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The study of class groups and of class numbers has been a central task
in number theory since their introduction, around 1845, by Kummer.
The interest for the class group of imaginary quadratic fields goes
actually back to Gauss, who in [2, art. 303-304], already predicted
that there exists only finitely many imaginary quadratic number fields
having a given class number and asked for a complete list of such
number fields for each given value. Evidently Gauss formulated his
result and conjecture in terms of quadratic forms. in 1934 Heilbron [3]
established Gauss claim, by proving that the class number of imaginary
quadratic number tends to infinity as the discriminant grows, and thus
proving that every finite abelian group can appear as the class group of
an imaginary quadratic field only finitely many times. It is then only
natural to ask the following:

Question 1 Let G be a finite abelian group. How many times does G
occur as the class group of some imaginary quadratic field?

Set

F (G) := #{imaginary quadratic fields K : cl(OK ) ' G}.
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The following table ismade out of a (much larger) set of data obtained
by computations carried out with the aid of a supercomputer and under
the GRH (cf. [4]):

p 3 5 7 11 13 17 19 23
F

(
Z
pZ

)
33 93 130 241 335 518 599 823

F
(
Z
pZ ×

Z
pZ

)
1 2 2 0 5 1 0 1

Looking at the table it is natural to ask if F
(
Z
pZ ×

Z
pZ

)
> 0 for

infinitely many primes p. Evidently one can ask similar questions for
groups of order pn, for any n ≥ 2. To formulate a precise question we
need a little bit of notation. Let p be an odd prime. As it is well know
isomorphism classes of abelian groups of order pn are in one-to-one
correspondence with the set of all possible partitions of n. Namely

{[G] : G abelian group, |G | = pn} ↔ Part(n)
k⊕
i=1
Z/pniZ 7→ (n1, . . . , nk )

where

Part(n) =



(n1, . . . , nk ) ∈ Nk :
k∑
i=1

n1=n, n1≥n2≥ · · · ≥nk


.

If λ := (n1, . . . , nk ) ∈ Part(n), we denote with Gλ(pn) the correspond-
ing abelian group. Thus we can formulate the following

Question 2 Is F (Gλ(pn)) > 0 for infinitely many primes p?

Given λ = (n1, . . . , nk ) ∈ Part(n) let

cyc(λ) := n1 −

k∑
i=2

(2i − 3)ni .

30



Note that 1 − (n − 1)2 ≤ cyc(λ) ≤ n and is equal to n if and only if
Gλ(pn) is cyclic.

Conjecture 3 (Holmin, Kurlberg, Jones, McLeman, Petersen) Fix n ∈
N and λ ∈ Part(n). As x → ∞, one has∑

p≤x

F (Gλ(pn)) =



15C
n(cyc(λ)+1) ·

xcyc(λ)+1

(log x)2 (1 + o(1)) cyc(λ) ≥ 0
O(1) cyc(λ) < 0.

where C is defined by the Euler product

C :=
∞∏
`=3
` prime

∞∏
i=2

(
1 −

1
`i

)
≈ 0.754 . . .

It is interesting to see explicitly what the conjecture says for n = 2, 3.

n = 2
Consider the partition λ = (1, 1), for which cyc(1, 1) = 0, we have the
following set of data

p 3 5 7 11 13 17 19 23
F

(
Z
pZ ×

Z
pZ

)
1 2 2 0 5 1 0 1

The conjecture asserts that as x → ∞,∑
p≤x

F

(
Z

pZ
×
Z

pZ

)
∼

15C
2

x
(log x)2

In particular is expected that F
(
Z
pZ ×

Z
pZ

)
> 0 for an infinite set of

primes (of asymptotic density zero)

n = 3
Consider the twopartitions (1, 2) (cyc(2, 1) = 1) and (1, 1, 1) (cyc(1, 1, 1) =
−3) , in this case the data collected in [4]) gives:
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p 3 5 7 11 13 17 19

F

(
Z
p2Z
× Z

pZ

)
5 11 13 19 17 25 22

F
(
Z
pZ ×

Z
pZ ×

Z
pZ

)
0 0 0 0 0 0 0

The conjecture asserts that as x → ∞,∑
p≤x

F

(
Z

p2Z
×
Z

pZ

)
∼

15C
8

x2

(log x)2

whereas ∑
p≤x

F

(
Z

pZ
×
Z

pZ
×
Z

pZ

)
∼ O(1)

The heuristic behind the conjecture is based on the Cohen-Lenstra
heuristic for class groups (cf. [1]). Given G, set

P(G) :=
1/|Aut(G) |∑

|H |= |G | 1/|Aut(H) |
,

Then Cohen-Lenstra heuristic predicts that the probability of G being
the class group of an imaginary quadratic field is exactly P(G).
Let

F (h) := #{imaginary quadratic fields K : |cl (OK ) | = h}.

So that F (h) =
∑
|G |=h F (G), where the sum runs over the isomor-

phism classes of abelian groups of order h. By the Cohen-Lenstra
heuristic one expects to have

F (Gλ(pn)) ≈ P(Gλ(pn)) · F (pn).

In 1907, Ranum proved that for λ ∈ Part(n), one has P(Gλ(pn)) ∼
pcyc(λ)−n for p that tends to infinity (see [5]). Moreover, a recent
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conjecture of Soundararajan [6] says that for h → ∞ through odd
values, F (h) � h

logh . Hence, we can deduce that

F (Gλ(pn)) ≈ pcyc(λ)−n ·
pn

log(pn)
=

pcyc(λ)

n log p
.

Finally, we can see that∑
p≤x

F (Gλ(pn)) ≈
∑
p≤x

pcyc(λ)

n log p
∼

1
n(cyc(λ) + 1)

·
xcyc(λ)+1

(log x)2 .

This is, up to a themultiplicative constant 15C the content of Conjecture
3. The presence of 15C can be explained via the following refinement
of Soundararajan’s conjecture:

Conjecture 4 (Holmin, Kurlberg, Jones, McLeman, Petersen) For h →
∞ through odd values,

F (h) ∼ 15 · C · c(h) ·
h

log h

where

c(h) =
∞∏

pn | |h

n∏
i=1

(
1 −

1
pi

)−1

Another important theorem of Soundararajan [6] says that for H →
∞, one has

1
H

∑
h≤H

F (h) ∼
3ζ (2)
ζ (3)

H .

A result related to this one is the following:

Theorem 5 (Holmin, Kurlberg, Jones, McLeman, Petersen) Assume
the Generalize Riemann Hypothesis. Then

1
H/2

∑
h≤H
h odd

F (h) ∼
π2ζ (2)
ζ (4)

·
H

log H

for H → ∞.
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Lastly one can ask if a “typical” Gλ(pn) satisfies F (Gλ(pn)) > 0
infinitely often. An answer to this question is the following result.

Theorem 6 (Holmin, Kurlberg, Jones, McLeman, Petersen)

#{λ ∈ Part(n) : cyc(λ) ≥ 0}
# Part(n)

� n5/4e(2−π
√

2/3)
√
n.

In particular, almost all partitions λ ∈ Part(n) conjecturally satisfy
F (Gλ(pn)) = 0 for p � 1.

The proof of this theorem is combinatorial, via generating functions.
For all the results highlighted in this extended abstract we refer the

reader to [4].

References

[1] H. Cohen, and H.W. Lenstra, Heuristics on class groups of
number fields, Number theory, Noordwijkerhout 1983, Lecture
Notes in Math., vol. 1068, Springer, Berlin, 1984, pp. 33-62

[2] C. F. Gauss,DisiquisitionesArtithmeticae, EnglishEditon, Trans-
lated by Arthur A. Clarke, Springer-Verlag, New York, 1986.

[3] H. Heilbronn, On the Class Number in Imaginary Quadratic
Fields, Quart. J. Math. Oxford Ser. 25, 150-160, 1934.

[4] S. Holmin, N. Jones, P. Kurlberg, P. McLeman, and K. Pe-
tersen, Missing class groups and class number statistics for
imaginary quadratic fields, preprint.

[5] A. Ranum, The group of classes of congruent matrices with appli-
cation to the group of isomorphisms of any abelian group, Trans.
Amer. Math. Soc. 8 (1907), 71–91.

[6] K. Soundararajan, The number of imaginary quadratic fields
with a given class number, Hardy-Ramanujan J. 30 (2007), 13–18.

34



Giulio Meleleo
Dipartimento di Matematica e Fisica
Università Roma Tre
L.go San Leonardo Murialdo 1
00146 Roma, Italy.
email: meleleo@mat.uniroma3.it

35


