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This note presents a summary of the talk of Christian Maire at the
fourth mini symposium of the Roman number theory association based
on a joint work with F. Hajir and R. Ramakrishna. The main results
of the talk are a new record to the constant of Martinet and the answer
to a question asked by Ihara. The construction of infinite unramified
pro-p-extension of a number field plays a crucial role in the proof of
these results.

Let G be a pro-p-group, we denote h'(G) = dimg,, H(G, F,), d(G) =
h'(G), and r(G) = h%*(G)

Theorem 0.1 (Golod-Shafarevich) Let G be a non trivial finite p-
group. Then
d(G)?

Y

For a number field K, let’s denote by K’ the maximal pro-p-extension
of K which is unramified everywhere and G = Gal(K’/K) its Galois
group. We know that the group G is a finitely presented pro-p-group.
Moreover, by class field theory, we know that d(G) is exactly the p-rank
of the class group of K. We also have bounds for the number of relations

r(G) >
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of G, obtained by Koch and Shafarevich :
d(G) £ r(G) £d(G) +ry +r =1+ 6k p,

where r, (resp. rp) is the number of complex (resp. real) embeddings
and 0k, is equal 1 or O depending on whether K contains or not the
pth root of unity .

Theorem 0.2 Ifd(Clk) > 2+2+/ry + 11 + Ok, p, then K’ /K is infinite.
Let G be a pro-p-group, and let

l1—mR—F—G—1

be a minimal presentation of G, then the pro-p-group F is a free group
with d(G) generators.
Let A := F,[[F]] be the Iwasawa algebra of F and

I =ker(A = Fp)

be the augmentation ideal of A.
The depth w(g) of an element g of F \ {1} is defined as

w(g) =max{n,g—1¢€I"}.
The Zassenhaus filtration of F is given by
Fo={g €F, w(g)>n}

It is well known that R/RP[F, R] ~ H*(G,F,). Let (p;); be a set of
generators of R/RP[F, R], forn > 1 we set

n = {pi, w(pi) = n}l.
Note that r| always equals zero because of the following isomorphism

G/GP[G, G] =~ F/FP[F, F].
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Theorem 0.3 (Vinberg, 1965) Ifthe series 1 —d(G)t + ., rat" has a
zero for a given t € [0, 1], then the pro-p-group G is infinite.

As an application, if one has no information on the relations, we take
r, = r(G) to obtain the Golod Shafarevich theorem. More generally
if we suppose that ry = --- = r,_; = 0 we get a refinement of Golod
Shafarevich bound; namely, if G is finite then

k
r(G) > d(ki) (k-1

A similar result was proven by Koch-Venkov and Schoof, when p is
an odd prime and K a quadratic field. Then r»(G) = 0, furthermore if
h'(G) < 3, K’/K is infinite. More generally Kisilevsky-Labute asserts
that this result remains true when K is a CM field.

The main results of the talk can be viewed as further applications. We
start with the new record of Martinet’s constant. Let K be a number
field and (r, r») its signature ([K : Q] = r; + 2r2). We define the root
discriminant of K to be

Rdx := |Discg|"/1EQ,
where Discg is the discrimant of K. For number fields with
[K : Q] >> 0 and by classical methods we have
Rdx > A'B'™!
where ¢ = r| /[K : Q] denotes the type of K.
The constants A and B are still unknown, but lower bounds are given

Minkowski | Odlyzko | Odlyzko (GRH)
A> 7.3 60.8 2153
B > 5.8 22.3 44.7

Two upper bounds for the constants A and B are the constants of
Martinet

(0, 1) := lim inf min{Rdk, [K : Q] = 2n, Ktotally imaginary}
a(1,0) := liminf min{Rdk, [K : Q] = n, Ktotally real}
n
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It is well known that we have
A < a(l,0)and B < a(0, 1).

On the other hand, upper bounds for a(.,.) occur using the discrim-
inant formula and infinite unramified extensions. The first one was
given by Jaques Martinet in 1978; he proved that the field K =
Q(V2, ¥=23, cos(2x/11)) has an infinite unramified extension, and so

a(0,1) < Rdg ~ 924+

Martinet (1978) | Hajir-Maire (2002)
a(1,0) < 1058.6- - - 9543 -
a(1,0) < 924 .- 827 - ..

The new record is given in this talk

IA

a(1,0) 857.5--- (1)
a(0,1) < 785--- )

This record is obtained by observing that the totally imaginary example
of Hajir-Maire improving Martinet’s record gives an infinite unramified
extension with root discriminant less than 78.5. This extension is
obtained by cutting the maximal unramified extension outside a prime
ideal of norm equal to 9, by a fourth power of its generator of its inertia
group.

The second application is the answer to Ihara’s question. Given an
infinite unramified extension L/K, denote by S(L/K) the set of prime
ideals of K that decompose completely in L/K.

log N(p)
Er———_ G © <]
peS(L/Kk) VIog N(p)

Can S(L/K) be infinite?
An answer is the following
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Theorem 0.4 (HMR, 2018) Supposethatd(Clk) > 24+2r; + 1 + 1.
Then there exists an infinite unramified pro-p-extension L /K for which
S(L/K) is infinite.

The last one is about p-rational fields. Let K, be the maximal pro-
p-extension of K unramified outside p. Class field theory gives a
description of the abelianization of G,

Gp/lGp, Gp) = Z* 140K

where 0k is the Leopoldt defect, conjecturally null (Leopoldt conjec-
ture)

Definition 0.5 When G, is pro-p-free, the number field K is said p-
rational.

In 2016, Gras gave the following

Conjecture 1 Every number field K is p-rational for all p > C(K).

Theorem 0.6 Let K/Q be a totally imaginary extension of degree at
least 12. Choose p > 2 such that:

i) p splits totally in K /Q;

ii) K is p-rational.

Then there exists a finite extension F [K in K, /K such that F*"P [F is
infinite.
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