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This is a report of the results obtained in a joint work by Amir
Akbary and Alia Hamieh. The study on the distribution of values of
L-functions associated with quadratic Dirichlet characters in the half
plane R(s) > % has been investigated by several authors. One of the
early results is obtained by Chowla and Erdds in 1953. Let d be an
integer such that d is not a perfect square and d = 0, 1 (mod 4). Suppose
that, for R(s) > 0, we have

ns :

o (4
La(s) = Z (n)
n=1

Here the quadratic Dirichlet character of the function Ly4(s) is de-
termined by the Kronecker symbol (4) The distribution of values of

L4(s) in the half-line o > % for varying d has been described by the
authors in [1] as the following theorem.

Theorem 1 (Chowla-Erdés) If oo > 3/4, we have

lim #{0<d<x;d=0,1(mod4)and Ly(0)} < z}
X—00 x/2

= G(2),
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where G(0) = 0, G(c0) = 1 and G(z) is the distribution function, which
is a continuous and strictly increasing function of z.

In 1970 Elliott reconsidered this problem for o = 1 and extended
Chowla-Erdds theorem. The following is proved in [2].

Theorem 2 (Elliott) There is a distribution function F(z) such that

log log x
log x

holds uniformly for all real z, and real x > 9. F(z) has a probabil-
ity density, may be differentiated any number of times, and has the
characteristic function

wor=[1(5 40412 5o 2)2) )

p

#{0 < -d < x;d=0,1(mod 4)and Ly4(1) < z}
x/2

= F(2)+0

which belongs to the Lebesgue class L'(—oo, ).

This theorem provides detailed information on the distribution func-
tion in Chowla-Erd@s theorem for o = 1 with an explicit error term.
In 1970 Elliott explored similar expressions for several other functions
(see [3, 4, 5]).

In 2015, Mourtada and Murty [6] described the density function M,
for the values of the logarithmic derivative of Ly(s) for o > % in the
following theorem.

Theorem 3 (Mourtada-Murty) Let o > % and assume the GRH (the
Generalized Riemann Hypothesis for Ly(s)). Let F(Y) denote the
set of the fundamental discriminants in the interval [-Y,Y] and let
NY) = #F (Y). Then, there exists a probability density function M,
such that

1 , Z
Ylgrgo W#{d € F(Y)(L,/La)o) <2} = ‘[oo M (t)dt.
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Moreover, the characteristic function ¢r, (y) of the asymptotic distri-
bution function F,(z) = L Zoo M (t)dt is given by

1 p iylogp p iylogp
= —+ —_ + .
oro () U(p+l 2(p+l)eXp( 7 —1)  2p+ ) TP T

Here Amir Akbary and Alia Hamieh note that it is possible to remove
the GRH assumption in Theorem 3 by applying an appropriate zero
density theorem for L-functions of quadratic Dirichlet characters. They
describe their approach for certain cubic L-functions.

Notice that if d is a fundamental discriminant then

L)
Lats) = =25

where (Q(\/g)(s) is the Dedekind zeta function of Q(Vd) and ¢(s) is the

Riemann zeta function. For k = Q(V-3), let O = Z[{3] be the ring of
integers of k, where {3 = R

(D

C = {c € Ox; ¢ # lis square free and ¢ = 1 (mod (9))}.
Similar to (1), we can define

_ {k(c1/3)(s)
FW= e

where j.13)(s) is the Dedekind zeta function of the cubic field k(c'/3)
forc e C.
We set

2

_ Jlog Lc(s) (Case 1),
el = {(L;/LCXs) (Case 2)

The following was the main result of this talk.
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Theorem 4 (Akbary-Hamieh) Let o > % Let N(Y) be the the num-
ber of elements ¢ € C with norm not exceeding Y. There exists a smooth
density function My such that

Ylgrio ﬁ#{c €C:N(c)<Yand L.(o0) <z} = [; M (t)dt.

The asymptotic distribution function F,(z) = f_ Zoo M (t)dt can be con-
structed as an infinite convolution over prime ideals v of k,

Fy(2) = *pFa',p(Z)’

where

_ (NG .
Fyp(z) =4 N®) +1 3 (N(p) + 1) Z 00-a,,;(z) 13
Oas0() ifpf(l-2).

Here 6, := 6(z — a), 6 is the Dirac distribution, and

2R (log(l e N(p)‘“) in (Case 1),
an = (@)= o (5{ log<N<p>.>)

in (Case 2).
N(p)” -

Moreover, the density function My, can be constructed as the inverse
Fourier transform of the characteristic function ¢r (y), which in (Case
1) is given by

1 1 N(p)
¢F,(y) = exp(-2yilog(1 - 377)) Xp
pl;[>(N(p)+1 3N(p)+1Z
4
"N ))

(—Zyi log
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and in (Case 2) is given by

_  1og(3) R B (RN .
or,(y) = exp( 2y1‘R30 — 1)};3[) O *+3 JZ::OeXp 2yi

% ( 4 log(N@).)))) |
N(p)T - ¢

As an application of the above theorem note that according to the
class number formula

(21)*\V3h.R.

Le(1) =
|D|

The value £.(1) has some arithmetic significance. Here, h., R. and
D¢ = (=3)3(N(c))? are respectively the class number, the regulator,
and the discriminant of the cubic extension K. = k(cl/ 3) (see [7], page
427] for more explanation). On the other hand by the Brauer-Siegel
theorem we have log(h.R.) ~ log |D.|'/?, whenever N(c) — oo (Note
that the number fields K. all have a fixed degree (namely 6) over Q).
Corollary 5 Let E(c) = log(h.R.) —log |D|'/2. Then

1 z+log(4V3x?)
Yh_r)rgo W#{c €C:N(c)<YandE(c) < z} = [Oo M, (t)dt,
where M\(t) is the smooth function described in Theorem 4 (Case 1)
foro =1.

As another application note that the Euler-Kronecker constant of a
number field K is defined by the relation

’yK=liIn(§K—(S)+ ! )

s—1 gK s—1

L.(1)
Lc(1)
following corollary of Theorem 4 (Case 2), since yy is fixed.

From (2) We concluded that

= ¥k. — Yk. Thus, we get the
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Corollary 6 There exists a smooth function M,(t) (as described in
Theorem 4 (Case 2) for o = 1) such that

Yk

1
Yh_rgg0 W#{C €C:N(c)<Yandyk. <z} = / M, (t)dt.

—00
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