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Reductions of elliptic curves

Antonella Perucca

This is joint work with Davide Lombardo [3] and Peter Bruin [1].
The problem under consideration can be formulated for connected com-
mutative algebraic groups, and our main results hold for all products of
abelian varieties and tori. For simplicity, we focus here on the case of
elliptic curves and present a selection of the results.

Let E be an elliptic curve defined over a number field K, and fix some
prime number €. Let @ € E(K) be a point of infinite order and consider
the primes p of K for which the reduction of @ modulo p is well-defined
and has order coprime to £. The aim of this paper is understanding the
natural density Dens,(«a) of this set (which is known to exist).

In [2], Jones and Rouse considered the Galois action on the tree of
¢ division points over @, which encodes the Kummer representation
for @ and the {-adic representation attached to E. By refining their
method, we are able to remove all assumptions and prove:

Theorem 1 If G is the image of the -adic representation, we have
Del’lS[(a’) = CKummer * / f—Vg(det(x—I)) : W(x) dﬂg(x),
G

where g is the normalized Haar measure on G, where the rational
number Cgummer measures the failure of maximality for the Kummer
extensions of a, and where the function w describes the Galois action
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on the tree of ™ division points over « (its values can be either zero or
a power of { with exponent in Z<).

With different techniques we prove a completely new result:

Theorem 2 The density Dens¢(«) is a rational number (strictly be-
tween 0 and 1), and there is a theoretical algorithm that computes it.
The minimal denominator of Dens¢(«) divides, up to a power of €, the
expression (€ — 1)(£* — 1)>(£'2 - 1).

The power of ¢ in the minimal denominator of Dens,(@) cannot be
uniformly bounded, therefore we give a bound depending on a.

We also generalize the above results by replacing ¢ with a (square-
free) integer m.
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