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Isomorphism classes of complex tori

We have seen in the first lecture that to any lattice A C C we can
associate a complex tori defined as C/A.

Question

When two distinct lattice A1 and N\, give rise to isomorphic complex tori
C/M =C/Ny?

Definition

Two lattice A1 and A, are said to be homothetic if there exists «€C such
that a1 = As

If a is such that aA; C Ay, then we can define a surjective map
da : C/A1 — C/Ny, by setting

¢a([2ln) = [aZ]n,-

It can be shown that this is a holomorphic map. Moreover if aA; = Ap
then ¢, is an isomorphism.
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Isomorphism classes of complex tori

Consider the association

{aeC : a1 C N2} — {/(E N % :¢(0) = Oandgbholomorphic}
1 2

= da

Theorem

Let A1 and Ao be two lattices. Then the above association is a bijection.

Moreover C/N\y and C/A, are isomorphic if and only if Ay and Ay are
homothetic.
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Let
L={NcCC:Nis a lattice}

We have an action of C* on L

C'xL—L
(o, A) — a\

Let AgeL the orbit of Ag under C* is the set

Orbg+ (/\0) = {/\€£ A= aAo}
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The set of orbits is usually denoted by £/C*. Since two complex tori are
isomorphic if and only if the associates lattices are homothetic we have
that there exists a bijection

L/C* — {isomorphisms classes of complex tori}

So we want to understand better what £/C* looks like.
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Lemma
Every lattice is homothetic to a lattice of the form Z + TZ with Im(T) > O.J

Let
h={zeC:Im(z) > 0}

denote the upper half plane. Then, as consequence of the previous lemma,

we have that the map
h — L/C*

T — [Af]

is surjective. Unfortunately is not injective.
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We have to consider another action to actually get a set of representative
for the set of orbits. First of all recall that Matyx2(R) acts on b by

. . . . . a b
fractional linear transformation, which means that given v = c we

d
let
az+b

cz+d

Lemma
If Im(7) # 0, then

. (az+ b) (ad —b) | o

cz+d) |cz + d|?
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Let
SLg(Z) = {(i 3) S Matzxz(Z) rad — bc = 1} .

SL2(Z) is called the modular group and often denote by I'(1). By the
above lemma SL3(Z) act on C by fractional linear transformation:

SLa(Z) xh — b

Clearly —1 = <_01 _01> acts like the identity. Thus we get an action of

the quotient group (1) on b
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Lemma

The lattices N, and \.,, (11, 2€h), are homothetic if and only if there
exist v€l (1) such that (1) = 72.

Thus to understand £/C* we only need to compute a fundamental domain
for the action of I'(1) on b

Recall that F is a fundamental domain for the action of the modular

group (1) if the following condition holds: each orbit intersect F in
exactly one point.
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A fundamental domain
Let

f:{Teh:|T|Zland —%gRe(T)S%}

where p = exp(%§’)
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Matrices in (1)

(1) =0 9)

and their action is given by

T(r)=7+1 S(r)=-1

Note that S? = /. Moreover

and

So (TS)® =/ and (ST)? =/ in T(1).
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Theorem
(1) Given T€l then there exists yel (1) such that v(1)eF

(2) Given T€F and vl (1), then ~(7)EF if and only if one of the
following situations occur:

(a) Re(r) =3 and y(r)=7-1
(b) Re(r) = —3 and ~(r ) =7+1
() Irl =1 and A(7) =

(3) Given T€l let
Stab, = {’VGW cy(7r) = 7'} .

Then for T€F we have

<S> ifr=i
<ST > iftr=p=ex
< TS > /fT——p—exp(”’)
/ otherwise.
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Theorem

The group T(1) is generated by T and S.
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The fondamental domain for the action of I'(1) on b.

p ./""‘\\
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