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Let a, b € N, be multiplicatively independent in Q. The quantity
ged(a™ —1,b"—1), n € N, has been investigated by several authors. An
important result was obtained by Bugeaud, Corvaja and Zannier [3],
who proved that for any € > 0,

ged(a™ - 1,b" — 1) < exp(en),

as n tends to infinity.

The function field analogue, given f, g € C[X], corresponds to find-
ing upper bounds for deg gcd(f" — 1, g" — 1). The following definition
is central for the next results.

Definition 1 The polynomials F, ..., Fy € C[Xy,..., X¢] are multi-
plicatively independent if there exists no nonzero vector (v, ..., Vs) in
Z° such that

V1 Vs _
F' B =1

Similarly, the polynomials Fi, ..., Fs € C[Xy,..., X¢] are multiplica-
tively independent in the group C(Xy, ..., Xp)*/C* if there exists no
nonzero vector (vi,...,vs) € Z° and a € C* such that

F''- B =a.
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Ailon and Rudnick [1] showed that for multiplicatively independent
polynomials f, g € C[X], there exists & € C[X] such that

ged(f" - 1,8" -1 | h ey

for all n > 1. If in addition ged(f — 1, g — 1) = 1, then there is a finite
union of arithmetic progressions Uy, N, d; > 2, such that, for n outside
these progressions, ged(f"™* —1,g" = 1) = 1.

Corvaja and Zannier [4] extended the result of Ailon and Rudnick [1]
to S-units: let S ¢ C be a finite set and let u, v € C(X) be multiplica-
tively independent rational functions with all their zeroes and poles in
S. Then

degged(u — 1,v — 1) < max(degu, deg v)2/3. )

As a corollary, if f,g € C[X] are multiplicatively independent, then
one gets deg gcd(f" — 1,g" — 1) < n?/3, which improves the trivial
bound <« n.

In [5] several extensions of the Ailon-Rudnick theorem over C are
developed in order to study:

1. ged (A (f™), ha(g™)), where hy, hy € C[X];

2. gcd( e =Lt g - 1), where fi,..., fr and g1,
..., &r belong to C[X];

3. ged (hi(F™), ha(G™)), where hy, hy € C[X] and both F and G
belong to C[X1, ..., Xl

4. the set of common zeros of Fln1 -1,.. .,Fg’fl” — 1 over C, which
is denote by Z (Fln' -1,.. .,F;Jfl“ - 1), where

Fi,...,Fp € C[Xl,.. . Xel.

The goal is to obtain uniform bounds for the degree of these gcd’s in
the sense that they do not depend on the powers n, m, . . ..

Using a uniform bound for the number of points on a curve with
coordinates roots of unity due to Beukers and Smyth [2], one obtains
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an upper bound on deg gcd(f" -1, g —1) that depends only the degrees
of f and g:

Lemma 1 Ler f,g € C[X] be non constant polynomials. If f and g
are multiplicatively independent, then

in(ds,d
deg ged (f" - 1,g" 1) < (11(dy + dg))"" "™

foralln,m > 1.

This result can be generalized to:

Theorem 2 Let f,g,hy, hy € C[X]. If f and g are multiplicatively
independent in C(X)*/C*, then

min(ds,dg)
degged (h1 (f"), h2 (8™)) < dn,dn, (ll(df +d8)2) e

foralln,m > 1.

Another extension of the Ailon-Rudnick theorem obtained in [5] is
the following:

Theorem 3 Let fi,..., fr,81,...,8 € C[X], £t,r > 1, be multi-

plicatively independent polynomials. Then, for all ny,...,ng,my,...,
my > 1, there exists a polynomial h € C[X] such that

ged (f1" e f1 = L gl g = 1) | .
If in addition
ged(fi---fe—-Lgi-—-g-D=1

then there exists a finite number of monoids Ls in N such that
N\ Uy Ly is infinite and for any vector (ny,...,ne, My, ...,M;) €
N€+r\ US 'LS)

gcd(flnl...f;l[_l’g;nl...g:nr—1):1_
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Theorem 3 can also be reformulated in terms of S-units in C[X] and
gives a uniform bound for deg gcd(u — 1, v — 1). Such a uniform bound
is not present in (2) which, on the other hand, applies to more general
situations.

It might be possible to unify Theorems 2 and 3 to obtain a similar
result for

ng(hl ( e ,;”)),hz (g;nl "'ginr)),
where hy, hy € C[X]. Similar ideas may work for this case however
they require a uniform bound for the number of points on intersections
of curves in the torus G with algebraic subgroups of dimension
k < ¢+ r —2, which is not available. This will also give a bound for
deg h in Theorem 3.

In the multivariate case, applying Hilbert’s Irreducibility Theorem
to reduce via specializations to the univariate case, we get:

Theorem 4 Let hy, h, € C[X] and F,G € C[Xy,...,X¢]. We denote
by
D= d F,d G).
max, (deg, Frdegy, G)

i=1...,

If F, G are multiplicatively independent in C(X, ..., X¢)*/C*, then for
all n,m > 1 we have

n m (D+1)¢
deg ged (hy (F"), hy (G™)) < di,dn, (44(D +1)*) :

. . _ (t+1+Df
Lastly, for an integer D > 1, if we denote y,(D) = ( r41 ), then
we have the following result:

Theorem S Let Fy,..., Fprp € C[Xy,. .., X¢] be multiplicatively inde-
pendent polynomials of degree at most D. Then,

U z(F -1 F =)

Nly..0pg] eN

is contained in at most

N < (0.792y¢(D)/log (y¢(D) + 1))r*")
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algebraic varieties, each defined by at most € + 1 polynomials of degree

at most
(¢ +1)D! ]—[ )
p<ye(D)

(the product runs over all primes p < ye(D)).
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