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1 Introduction

The aim of this talk is to present some recent results bounding the
primes of bad reduction for a CM curve of genus 3. Before looking
at this problem we will look at the analogue for curves of genus 1 and
curves of genus 2 in order to give motivation in a more familiar context.

2 Hilbert class polynomial and good reduction of
CM elliptic curves

If we fix an algebraically closed field k, all elliptic curves over k up
to isomorphism can be parametrized with a single invariant called j-
invariant. For example if the characteristic of k is different from 2 or 3
every elliptic curve E over k has a Weierstrass model

y2 = x3 + Ax + B
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for certain A, B ∈ k such that 4A3 + 27B3 , 0 and we can write the
j-invariant of E as

j(E) = −1728
(4A)3

∆(E)
= −1728

(4A)3

16(4A3 + 27B2)
.

If we consider the endomorphism ring of an elliptic curve E we know
that there are three kinds of possibilities:

1. End(E) � Z, if the only endomorphisms are of the form
[n] : P→ P + · · · + P;

2. End(E) is isomorphic to an order O in an quadratic imaginary
number field; every such order O is of the form Z[

√
D+D

2 ] for
some negative integer D not congruent to 3 (mod 4);

3. End(E) is an order inside a quaternion algebra B; this can only
happen in positive characteristic and if p = char(k) then B is the
only quaternion algebra over Q such that B ⊗ Qv is isomorphic
to Mat2×2(Qv) for all rational places in v except from ∞ and p;
We will denote it as Bp,∞.

In characteristic zero there are two kinds of elliptic curves: ordinary
elliptic curves (case 1) and elliptic curves with complex multiplication
(case 2). Let us now recall some “classical” facts about complex multi-
plication whose proof can be found in the second chapter of [10]. Since
any elliptic curve with CM defined over a field k of characteristic zero
is isomorphic to an elliptic curve defined over the algebraic numbers,
we only need to look at curves defined over Q.

Proposition 1 Let O be an order in a quadratic imaginary field. Then:

1. there exists an elliptic curve E over Q such that End(E) = O;

2. if E over Q is any elliptic curve such that End(E) = O, then the
set {

(E)σ : σ ∈ Gal(Q/Q)
}
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is equal to the set of all elliptic curves E ′ over Q such that
End(E ′) = O, up to isomorphism.

3. if E is an elliptic curve with complex multiplication defined over
a number field L, then E has potential good reduction over any
prime P ⊂ OL; in particular j(E) is an algebraic integer.

The second point of proposition 1 implies that up to isomorphism
there are only finitely many elliptic curves over Q with ring of endo-
morphism a fixed order O, thus we can give the following definition.

Definition 1 Given an order O inside a quadratic imaginary field we
define the modular polynomial relative to O to be

HO(X) =
∏

E: End(E)=O

(
X − j(E)

)
where the product is taken over the set of elliptic curves E such that
End(E) = O, up to isomorphism.

Amotivation for studying and computingmodular polynomials is given
by cryptography, since they can be used to construct elliptic curves over
finite fields with a given number of rational points. Proposition 1 im-
plies that HO(X) is an irreducible polynomial with coefficients in Z.
Let us see how to exploit this, together with some tools from complex
analysis, to compute modular polynomials.

Every elliptic curve E over C is isomorphic as a complex manifold
to a complex torus of the form C/〈1, τ〉 for some τ in

H = {τ ∈ C : Im(τ) > 0}.

Moreover we can write the j-invariant of E as the value in τ of an
analytic function J : H → C (not depending on τ), i.e.

j(E) = J(τ) = e−2πiτ + 744 + 196884e2πiτ + 21493760e4πiτ + . . .

Since the function J is effectively computable, in order to compute the
modular polynomial relative to an order O we can do the following
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1. Compute τ1, . . . , τn ∈ H with the following property: every
elliptic curve E over C such that End(E) = O is analytically
isomorphic to C/〈1, τi〉 for a unique i ∈ {1, . . . n};

2. Compute an approximation j̃i of J(τi) up to sufficiently good
precision (it is enough 2−n−1 maxi{| j(τi)|} ≤ 2−n−1);

3. Compute the polynomial

H̃(X) =
n∏
i=1
(X − j̃i)

and approximate it with the polynomial H ∈ Z[X] whose coeffi-
cients are as close as possible to the polynomial H̃.

The polynomial H computed in the third step is equal to the modular
polynomial HO . Indeed if we call c̃k’s and ck’s the coefficients respec-
tively of H̃(X) and HO(X), then |ck − c̃k | < 1

2 and since the ck’s are
integral, we conclude that

H = HO

.

3 Igusa class polynomial and bad reduction of
genus 2 CM curves

Let us now consider algebraic curves of genus 2 over a field k of
characteristic different from 2 or 3. Any such curve C has an affine
model of the form y2 = f (x) where f ∈ k[x] is a separable polynomial
of degree 6.
For any polynomial f ∈ k[x] of degree 6 we denote α1, . . . , α6 ∈ k

the roots of f and we define the following quantities:

∆ =
∏

1≤i< j≤6
(αi − αj)

2
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I1 =
∑
sym

(α1 − α2)
2(α3 − α4)

2(α5 − α6)
2

I2 =
∑
sym

(α1 − α2)
2(α1 − α3)

2(α2 − α3)
2(α4 − α5)

2(α4 − α6)
2(α5 − α6)

2

I3 =
∑
sym

∆

(α1 − α5)2(α1 − α6)2(α2 − α4)2(α2 − α6)2(α3 − α4)2(α3 − α5)2

I ′3 = 5I1I2 − 2533I3

where “
∑

sym”means thatwe sumover all the permutations ofα1, . . . , α6.
Given a curve C : y2 = f (x) the Igusa invariants of C are defined in
[4] as

j1 =
I2I ′3

210 · 35 · 5 · ∆
, j2 =

I1I2
2

28 · 35 · ∆
j3 =

I5
2

215 · 310 · ∆2 .

Analogously to what happens for elliptic curves and the j-invariant,
two genus 2 curves C1 : y2 = f1(x) and C2 : y2 = f2(x) are isomorphic
over k if and only if they have the same Igusa invariants. Moreover if k
happens to be a number field and p is a prime of k, then a curve C has
potential good reduction modulo p if and only if all Igusa invariants of
C are p-integral.

Another analogy with the j-invariant of elliptic curves is that we
can compute the Igusa invariants of a genus 2 curves in terms of a
holomorphic function on a complex moduli space. Indeed if we define

H2 =
{
τ ∈ M2×2(C) : τ = τt, Im(τ) is positive definite

}
then for each genus 2 curve C over the complex numbers, there is a
τ =

(
τ1 |τ2

)
∈ H2 such that Jac(C) � C2/〈e1, e2, τ1, τ2〉 as principally

polarized Abelian variety. Moreover there are holomorphic functions
J1, J2, J3 : H2 → C such that ji(C) = Ji(τ).

As in the case of elliptic curves we can define a class polynomial for
genus 2 curves. Let us give some preliminary definition.
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Definition 2 A number field K is a CM-field if it is a totally imaginary
quadratic extension of a totally real field K+

Definition 3 A curve C of genus g defined over Q is a CM curve if
there exists a CM-field K of degree 2g and an order O ⊂ K such that

O ⊂ End
(
Jac(C)

)
.

In this case we say that C has complex multiplication by O.

Given a fixed order O inside a quartic CM-field K there are only
finitely many curves of genus 2 over Q having complex multiplication
by O up to isomorphism. We can then define three Class polynomials
H1
O
,H2
O
,H3
O
with the following formulas

Hi
O
(X) =

∏
End

(
Jac(C)

)
� O

g(C) = 2

(
X − ji(C)

)
.

It is easy to show that Class polynomials Gal(Q/Q)-invariant, i.e.
that they have coefficients inQ: indeed if C is a genus 2 curve with CM
by O, then for any σ ∈ Gal(Q/Q) the curve Cσ is also a genus 2 curve
with CM by O; thus if ji is a root of Hi

O
then each Galois-conjugate of

ji is also a root of Hi
O
.

Unfortunately it is not true that a CM curve C has potential good re-
duction everywhere, i.e. that the invariants ji(C) are algebraic integers.
Indeed the Class polynomials Hi

O
may have non-integral coefficient.

Anyway if we had a bound B for the denominators of the coefficients
of Hi

O
we could compute Hi

O
with an algorithm similar to the one for

elliptic curves, since all the other ingredients are still available. Such
bounds have been given by Goren, Lauter and Viray, by bounding the
denominators of the Igusa invariants of the curves involved. Indeed in
[2] it is proved the following
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Theorem 1 Let C be a genus 2 curve with complex multiplication by
an order O inside a a quartic CM-field K not containing any quadratic
imaginary subfield. Then we can write

K = Q(
√

d)(
√

r)

for some d ∈ Z and some r ∈ Q(
√

d) ∩ O both totally real. If C has
geometrical bad reduction for a prime lying over p, then

p < 16d2(Tr(r))2.

To finish the work one also needs to bound the valuation of the Igusa
invariants in the primes of bad reduction. This has been done for
example in [3] achieving the following bounds for the denominators of
the Class polynomials relative to some maximal orders OK .

Theorem 2 Let K be a quartic CM-field not containing any quadratic
imaginary subfield and let p ne any prime. In particular we can write

K = Q(
√

d)(
√

r)

for some d ∈ Z and some r ∈ Q(
√

d) ∩ O both totally real. Then the
valuations at p of the coefficients of H1

OK
,H2
OK
,HOK

are at least

−16 deg H1
OK

(
4 logp

(
d Tr(r)2

2

)
+ 1

)
Instead of explaining the strategy used to prove the last two theorems
we will now look at analogous results for genus 3 curves and at the
ideas used to prove those.

4 Bad reduction of genus 3 CM curves and the
embedding problem

The definition of CM curves in genus 3 is just a particular case of
definition 3, but there are some substantial differences with the case of
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genus 2 curves, indicating that finding such bounds is a necessary but
not sufficient step, if we want to compute class polynomials in genus
3. One of the missing ingredients is the analogue of Igusa invariants,
since we do not know good coordinates for the moduli space of curves
of genus 3. Indeed we can distinguish between two kinds of genus 3
curves, each one with its own invariants:

• hyperelliptic genus 3 curves: in characteristic different from 2
they all have a model y2 = f (x) for a separable polynomial f of
degree 8; Shioda defined invariants in [9] for this kind of curves.

• non-hyperelliptic genus 3 curves: they are all isomorphic to a
smooth projective plane quartic; invariants for this family of
curves where defined by Dixmier and Ohno in [1] and [8].

Another difference is that in general integrality of the invariants of a
genus 3 curve is not equivalent to potential good reduction of the curve.
This is true for hyperelliptic curves, but not in general for smooth plane
quartics. For example it may happen that C is a CM non-hyperelliptic
curve of genus 3 that has potential good reduction of C modulo some
prime p but that the reduction of the curve is hyperelliptic; in this case
one of the invariants is not p-integral.
In the rest of this section we will see some partial results that give

bounds on the bad reduction of CM curves of genus 3. To state precisely
our results we need to define a notion of “primitivity”.

Definition 4 Let ρ be usual conjugation on C. A CM-type is a pair
(K, φ) such that K is a CM-field and φ is a set of embeddings K ↪→ C

such that
Hom(K,C) = φ ∪ ρφ, and φ ∩ ρφ = ∅

Definition 5 ACM-type (K, φ) is primitive if there is no proper subfield
E ⊂ K such that (E, φ|E ) is a CM-type.

In [7] it is explained how one can define the CM-type associated to
a CM Abelian variety A/C. We say that a CM curve has primitive
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CM-type if the CM-type associated to its Jacobian is primitive.

Let us now return to our main problem. Let C be a semistable CM
curve of genus 3 with Jacobian J and let p be a prime of bad reduction
for p. One of the ideas in [2] was to look at the reduction of J modulo
p: by a theorem of Serre and Tate it is still an Abelian variety and
the hypothesis on p implies that it is isogenous to the third power of
a supersingular elliptic curve. If we reduce the endomorphisms of J
modulo p, we step into the following, purely algebraic problem.

Problem 1 (Embedding problem for O and p) Given an order O in-
side a CM sextic field and a prime p does there exist an embedding

ι : O ↪→ Mat3×3(Bp,∞) ?

The precise relation between the embedding problem and our original
problem is in the following proposition proved in [5].

Proposition 2 Let C be a curve a genus 3 with CM by an order O and
primitive CM type. Suppose that C has geometric bad reduction over
a prime lying over p. Then we can find α, γ ∈ Z, β ∈ Bp,∞ and an
embedding ι : O ↪→ Mat3×3(Bp,∞) such that

αγ , ββ∨ and

ι(η) =
©­«
1 0 0
0 α β

0 β∨ γ

ª®¬
−1

·
(
ι(η)∨

) t
·
©­«
1 0 0
0 α β

0 β∨ γ

ª®¬
where ∨ : Bp,∞ → Bp,∞ is the canonical involution.

In [5] it is proven that the (complicated version of the) embedding
problem has no solution for large p, implying the following

Theorem 3 with CM by an order O and primitive CM type. Suppose
that C has bas reduction over a prime lying over p. Then for every
µ ∈ O with µ2 totally real and K = Q(µ), we have

p <
1

213

(
TrK/Q(µ)

)10
.
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Let us now turn to the problem of bounding from below the valuation
vp( j) when j is the invariant of a curve having CM by a particular
order O and p is a prime. For curves of genus 2 this was obtained
in [6] by relating this valuation to the number of solutions of the
embedding problem. At the moment there are no similar formulas for
genus 3 curves, while bounding the number of possible embeddings
is the aim of an ongoing project by Garcia, Ionica, Kiliçer, Lauter,
Massierer, Mânzăţenau and Vincent. One of the results of this work
is a bound on the number of the embeddings and an algorithm that
computes all of them. This has been achieved in a very explicit way:
if we fix µ ∈ O that generates the sextic CM field and that satisfies a
relation µ6 + Aµ4 + Bµ2 +C = 0 over the integers, then finding all the
embeddings is equivalent to solving the following system of equations
in α, β, γ, d, x ∈ Bp,∞ and n ∈ Z>0:

A =N(x) + Tr(α) + Tr(γ)/α + Tr(βd)/(αn) + N(d/n),

B =α2 + 2n/α + 2n N(x)/α2 + 2αN(d/n) + 2 N(b)/α + Tr(xβ)+

2 Tr(dβ/n) + n Tr(dβ/n)/α3 + N(x)N(d/n) + N(x)Tr(dβ/n)/α+(
N(d/n) + 2 N(x)

)
N(β)/α2 + N(β)Tr(dβ/n)/α3 + N(γ)/α2,

C =N
(
− xγ/α − xβd/(αn) − αd/n + β

)
.

For example if K = Q[t]/(t6 + 13t4 + 50t2 + 49) then there is only one
curve of genus 3 and CM by OK (indeed K has class number 1), i.e.

C : y2 = x7 + 1786x5 + 44441x3 + 278179x

with ∆ = 218 · 724 · 1112 · 197. Actually only 7 and 11 are primes
of geometric bad reduction: for p = 7 there are two solutions to the
embedding problem, for p = 11 there is only one.
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