4, Theorem 1.
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[L: K[x]] K[x]-isomorphisins of L into an extension field of L. Thus, n < [L: K[x]],
from which we may conclude that n = [L K[x]]. K[x] = K, and xe K This proves
that (¢) implics (a). That the order of G is n has been proved along the way. Q.ED

Definition 1. If the conditions of Theorem 1 are satisfied, L is called a Galois exlension of K and
G is called the Galois group of L over K. If G is abelian (respectively, cyclic), L is called an abelian
(respectively, cyclic) extension of K.

Corollary of Theorem 1. Let K be a finite field or a field of characteristic zero, let L be an extension
of finite degree n of K, and let H be a group of automorphisms of L such that K is the fixed field of
H. Then L is a Galois extension of K and H is the Galois group of L over K.

Proof. For x € L the polynomial }:Iu (X = o(x)) = P(X) is invariant under H. There-
fore, P(XX) has its coefficients in K. Since x is a root of P(X), the minimal polynomial
of x over K divides P(X). By Theorem 1, (b) L is a Galois extension of K Let G be the
Galois group of L over K. We have H © G and card(G) = » (Theorem 1) Now let ¢
be a primitive element of L over K (Chapter 11, § 4. corollary of Theorem 1) and let
P(X) be the polynomial constructed above. Since n < d°(P) and d'(P) = card(}l)
< card(G) = n,weseethat H =G. Q.ED

Theorem 2. Let K be a field which is finite or of charactenistic zero, let L be a Galois extension
of K, and let G be the Galois group of L over K. To any subgroup G’ of G let us associate the
fixed field k(G') of G', and to any subfield K’ of L containing K let us associate the subgroup g(K')
of G consisiing of all K'-aulomorphisms of L.

(@) The mappings g and k are byections and are inverses of one another. They are both
decreasing with respect to the inclusion relations on G and on L, i.e. they reverse inclusions.
The field L is a Galots extension of any intermediate field K' (ie. K <« K’ < L).

(b) In order that an intermediate field K' be a Galois extension of K, it is necessary and
sufficient that g(K") be a normal subgroup of G. In this case the Galois group of K’ over
K may be identified with the quotient group Glg(K').

Proof. For any intermediate ficld K’ and any x € L the minimal polynomial of x over
K' divides the minimal polynomial of x over K. Thus, all its roots belong to L by
Theorem 1, (b), so L is a Galois extension of K', also by Theorem 1, (b). K" is the fixed
field of the group g(K’) of all K’'-automorphisms of L (Theorem 1, (a)); in other words,
k(g(K")) = K. Let G’ be a subgroup of G. Then G’ is the Galois group of L over
k(G") (corollary of Theorem 1) ; this means G’ = g(k(G')). The relations k(g(K")) = K’
and g(k(G')) = G’ imply that £ and g are bijections and inverses of one another It is
clear that they reverse inclusions. This proves (a).

Let us prove (b). Let K' be an intermediate field (K < K’ = L). For xe K’ the
roots of the minimal polynomial of x over K are the elements of L of the form o(x),
for o € G. According to Theorem 1, (b), in order that K’ be a Galois extension of K,
it is necessary and sufficient that o(x) e K’ for all x e K’ and all ¢ € G, i.e. that o(K’)
< K’ for all 0& G. But, if o(K') « K, if reg(K'), and if xe€ K’, then o~ r o(x)
= ¢~ 1o(x) = x, 50 0770 € g(K'). In other words, K’ Galois over K implies g(K")
normal in G. Conversely, suppose that g(K') is normal in G. Ifxe K', 0 €G, and r €
g(K'), then 7 0(x) = 00~ '70(x) = o(x), since ¢~ *ro € g(K'). Thus o(x) is invariant
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under cvery element of g(K’), so o(x) € K'. Consequently, g(K') normal in G implies
o(K') © K’ and so K’ is Galois over K.

Finally, let us determine the Galois group of K’ over K. Since o(K') < K’ for all
o€ G (and cven o(K’) = K' by linear algebra), the restriction ¢ | K’ of 0 to K' is a
K-automorphism of K’. Restriction, o+ o | K', is a homomorphism of G to the Galois

group H of K’ over K. Clearly, its kernel is g(K'). Since card(H) = [K': K] =
[L: K][L:K]~* = card(G) card(g(K Nt = card(G/g(K)), we may conclude that
the restriction homomorphism is surjective. Therefore, H ~ G/g(K'). Q.E.D.

Example 1. Quadratic extensions. Let K be a field of characteristic zero, and let L be a
quadratic extension (i.e. of degree 2) of K. As in the beginning of § 5, Chapter I1I one
sees that L is of the formm K[x], where x is a root of a polynomial X2 — d (d €K and d
non-square). Since the other root of this polynomial is —x, there is a non-trivial K-
automorphism o defined by o(x) = —x, i.e. o(a + bx) = a — bx(a, b € K). Clearly

= | and K is the fixed field for o. Thus L is a Galois extension of K with the cyclic
Galois group {1, o} (by Theorem 1 and its corollary).

Example 2. Cyclotomic extensions. Let K be a field of characteristic zero, let z be a primitive
nth root of unity in an extension of K, and let L = K(z). The field L is called a cyclo-
tomie extension of K The minimal polynomial of z over K divides X® — 1 (Chapter 11,
§ 3, (4)), so its roots are nth roots of unity and, consequently, powers of z (Chapter I,
§6). Thus L is a Galots extension of K by Theorem 1, (c).

Let G be the Galots group of L over K. Any ¢ € G is determined by its effect on z.
More precisely o(z) is a power 2/ of z where j(o) is uniquely determined modulo n.
For o, 7€ G one secs that or(z) = o(2/'V) = o(2)/® = /M), 50 j(o7) = j(0)j(7)
(modulo 7). In other words o+ j(o) defines a homomorphism G — (Z{nZ)*. Since
j(o) determines o, this homomorphism is injective, and G is abelian. Thus any cyclo-
tomic extensiwon is abelian 1f n is prime, this cxtension is even eyelic, for G is isomorphic
to a subgroup of (Z{nZ)* = Fy (Chapter 1, § 7, Theorem 1, (b)).

As any subgroup of an abelian group is normal, any intermediate field K’ in a cyclo-
tomic extension is a Galois extension (and an abelian extension) of K (Theorem 2, (b))-
In particular, any subfield of a cyclotomic field is an abelian extension of Q . Conversely,

1t can be shown (the theorem of Kronecker and Weber) that any abelian extension of
Q is a subficld of a cyclotomic field.

The reader will observe that, with the preceding notations, the automorphism ¢

raises every nth root of unity to its y(¢) power, for all the nth roots of unity are powers of
z. Thus o+ j{0) is independent of the choice of z.

FExample 3. Finite fields. Let Fybe a finite field (g = p* with p prime). Any extension of
finite degree of F, is of the form F . Its degree is n (Chapter 1, § 7). The mapping o:
x> x% is an automorphism of F » (ibid., Propositon 1) with F_ as its fixed field (ibid.,
Theorem 1, (¢)). For any x € F » we have o?(x) = x¢’ and o" = 1, since x € F » satisfies
the relation x™ = x (ibid., Theorem 1, (¢)). On the other hand, for 1 € j < n — 1,
o # | since, if j < n, there exists x € F» such that #' s x. Thus, {1, 0, ..., 0" 1}
is a cyclic group of order n. According to the corollary of Theorem 1, Fp is a cyclic

extension of degree n of ¥ . Its Galois group has a canonical generator, the mapping x> x9
This mapping is called the Frobenius automorphism.
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6.2. The decomposition and inertia groups

In this section A denotes a Dedekind ring, K its field of fractions (which is assumed of charac-
teristic zero), K’ is a Galots extension of K of degree n, G is the Galois group of K’ over K, and
A’ is the integral closure of A in K.

By applying ¢ € G to an equauon of integral dependence (over A) of an element of
A’, one sees that o(x) € A’. Therefore,

(1) A’ is stable under G, 1.e. 0 (A') = A forall 0 € G.

We have shown only that o(A’) © A’. But we also have o !(A") = A’, so

A’ = oo~ '(A") © o(A’"). From now on we shall leave the dectails of arguments of this
sort to the reader

On the other hand, if p i1s a maximal ideal of A and p’ a maxumal ideal of A’ such
that p' " A = p (i.e. p’ appears in the factorization of A'p into a product of priine ideals
in A’; cf. Chapter V, §2, Proposiuon 1), then, clearly o(p’) " A = p, s0 o(p’) also
appears in the expression for A’p as a product of prime ideals of A’ and with the same
exponent as p’. We shall say that p’ and o(p’) are conjugale prime ideals of A’. We are

going to show that all the prime ideals in the prime factorization of A’p in A’ are
conjugate.

Proposition I. If p is a maximal ideal of A, then the maximal ideals p{ of A’ which appear in the

expression for A'p as a product of prime ideals in A’ (1.e. the maximal ideals p| are character:zed

by the property p; N A = p) are all comyugate. They have the same residual degree f and the same
[

ramification index e. Thus A’'p = (‘UI pi)tand n = ¢fz.

Proof. The assertion concerning the ramification index and the residual degree is
obvious, because an automorphism preserves all algcbraic relations. The fornmla
n = efg is thus a special case of the relauon 2 ¢ f; = n (Chapter V, §2, Theorem 1.
Now let p’ be one of the pi’s and assume that another of the p}’s, which we shall dunote
g', is not conjugate to p’. Since q" and o(p’)(c € G) are maximal and distinct, o(p’) ¢ ¢'.
We need the following lemma.

Lemma 1 (“lemma for staying away from prime ideals”). Let R be a ring, py, .. , v, a
Jinite set of prime ideals of R, and let b be an ideal of R such that b & p, for any index 1 Then
there exists b € b such that b ¢ p, for any 1.

Proof of the Lemma. Without loss of generality we may assume p; & py, ¢ # J. Let v,
ep;— p for 1 #4, 1 <i, j <q. Since b ¢ p;, there exists g e b — p. Put 4 =

a,}:[lxu. Then b,eb, b,e p, for y # i, and b ¢ p, (since p, is prime). Thus & =

q
by - -+ byeb ~ |L-)1 pi; since clearly b e band b = b, (modulo p,) (so b ¢ p,forany1).
Q.ED.
Returning to the proof of the proposition, we see, from tlie lemma, that there s an
element x € q’ such that x ¢ o(p’) for all ¢ € G. Constder the norm of x, N(x) = 1I—I (x)

€C

(Chapter 1I, {§ 6, Proposition 1). Since 7(x) € A’ for all € G (by (1)) we see that
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N(x) eq’;nfact N(x) e ' N A = p. Ontheother hand x ¢ r~1(p’), so r(x) ¢ p’ for any
r € G. Since p’ is prime. we see that N(x) ¢ p’, and this contradicis N(x) e p. Q ED.

Now' let p’ be a maximal i1deal of A’ such that p' M A = p. Those ¢ € G for which
o(p’) = p’ form a subgroup D of G, called the decomposition group of p’. If g denotes the
num¥er of conjugates of p’, then

) g = card(G) card(D)"! o1 card(D) = g = ¢f.

For o € D lie relations o(A’) = A" and o(p’) = p’ imply that o induces an auto-
morphism & of A'fp’ (+ = y(mod p’) entails o(x) = o(y)(mod p)). It is clear that &
is an (Afp)-automorphism. The mapping ¢+> & 15 a group homomorphism, whose
kernel is the sub-group I < D consisting of those ¢ € D which satisfy the relation
a(x) — xep' forallx e A’. Thus, I is a normal subgroup of D, called the inertia subgroup

of P

Proposition 2 With the same nolations as above, assume that Afp is finile or of characteristic
zero. Then A'fp’ is a Galois extension of degree f of Afp, and the mapping o> G is a surjeclive
homomorphusm of D on the Galots group of A’/p’" over Afp Moreover, card(l) = e.

Proof Let Ky, be the fixed field of D, let Ap = A’ N K be the integral closure of A in
Kp,and let pp be the prime ideal p’ N Ap. According to Proposiuon 1 and the definituon
of D, p’ is thie only prime factor of A'pp. Put A'pp = p’® and write f for the residual
degree [A'fp’ Ap/pp] According to Theorem 1 of § 2, Chapter V, Theorem 2 of § 1,
and (2). we have ¢f' = [K' Kp] = card(D) = ¢f. Since Afp < Apfpp < A'fyp,
f < f Since pAp < pp. ¢ < ¢ Therefore, since ¢f" = ¢f, ¢ = ¢’ and f = f*. This en-
tails

(3) Afp = Apfrp

Nowlet £ be a primitive clement for A’{p’ over Afp and letx € A’ be arepresentative
for 5. Let X" + a,_, X" + - + g5 = P(X) be the minimal polynomial for x over
Kp- We know that a, e A, (Chapter 11, § 6, the corollary of Proposition 2). The roots
of P(X) arc all of the form o(x) with ¢ €D. The “reduced” polynomial P(X) =
X' + d4,.,X "'+  + d;hasits cocfficients in Afp (by (3)) and the roots of P(X) are
all of the form &(%) with 0 € D Consequently, A’fp’ contains all the conjugates of %
over Afp, and A’fp’ is a Galois extension of Afp (§ 1, Theorem I, (c)). Furthermore,
since every conjugate of Z over A{pis of the form (%), every (A/p)-automorphism of A’fp’
is of the forin & for some c € D Thus, the Galois group of A’{p’ over Afp may be iden-
tified with D{I. Sinceitsorder is [A'fp': Afp] = f, card(D)/fcard(l} = f,socard(l) =¢,
by (2) QE.D.

Corollary. In order that v not ramify n A’ it 1s necessary and sufficient that the inertia group 1
of p'_for any p' over p (ie. such that p' N A = p) be tnwial.

Remark. Write D,. and I,. for the decomposition and inertia groups of the maximal
ideal p’ < A’. For a conjugate idcal o(»') (c € G)

(“1’) Dofp} = U!)J-U-l and !G(P) = UI’O'-.I.
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To prove (4) note that, for re D, , we have

oro™! ofp') = ar(p’) = o(p"),
sooD,c"* <D,
The reverse inclusion follows by an argument analogous to that of the remark following
(1) Similarly, for rel, and xe A/,

org(x) — x = o7(67'(x)) — 007 I(x) = o(r(o™"(x)) — o7 '(¥)) € a(r)
sool,0~! < I.,,. the reverse inclusion being proved as beforc

When K’ is an abelian cxtension of K., 1lic groups D, , (respectively, 1., ,) (¢ € G)
are all equal. They depend only on the ideal p of the ring A (Proposition 1).

6.3. The number field case. The Frobenius automorphism

The preceding will now be applicd to number fields and their rings of integers This
application is possible because number fields are of characteristic zcro and their
residual fields are finite.

Let us keep our carlier notations (K € K, both number fields, K a Galois ex-
tension of K with Galois group G, the respective rings of integers A and A’) Let pbea
maximal ideal of A which does not ramify in A, and let p’ be a prime factor of A'p

The inertia group of p’ consists of the identity of G alone (§ 2, corollary of Proposition

2); its decomposition group D is canonically 1somorphic to the Galois group of A’fp’

over Alp (§2, Proposition 2) But the Galois group of A'fp’ over Afp is ¢yclic with a

canonical generator ¢ £+ 9. where ¢ = card(A/r) (§ 1. Example 3) Therefore, D itsclf

is cyclic with a canonicul generator o defined by the relation o(x) = v'(mod p’) for any

x € A", This generator is called the Frobenius automorphism of p’. We denote it (p’, K'/K)
For r € G we have, as in the remark at the end of § 2,

(1) (+(»). K'/K) = 7 (", K'/K) =%

In particular, if K’ is an abelian extension, (p’, K'/K) depends only on the ideal p of A.
K'K
p ) '

In this case we write (

Proposition 1. With the preceding hypotheses and notations let ¥ be an intermediate field (K < F
< K’) and write f for the residual degree of p' N F over K. Then

(a) (¢, K'/F) = (¢, K'/K)/;

(b) if F is Galois over K, the restriction of (p', K'[K) to F equals (p’ 1 F, F{K).

Proof. (a) Put o = (p', K'/K). By definition o(p’) = p’ and o(x)} = x%(mod p') for
every x €A’ (here ¢ = card(A/p)). Thus, ¢/(p') = p’ and o/(x) = x*’(mod p’") for all
x € A’. By definition of f, ¢/ is the cardinality of the residual field (A’ N T){(p' N F).
Furthermore, the decomposiucn group of p’ over F is obviously a subgroup of the de-
composition group D of p’ over K. It is of order

[A'fp" - (A'NT)[(p" N )] = f 71 [A'fp': Afp] = f =} card(D),

by (2) of § 2. Since D is cyclic and gencrated by o, the only subgroup of D of order
S~ card(D) is generated by o/. This proves (a)
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(b) Suppose I is Galois over K and write ¢’ for the restriction to F of ¢ (§ 1, Theo-
rem 1, (b)). Since o(p) = p’, it follows that o'(p' N F) = p" N F and o' belongs to
the decomposition group of p’ N F over K. Moreover, it is clear that o'(x) = x? (mod
p’ N F) forall xe A’ nF, with ¢ = card(Afp). Q.E.D.

6.4. An application to cyclotomic fields

We are going to utilize the theory which we have just developed to present a third

proof of the irreducibility of the cyclotomic polynomial (cf. Chapter II, § 9, Theorem 1
and Chapter V, § 2, Example).

Theorem 1. Let z be a primitive complex nth root of unity. Then

‘ (a) No prime number which does not divide n ramifies in Q[ z];

b z] is an abelian extension o of degree @ (n) and with Galois group isomorphic to
(zpfz e (2] 2 group 2

Proof. (a) Let F(X) be the minimal polynomial of z over Q and let d be its degree
(sod = [Q[2]:Q])). The polynomial F(X) divides X* — [;let X" ~ 1 = F(X) G(X).
We know that D(1, z, ..., z¢°1) = +N(F'(z)) (Chapter 1I, § 7, (6)). From the re-
lation nX"~! = F(X)G(X) + F(X) G'(X), we may prove, by substitution, nz"-1
= F'(2)G(z). Since zis a unit of Q [z], it is of norm + 1. Taking norms, we may con-
clude that N(F'(z)) divides n%, Finally, since z is an integer 1n Q [z], the absolute dis-
crimmantof Q [z] diides D(1, z, . . ., z¢~!) and, therefore also, n®. By Chapter V, § 3,
Theorem |, no prime number which does not divide n ramifies in Q [z]. This proves (a).

(b) Recall (§ 1, Example 2) that Q [z] is an abelian extension of Q and that there
is an injective homomorphism j of the Galois group G of Q[z] over Q into (Z[nZ)*.
More precisely, the element o € G raises all the nth roots of unity to the power f(o).
Let p be a prime number which does not divide n. By (a) the Frobenius automorphism

(Q'—[?Q) is defined; denote it o,. Writing A for the ring of integers of Q[z] and p

for an arbitrary prime factor of Ap, we obtain, from the definition of the Frobenius

automorphism, the relation o,(x) = x*(mod p) for all x € A. In particular, putting

J = j(o,); we have z/ = zP(mod p). Recall thatOsl:I , (&7~ 27) = P(2%) = nz2P®7 D),
ru;(m’:)an)

where P(X) = X" - | = MYI:!‘_I (X —~ Zz7). Since n is relatively prime to p, since

pnNZ = pZ, and since z is a unit in the integers of Q [z], we may conclude from the

relation P'(z®) = nz’®- ¥ that MI'T_‘ (zP — z") ¢ p. The relation z/ = z°(mod p)
rﬁﬂiﬂ%d n)

thus implies that j represents the residue class of p mod n. Hence j{(G) contains the resi-

due classes mod 7 of all the prime numbers p which do not divide n. But this means
that j(G) = (Z[nZ)*, which proves (b).

6.5. Another proof of the quadratic reciprocity law

Let g be an odd prime. Let K be the cyclotomic field generated by a primitive gth
root of unity in €. The Galois group G of K over Q is isomorphic to Fy (§ 4, Theorem
1, (b)); itis cyclic of even order ¢ — 1. There is a unique subgroup H of index 2, which
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corresponds to the subgroup of squares (F3)2 < F¥. Thus K contains a unique quad-
ratic subfield F (§ 1, Theorem 2, (b)) No prime number p # ¢ ramnifies in I* for, if it
did, it would ramify in K; and this would contradict Theorem 1, (a) of §4 The cal-
culation of the discriminant of a quadratic field (Chapter V. § 3, Examnple 1) implies
that F = Q[V4],if ¢ =1 mod 4, and F = Q[V' —¢q], if ¢ = 3 mod 4. Putting ¢*
= (— 1)@~ 12 \ce have, in cither case, I = Q[V¢*]

Let p be a prime disunct from g. Write o, for the Frobenius automoi phisin (I\}{L'Q)

(cf. §4). Its restriction to F is ( /Q') (§ 3, Proposition 1, (b)) It is the identity if [o,

e H), i.e if the exponentj{o,) = the residue class of p mod ¢ (cf. § 4) is a square in F¥ .
otherwise it is the non-trivial automorphism of F. In other words, identifying the Galois
group G/H of F over Q with {+1, — 1}, we have

)

by definition of the Legendre symbol ( ) (Chapter V, § 5)

On the other hand, the results concerning the decomposiuon of the prime p in
F = Q[V¢*] (Chapter V, §4) give further information rcgard.lng( /Q) By definition

it is the identity if p splitsin F, and it is the non-trivial automorphisim if p remains prime.
Using Propositon 1 of § 4, Chapter V, we may conclude that, if p is odd.

) 5
Comparing (1) and (2) we obtain

(-% -0

(;pl) = (= 1)1
by Euler’s criterion (Chapter V, § 5, Proposition 1). Consequently,

(%) = (= 1)@-Du-11 (g)

This completes our second proof of the quadratic reciprocity law (Chapter V, § 5,
Theorem 1).

To take care of the case p = 2, recall that 2 splits in F if ¢* = 1(mod 8) and 2
remains prime if ¢* = 5(mod 8) (Chapter V, § 4, Proposition 1). However, (~ l)‘qz Do
= (—=1)9"-18 and thisis | if ¢* = l(mod 8) and —1 if ¢* = 5(mod 8). Thus,

®) (F3B) = (~nye-m

Putting (1) and (3) together, we obtain (g) = (~1)@-18 This is the difficult

But

“complementary formula” (Chapter V, § 5, Proposition 2, (b)).



A supplement, without proofs

This appendix presents, without proofs, some definitions and facts which complete and
generalize certain ideas discussed in the text. The notions to be introduced here are not
much deeper or more difficult than the corresponding material in the text. The author
has kept a detailed discussion of these matters out of the text in order to keep the book
short. Besides, the reader may find these more general results in numerous reference
sources (see, for example, Chapter V of [9], which may be read immediately after this
book).

It has not been the author’s intention to summarize here, without proofs, develop-
ments in number theory which lie beyond the scope of this book (adéles, class fields,
zeta functions and L-series, the arithmetic of simple algebras, analytic number theory,
quadratic forms, etc.). He has preferred rather to refer the reader to the works cited in
the first part of the bibliography (the unnumbered titles).

Trausitivity formulas

Given three fields, K © L © M, each extension of finite degree over the preceding, we
have “trace’” mappings

TrLIK :L— K, TrM!L M L, TrMIK: M—)‘ K,

and, analogously, “norm” mappings (Chapter II, § 6). For any x € M, we have the
following relations

(1) Trye(x) = Tryg(Tryu(x))
Nuyr(x) = Nyg(Nyg(x)).

The relative norm of an ideal

Given two number fields, K € K’, and an ideal (integral or fractional) o of K/,
the ideal of K generated by the elements of K of the form Ng.x(x) (x € o) is called the

relative norm of o', It is denoted Ny g(a’) (Gr N(a")). If o’ is a principal ideal (a’), then
(2) Ngx(a) = (Nxx(a)).
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If K = Q, this definition of norm coincides with that presented in Chapter 111, §5
if o’ is an integral ideal of K’ and if A’ is the ring of integers of K’ then

(3) NK':Q(G,) = CaTd(Alfﬂ’)Z.

Let us return to the general casc. If a is an ideal of K and if n = [K'. K], then
(4) Nig.x(A'a) = o™

For o’ and %' ideals of K’ there is the muluplicativity formula
(3) Ng-jx(a’ ») = Ngyg(a')Ng x(b")-

Finally, if p’' is a prime ideal of K', if p = p’ n K, and if f is the residual degree of
p’ over K, then
(6) Ngix(p) = v/

For three number fields K = K’ © K” there is the following transitivity formula,
in which a” denotes an ideal of K":
(7 Ng-x(a") = Ng,x(Ng-x (7).

In the same context, in terms of the relauve norm of an ideal one may obtain a
transitivity formula for discriminants (where ® ,x denotes the discrumnant of K’ over
K; cf. Chapter V, § 3, Definition 1).

(8) Dgx = Nx'm(s)x‘fx) 9%5;131-

The above generalizes to the case of a Dedekind ring A and its integral closure A’
in a finite extension of the field of fractions of A.

The different

The following is valid for a Dedekind ring A and its integral closure in a finite ex-
tension of its field of fractions. For simplicity we limit our discussion to the number
field case.

Let K and K’ be fields, K = K'. Let A and A’ be the respective rings of integers in
K and K'. One says that a maximal ideal p’' of A’ is ramified over A (or over K) if its
index of ramification over A is larger than 1. In this case one says that the maximal
ideal p = p' N A of A ramifiesin A’ (Chapter V, § 3). It follows easily from Chapter V,
§ 3, Theorem 1 that the maximal ideals of A’ which are ramified over A are finite in
number. We are going to describe an ideal by ¢ of A’, called the ‘“different” of K’ over
K, which will have the property that the maximal ideals ramified over A are precisely
those which contain dg.x (note the analogy with Chapter V, § 3, Theorem 1).

First, one proves that the set of all x € K’ such that

9 Tree(xA’) < A

is a fractional ideal € of A’; it is called the codifferent of K' over K. By definition the
different by.x is the inverse ideal G ~!. The different is a non-zero integral ideal of A'.
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It can be shown that the different is gencrated by elements of the form F'(x), where
x runs through A" and wheie F denotes the minimal polynomial of x over K and where
F’ is the derivative of F. In particular. if A’ is of the form A[y] (which isn’t always the
case) and if G is the munimal polynomial for y over K, then the different dg. i is the
principal ideal of A’ generated by G'(y).

'L he non-zero pnme ideals of A" which are ramified over A are those which contain
bﬁ';,{. More preciscly, let

(10) bk = ITI pi™ (m > 0)

be the decompositon of the different into a product of powers of prime ideals, and let
¢, be the index of ramification of p; over A Then the non-zero prime ideals of A’ which
arc ramified over A are the p; and m; > ¢, — | for all i Furthermore, m; = ¢, — |
if and only if ¢ is prime to the charactenstic of the residual field A'fp;.

The different by x (ideal of A’Y and the diseriminant ®y g (ideal of A) are connected
by the following relation

(1) Prx = Ng g(bgx)

(cf Chapter 11, § 7, formula (6)). Thus the different gives more precise information
concerning the ramificaiion of primes in A and A’ than does the discriminant.

Finally, for three number fields. K € K' < K", there is the following transitivity
relation for the differents

(12) bx"n; = Dgrx bx'.rx-



Exercises

The exercises marked A arc casy cxeicises which the reader may use to check his
comprchension of the text Those marked B are more elalorate The ‘review problems
at the end hase been given as examination problems in Paris.

Chapter 1

IB. Let ¢ be a prime number and let r&N. Show that the multiplicative gioup
(ZipZ)* is cyclic exceptifp = 2 and r 2 3 {for p odd, show that the residuc class ol
1 + pisoforder p'~! For p = 2 look at the order of the residue class of 53; then use
Corollary 4 of Theorem 1, § 3)

2B. (a) Show that the diophantine equation X2 4+ Y? = 3Z2 has no non-trivial solu-
tion (ie, #(0. 0, O) (Reduce mod 3) Show the same for X® + Y2 = 7/7 and
X2+ Y% < 1123

(b) Show that X2 4+ Y2 = 522 and X? 4+ Y? = 13Z2 have non-trivial intger
solutions.

(c) Try 0 generalize (a) to certain equations X2 + Y2 = $Z3, p a given prime
(study under what condition —1 is a square in Fy).
3B. Rediscover the classical proof for the fact that there are infinitely many prime

numbers. By analogous methods show that there are infinitely many primes of ilic
form 4k — | (keN).

4B. Inorderthat n e Nbeprimeitis necessary and sufficient thatzdivide (n — 1) « 1,
(If n is prime, calculate the product of the clements of F¥; check what happens in the
case when n is not prime.)

5B. Show that in a finite ficld K every element is a sum of two squares (first treat the
case where ¢ = card(K) is even; if ¢ is odd, calculate the number of values taken bv
the funcuons x+— x2 and y+— a — ¥, x, y € K, a € K given).

6B. Factor the polynomial X® — X + | in F,; and the polynomial X? + X + | in
F, (each has a double root and a simple root).

7A. Give an example of twn ideals a, b of a ring A such that a M b % a b, Show that
it is always the case that a b < a N b,
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8B. Let A bean integraldomain. eand b € A. and let B = A[X]/(aX + &) Show that,
if Aa N Aé = Aab, then B is an integral domain (consider the element — &fa of the field
of fractions K of \, and show that the homomorphism ¢@: A[X]— K defined by
PN = —bja and @(y) = y for y € A has precisely (aX + &) as its kernel)

9B Let A be an integral domnain and let ¢ and j be relatively prime positive integers.
Show that theideal (X' — Y/) in the polynomial ring A[X, Y] is prime (define a homo-
inorphism A[X, Y] —» A[X] having that ideal as its kernel).

10B (a) Let A be an integral domain. K its field of fractions, and é a non-zero element
of A Show that the A-module Hom(A/Ab, KfA) is isomorphic to AfAé (recall that,
given two A-modules E and F. we write Hom(E, F) for the set of homomorphisms,
or A-linear maps, from E to F; recall that Hom(E, F) is an A-module. We notethat a
homomorphism @ AfAd— K/A is deternuned by its value at the residue class of 1).

(b) Lor an A-module, E. put E' = Hom(E. K/A) and put E” = Hom(E', K/A).
Definc a canonical homomorphism E — E*

(c) Suppose that A is a principal ideal ring. Let E be a torsion module of finite
tvpcover A (i.c suchihat, for every « € E, there exists non-zero a € A for whichax = 0).
Determine the structure of E and deduce from (a) that E is isomorphic to E' = Hom(E,
K!A) Deduce from this that the canonical homomorphism E — E” is an isomorphism,

Chapter 11

IA Theorem | of § 7 remains true if, instead of supposing that K is of characteristic
zero, we suppose K finite. Tell why. Is the case where K is finite of any interest?

2B Let A be an integrally closed ring, K its field of fractions, and P(X) e A[X] a

monic polynomual If P(X) is reducible in K[X]. show that it is reducible in A[X]

(consider the roots of P(X) in an extension of K).

3B. For every positive integer n write f(r) for the number of monic irreducible poly-

nomials of degree n over F, Show that dz df(d) = q" (classify the elements of Fp
In

according to their minimal polynomials over F,, and note that F 2 © F if and only if
d | n). Deduce from this the values of f(1), f(2), £(3), f(4), and f(p) for p prime.

4A. Give an example of an integral domain which is not integrally closed {look at § 3).
5B Let R be a ring, A a subring of R, and x a unit in R, Show that every
(y € Alx] N A[x~1] is integral over A (show that there exists an integer nsuch that the
A-module M = A + Ax + - + Ax" is stable under multiplication by y, i.e. that

yM < M. One will at this point find the idea needed to conclude the proof by looking
at the last part of the proof of Theorem 1, § 1).

Chapter 111

1A. Why is a field a Dedekind ring?

2A How could one modify the statement of Theorem 2, § 4 so that the hypothesis
that A is not a field would become superfluous?

3B. In a Noetherian ring A it is clear that any ideal different from A itself is contained
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in a maximal ideal. Show that this is still true when A is not Noetherian (use Zorn's
lemma)

4A. Give an cxample of an integral domain A containing a prime ideal p # 0 and a
subring A’ such that p N A’ = (0)

3A Let K be a ficld Is the ring K[X. Y] of polynomials in two variables over K a
Dedekind ring?

6. Let K be a field and let A be the subring K[X?, X3] of the ring of polynomials K[X].
(a) By using the inclusion relations K[X?] € A < K[X], show that A is Noetherian
and that every non-zero prime idcal is maximal
(b) Show that A is not a Dedekind ring {consider the eleinent X))

Chapter TV

IB. Show that the ring of integers A of the cubic ficld Q[x] with x® = 2 is principal
(majorize the discriminant of \ by D(I, ¥, x*) and apply Corollary [ of Proposition 1
§3; In fact, A = Z[x] See a review problcm below)

2B. Determine tlie units of the ring A = Z[X]/(X®) and the structure of the group A*

3B. Let K be a cubic field such that r; = r; = | Suppose K is imbedded in R

(a) Show that die posiuve units of K forim a group isomorphic to Z. and that everv
positive unit of X is of norm 1.

(b) Let d be the absolute discriminant of K and let ¥ be a unit greater than |
Show that |d| < 4u® + 24 (putu = x* withxe R and x > 0. note that the conjugates
of u are of the form x~!'e and x-!'e~ ! with y e R. Calculate the discriminant
d’" = D(l, u, u®) as a function of xand y, say |d"'|'® = ¢(x,y) Find the minimum of f.y)
for fixed x and deduce that |d'| < 4u® + 24 Conclude by observing that d divides 4';

(c) Show that the polynomial X2 + 10X + 1 isirreducible over Q (cf Chapter V.
§ 3, example near the end). Lot x be one of its real roots. Show that the ring of integers

of the cubic field Q[x] is Z[x] (ibid.). Show that ¥ = —~1/x is a generator of the group
of positive units of Q [x].

4B. Lct K be a2 number field, let A be the ring of integers of K, and let P denote the sct
of maximal ideals of A. For p € P and x € K* write ,(x) for the exponent of p in the
factorization of Ax into a product of prime ideals. Put 4,(0) = + 0.

(a) Show that, forx,y € K, v,(xy) = v,(x) + v,(y) andy,(x + y) 2 min(c.(x),7,(%))

(b) Let P’ = P. Show that the set A(P’) of clements xe K such that 2,(x) > 0 for
all p € P' is a subring of K. Consider the cases P’ = P and P’

(c) Takefor P’ the complement of a finite set S = P. Show Lhat the group U of units
of A(P’) is of finite type and that U/A* is a free Z-module of rank card(S) (consider the
mapping xi— (7,(x)), ¢ s Of U to Z*; find its kernel; determine its image by obscrving
that every ideal of A has a power which is a principal ideal).

Chapter V

1B. Let A be a principal ideal ring and let K be its field of fractions.
(a) Show that every intermcdiate ring B (A = B < K) is a ring of tractions of A



f afb€ B with a, € A rclauvely prime, then show, by using Bezout’s idennty, that
ljb e B)

(b) Classify the rings of fractions of A (consider the prime clements of A which
arc inveriible in S—1A)

(c) Sho that any ring of fractions of A is principal.
2A  Show that no integer = 7 modulo 8 is a sum of three squares (reduce mod 8).

3B. Let K be a field and A a reduced K-algebra of finite dimension over K.
(a) Making use of §3, Lemma 3, show that A is isomorphic to a finite product

|ﬂ L, of cxtensions of finite degree of K.

(b) Show that, if K is of characterisuc 0, A has a primitive generator, i.e. A is of
the form K[x] with xeA (Find a sct of primitive generatars (x,) for the fields (L))
over K whose minimal polynomials over K are pairwise distinct. Take x = (x,, . ., X%,).)

4B Let p be a prime number = | mod 4. Show that there are exactly 8 pairs
(a, )€ Z x Z such that a? + §? = p (in other words, the diophantine equation ¢ =
a® + & has only one solution up to tiivial transformauons).

5B Let K be a field, A an algebra of finite dimension over K. Give examples where A
lias no primiuve generator (i e. not of the form K[x]):

(a) When A is not reduced;
(b) When A is reduced and K is finite (cf Exercise 3)

6B (a) Show that the polynomial X% — X + | is irreducible over Q (look at its
reduction mod 3) Let x be one of its roots. Calculate the integers r, and r, for the field
Q.

(b) Calculate the discriminant of (1, x, . , x*) (over Z; cl. Chapter 11, §7, for-
mula (7)) Show that it issquare-frec and deduce that Z[x] is the ring of integers of Q [x]
(§ 3. Proposition 1).

(¢) Show that the ring Z[x] is principal (use Corollary | of Proposition | of § 3,

Chapter IV and note, by reduction of X8 — X + 1 mod 2 and mod 3, that Z[x]
contains no ideals of norm 2 or 3)

7B. Let K = Q[V/d) bea quadratic field where d is a square-free integer and let A be
the ring of integers of K.

(a) By means of Corollary 1, § 3, Chapter IV, show that A is principal for d = 2,
3.5, 13, -1, -2, ~3, —7.

(b) By the same method show that any ideal of K is equivalent to an integer ideal
of noorm l or 2 ford =6, 7, 17, 21, 29, 33, —5, —11, —15, —19. In which of the
preceding fields does 2 remain prime (d = 21, 29, —11, —19; cf. § 4, Proposition 1)?
Show that their rings of integers are principal.

(¢) Suppose d = 2 or 3 mod 4. Show that K contains a principal ideal of norm 2
if and only if therc exist e and & € Z such that a? — d6® = +2. Deduce that A is prin-
cipal for d = 6, 7, and that it contains two ideal classes when d = —5 (note that 2
ramifies in this field).

(d) Suppose d = | mod 4. Show that ¥ contains a principal ideal of norm 2 if and
only ifa® — d6® = +8hasasolution (a,6) € Z x Z. Show that Ais principalford = 17,
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33, and that it contains two ideal classes when d = — 15 (note that 2 splits in this
field)
(e) Show that, for d = 10 and d = —6, A contains two classcs of ideals (note that

any idecal of K is equivalent to an integral ideal of norm 1, 2, o1 3, study the factor iza-
tons of 2 and 3 in K, and show that (2 + V10) (2 — V10) = —-2.3, also (V —6)?
= —2.3).

(f) Show that, for d = —23, A contains three classes of ideals (Proceed as in (¢).
Show that there are non-principal prime ideals p, p', q, 9" of A with the property that
2A = pp’and 3A = qq’ Observethatx = £(3 + V' ~23) andy = 4(1 + V' —23) are

elements of A with norms 8 and 6, respectively. Study the factorization of Ax and Ay
into prime ideals)

8A Let K, K’'and K" bc number fields with K « K’ € K”". Let p” be a maximal ideal
of K* and let p’ = p” M K'. Write ¢ (respectively, ¢, ¢”) for the ramificauon index of
p” over K (respectively, p’ over K, p” over K') Write f (respectively, f* and f”) for the
residual degree of p” over K (respectively, p’ over K, p” over K') Show that ¢ = ¢'¢”

and f = f'f".

9B. (a) Show that the polynomial X3® + X2 — 2X + 8 is irreducible over Q (note
that it has no root in Z, s0 no root in Q either), Write x for one of its roots, K for tlic
cubic field Q [x], and A for the ring of integers of K.

(b) Show that D(1, ¢, x?) = 4 503 and 503 is prime.

(c) Show thaty = 4/xisaninteger of K, thaty ¢ Z[x],and that A" = Z + Zx + Zy
is a subring of K wlich contains Z[x] properly. Show that the discriminant of A’ osver
Z is 303 (compare the discrimmants of A and A’, or calculate D(l, x, ) directly)
Conclude that A = A’

(d) Show that 2A is the product of 3 distinct prime ideals (write the multiplication
table of the elements |, x, y and reduce mod 2). Deduce from this fact that there exists no
element u of Asuch that A = Z[u] (note that Af2A is not primitively generated over Fy).

(c) Show that, if « is a primitive clement of K contained in A, the group AfZ[x]
admits a quotient group of order 2 (note that two of the three homomorphisms of A
on F, given by (d) coincide on Z[u], and consider their difference) Conclude that
D(l, u, 4?) is a multiple of 4-503 (note that D(l, u, ¥?) = 503 card((A/Z[«])?). Thus
none of the numbers D(l, u, ¥?) generates the discriminant of K as an ideal in Q.

(f) Show that the ring A is principal (by Chapter IV, § 3, Corollary 1 to Proposition
I it suffices to show that every prime ideal of norm n < 6 is principal; exclude the case
n = 6 and. by making use of (d). the case n = 4, then study the norms and the decom-
positon of x, 7, x — |, x + 2, and x + 3 in A; in order to scttle the case n = 2, affirm
that (x — 2)/(x + 2) and (x — 1)f{(x + 3) generate two of the threc prime ideals of
norm 2; for n = 3, show that 3A is prime; to settle a = 5, show that 5A is the product
of a prime ideal of norm 5 and of another of norm 253, and compare the factorizations
and norms of 3A and of (x + 1)A).

10B. (a) Let ¢ and ¢ be distinct prime numbers > 5 and such that gg? # 1(mod 9).
Let K be the cubic field Q [u] where 4® = $3g. Show that u and v = pgu~?! are integers
of K, that D(l, u, v) = —274%¢% and that B = Z + Zu + Zvis a subring of the ring A
of integers of K (note that «? = gv and v? = pu).
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(b) Letqbea prime ideal of A containing Ag. Deduce from the fact that ¥® = p%
ihat the g exponent of q in the decomposition of Ag is 3, and that Ag = ¢ Show that
B N q isthe ideal of B generated by u, v, ¢, that A/q = B/B N q, and that A =B + q.
Conclude from this that A = B + gA. Similaily show that Ap = p? with p prime and
that A = B + pA.

(c) By considering (u + 1)® (which differs by one from the class of %7 mod 3),
show that 3A is the cubc of a prime ideal of A, and that (asin (b)) A = B + 3A.

(d) Let x =a + bu + cv (a, 6, c€Q), an integer of K. Deduce, by calculating
traces, that 3pgx € B, froin which it follows that 3pg9A < B. Use (b} and (c) to show that
A = B + 3pgA. Conclude from this that A = B.

(¢) Show that, for x =a + bu + e (4, b, c€Z).

D(l, x, x2) = 3p24*(6% — 2p)2.
() Deduce from (¢) that, if # = I(mod 3) and ¢~ *»® = |(mod g), A has no base

(over Z) of the form (1, x. x?) (¥ € A). Show that this is the case for p = 7and ¢ = 5
(in which case K = Q[V¥175] = Q[V243]). Show that, in this case, the absolute dis-

criminant of K is the greatest common divisor of the numbers D(1, x. x?), for x € A.

Chapter V1

IB (a) Showthat the field L = Q[v/5, v/ =17 is a Galois extension of degree 4 of Q..
Determince its Galois group.

(b) Show that the ring A of integers of L is Z[V'— 1, (1 + v/5)[2] (note that the
discriminant of (1. (1 + v5)/2) over the ring of Gaussian integers is square-free (i.e.
no Gaussian integer squarc factors); then make use of ideas from Chapter V, §3,
Proposition 1). Calculate the absolute discriminant of L. Show that the only primes which

ramafy in L are 2 and 3, and that the eorresponding ramification indices are both 2
(use the fact that n = efg, cf. §2, Proposition 1).

(c) Calculate the Frobenius automorphisms (L;Q) for p prime distinct from 2 and

5 (cf. § 3). Calculate the decomposition and inertia groups for 2 and 5.
(d) Show that Q[v —5] < L, and that no prime ideal of Q [V 5] ramifies in L.

(¢) Similarly, show that Q [V10] = Q [v'2, v/5],and thatnoprimeideal of Q [V/T0]
ramifies in Q[V?2, V5].

Note that both K = Q[v'—=5] and K = Q[V10], by the above, admit abelian
“unramified”’ extensions {i.¢. it which no prime ideal of K ramifics) whose Galois
group {cyclic of order 2} is isomorphic to the group of ideal classes of K. This is a
very special case of the celebrated “‘class-field theory®.

2B. Let x be the real root of the polynomial X2 — X + |, y and 7 its two other roots in
C, and K the cubic field Q [x] (cf. Chapter V, § 3, example).

(a) Show that y + § = —x, y§ = —1lfx, and [(y — x)(§ - x)(y — §))* = —-23
(cf. Chapter II, § 7, formulas (6) and (7)). Conclude from this that K[V —23] =
Q [+, v, 7] and that this ficld L. is a Galois extension of degree 6 of Q. Determine its
Galois group G (note that 2 Q-automorplism of L is determined by its eflect on x, y, 7).
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(b) What arc the subgioups of G? Determine the corresponding subfields of L
(cf §1, Theorem 2) Vvhat are the subfields of L which are Galois over Q2

(c) Recall ihat ihering of integers of K is Z[x] (Chapter V, the example at the end
of § 3} Show that it is principal (Cliapter IV, § 3, Coiollary | of Proposiiion 1).

(d) Show that 23 is the only prime number ramified in L, and that ihe correspon-
ding ramificaiion index is 2 (note that the decomposition of 23 into prime factors in
the ring of integers of K is of the form «82. Denoung the numbers defined in Proposition
1 of § 2 relative to the decomposition of 23 in L by ¢, f. and g deduce that g = 2 and
tia1 e is cven (cf exeicise 8 of Chapter Vj Use the fact iliat ¢fg = 6 to concludc that
e=2f=1g=23)

(¢) Show ihat Q [v/ —23] < l.and iliat no prime idcal of Q [V —23] ramifies in L

Observe that L is a cvelic unramificd extension of degree 3 of Qv —~23], and that

the ideal class group of Q[+ —23] is cyclic of order 3 (cf Exercise 7, (f) of Chapte
V) This is another special case of class field theorv

3B Recformulate excreise 2 to apply to ihe polynomial X® + X + | (instead of

X* — X + 1) and to -3l (in place of —23) Reformulate for Q [V —31] Exercise 7
(F) of Chapter V.

4B Let K be 2 number field. and let L be the logarithmic imbedding of K* in R: ™ .
(Chapter IV, §4, Theorem 1) We write U for the group of units of K and we call the
volume of the latticc L(L) of the hyperplane W considered in Chapter IV, § 4, Theorem
I (with respect to the measure on \V induced from Lebesgue measure by the mapping
W — R"1*7271) the regulator of K

(a) Calculate the regulators of the 1eal quadrauc fields given as explicit examples
in Chiapter IV, § 6

(b) Let z be a primutive nth root of unity in G, let K be the cyclotomic ficld Q [ ]
let o be the automorphism of K defined by o(z) = 27! and K’ the ficld left fixed by «
Calculate [K : K'] and the ranks of the groups of units U and U’ of K and K’, respec-
tively. Show that these ranks are equal to the same integer 7 Show that there exists an
integer m such that the regulators p and p’ of K and K’ are connected by tlie rclation
p’ = mp. Calculate the number of roots of unity contained in K (respectively, K°)
(one may take z = ¢4 %), Determine the index of U’ in U,

(¢) With the notations of (b), suppose that n = #* with p prime, p # 2. Show that.
for u€ U, we have o(u) = +:>u (note that o(u)u~! has absolute value onc for any
inbedding of K in C, thus is a root of unity), whence o(z/t) = +2zu Show that
o(2u) = + z’u. Show that o(:%u) = zu (exclude the minus sign by cousidering the
conjugates of zfu over K'). Deduce that U = V U’, where V is the group of nth 1oots
of unity contained in K. Show that the integer m of (b) is equal to 1.

5B. (a) Let K be the cyclotomic field generated over Q by a ninth root of uniiy :
Show that it is a cyclic extension of degree 6 of Q (cf. §4). Lct G be its Galois group

(b) By making use of the subgroup H of index 3 of G, construct a Galois extension
K’ of degree 3 of Q (cf. § I, Theorem 2). Show that K’ = Q [cos 2n/q] and determine
the minimal polynomial of 2 cos 2wjg over Q (it has as roots z + 28 z2 + :°, and
2t + 25).
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REVIEW PROBLEMS
1

In thc field C of complex numbers, put = = ¢"® and wiite K for the cyclotomic
field Q[2z].

1. Find the degrce, the ring of integers, and thc absolutc discriminant of K (to calculate
the absolute discriminant it will be convenient to calculate the numbers Tr(z%)).
\What pruncs ramify in A?

2 Write R for the field of real numbers and put K* = K N R Show that K’ is a quad-
ratic ficld and determine which one Describe the ring A’ of integers of K' and the
group A'* of units of A"

3 Show that K’ is the only quadratic field contained in K (note that, if K” is a subfield
of K, cvery prime number which ramifies in K* ramifies in K)

4 Show that K contains no roots of unity Lesides the tenth roots of unity (it suffices
to consider those roots of unity whose order is prime or a power of 2, and to make use
of (3)). Write G for the group of tenth roots of unity,

3. (a) Making use of the logaiithmic imbedding of K, show that, if a is a unit of
absolute value one in the ring A of integers of K, then a is a root of unity.

(b) Leta = r¢! be a unit of A (r > 0) Show that r2 € A™ and ¢ € G. Also show
that the relations r € A'* and ¢ € G a1c¢ equivalent

{c) Recallthat A(l — 2) = A(l — 22) = A(l — 23) = A(l — z*) isa primecideal p
of A and that 5A = p*. Conclude that no element of (I — 2%)K’ is a unit of A, that A
contains no unit of aigument /10, and that the group A* of units of A is a direct product
of G and of the group U of positive units of A’

6. Recall that, with the classical notations, every class of ideals of a number field con-
tains an integral ideal of norm < (4fm)"2n! n=" |4| V2. Show that the ring A is principal

I1
Let Q be the field of rational numbers, x the real number such that x* = 2, and K the

ficld Q(x)

l. Show that the polynomial X°® — 2 is irreducible over Q , and that K is an extension
of degrec 3of Q.. In the field C of complex numbers what are the fields conjugate to K ?

2 Letz=a+ bx + ¢x*(a, b, c € Q) be an element of K. Calculate the trace, norm,
and characteristic polynomial of z over Q.

3. Let Z be the ring of rational integers and B the subring Z[x] of K. In this problem we
intend to show that the ring A of integers of K is equal to B.

(a) Show that B © A, and find a base for B as a Z-module.

(b) Let z = a + bx + cx? (a, b, ¢ € Q) be an integer of K. By calculating the traces
of z, xz, and x2z show that 6A < B.

For the rest of the proof one may, by making use of (2), show that the integers 6q,
66, and 6¢ defined in (b) are multiples of 6 (the argument is long, but elementary).
Onc may also proceed, i a less elementary way, as follows.
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(c) Show that the ideals xA and aB are prime (for xA one may consider the decom-
position of the ideal 2A in A). Show that xB = B N xA, and that the fields A/xA and
B/xB arc the same Couclude that A = B + xA and. hence, that A =B + 2A

(d) Show that 3 = (x — 1)(xv + 1) and that v — | is inveruble in B Proceed as
in (c), with x + | in place of x and 3 in place of 2, to show that A = B + (x + 1)A.
and consequently A = B + 3A,

(e) Deduce from (c) and (d) that A = B + 6A, and, finally, deduce that \ = 1.

4 (QCalculate the different and the discriminant of X

5 (a) Whatis thestructure of the (inuluplicauve) group of units of A ® Show thateverv
posiuve unit (respectively, negative unit) is of norm | (respecuvely, —1) Show tlut
x2 + x+ lisaumtof A

(b) Recall that. if x is a unit >1 of A and if D 1s the discriminant of K, thien
|D| < 4u® + 24 (cf Excrase 3of Chapter IV) Conclude that x* + x + 1 is a generatol
of the group of positive units of K (thic approximate values of x and x? are 1 26 and | 58;.

(c) Calculate 3 or 4 solutions in integers a, 6, ¢ of the equation a* + 25* +
4¢® — 6abc = 1. Explain how one may find all its rational integer solutions. also all
Its positive integer solutions

I11

I Show that the polynormal X3 — 3X 4 1 has no root in Q and is irreducible over
Q. Show that its three roots in C are real, let x be one of them.

Wnte K for the cubic ficld Q [2] and A for the ring of integers of K,
2. Calculate the discriminant D(1, », ) Deduce that, if a + bx + cx2 {a, . € Q)
is an integer of K, then @, &, ¢ € S™1Z where S is the set of powers of 3. {3'},., (con-
sider S71Z < §-1A),
3. Put A’ = Z[x]. Show that x and x + 2 are unuts of A’ and of 4, and that (x + 1)?
= 3x(x + 2). Conclude that (x + 1)A is a prime ideal of A, that (x + AN A’
= (x + 1)A’, and that A/(x + DA = A’/(x + 1)A’. Show that A = A" + (x + DA
and A = A’ + 3A. Conclude from this and from (2) that A = A’ = Z[x].
4. Show that 2A is a prime ideal of A (note that X® — 3X + 1 is irreducible mod 2),
Deduce from this that A is a principal ideal ring (recall that every ideal class of \
contains an integral ideal of norm < (4/)"s(n!fn*) |D|'*2, with the usual notations).

5. Show that ¥* — 2 is a root of the polynomial X® — 3X + L. What are the ficlds
conjugate to K over Q , and what are the Q-isomorphisms of K into C?

6. Recall that cos 3u = 4 cos® u — 3 cos u. Putting x = 2 cos y, calculate the possiblc
values for the angle u. Conclude that K is of the form L N R, where L is a ¢y elotomic
field, Determine which cyclotomic field.

N.B. Questions 5 and 6 arc independent of questions 2, 3, and 4.
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